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Preface

This book is intended for statisticians, operations researchers, and all those
who use simulation in their work and need a comprehensive guide to the
current state of knowledge about simulation methods. Stochastic simulation
has developed rapidly in the last decade, and much of the folklore about the
subject is outdated or fallacious. This is indeed a subject in which *'a little
knowledge is a dangerous thing!” Although this is a comprehensive guide,
most of the chapters contain explicit recommendations of methods and
algorithms. (To encourage their use, Appendix B contains a selection of
computer programs.) Thus, this book can also serve as an introduction. and
no prior knowledge of the subject is assumed.

Simulation is one of the easiest things one can do with a stochastic model,
which may help to explain its popularity. Although easy to perform, some
of the “'tricks™ used are subtle, and the analysis of what has been done can be
much more complicated than is apparent at first sight. Simulation is best
regarded as mathematical experimentation, and needs all the care and plan-
ning that are regarded as a normal part of training in experimental sciences.
The general mathematical level of this book is elementary, involving no more
than a first course in probability and statistics. A notable exception is those
parts of Chapter 2 that deal with the theoretical behavior of random-number
generators, which contain a number of applications of number theory. All
the necessary mathematics is developed there, but some prior knowledge of
pure mathematics will help a great deal. Random-number generators are so
fundamental that the reader should eventually tackle Chapter 2 unless he or
she is sure that all the generators he or she uses are adequate (that is. have
been checked by someone who understands that chapter). It might be dis-
astrous to believe in your computer manufacturer!

Chapters 3 and 4 cover drawing realizations from standard probability
distributions and stochastic processes. The emphasis is on methods that
are easy to program (compact and with a simple logic, therefore easy to
check). These are particularly suitable for personal computers. A small
number of workers have specialized in developing faster and increasingly
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more complex algorithms. These are referenced but, in general, not de-
scribed in detail. The coverage of methods was comprehensive at the time of
writing.

Even statisticians often fail to treat simulations seriously as experiments.
Even more is possible in the way of design since the randomness was intro-
duced by the experimenter and hence is under his or her complete control.
Such techniques are described in Chapter 5 under the heading of **variance
reduction.” A general knowledge of the statistical design of experiments is
helpful here and essential to a competent practitioner of simulation.
The analysis of the output of many simulation experiments, for example
queueing systems, is also more complicated than many users suppose,
although not as difficult as the literature makes out! This topic is discussed
in Chapter 6.

Chapter 7 discusses many novel uses of simulation. It can be used, for
example, in optimizing designs of integrated circuits and in fundamentally
new ideas in statistical inference.

The literature on simulation is vast, and I have made no attempt to cite
comprehensively. There are several published bibliographies, but a lot of
the work has been superseded or is misleading.

The exercises vary considerably in difficulty. Some are routine exercises
in developing algorithms from general theory or in providing illustrative
examples. Others are of an open-ended nature; they suggest experiments to
be done and demand access to a computer (although the humblest personal
computer would suffice).

Simulation has long been a cinderella subject, particularly in statistics.
I hope this book shows that it raises fascinating mathematical and statistical
problems that demand attention.

BRrIiaN D. RIPLEY

Glasgow
October 1986
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CHAPTER 1

Aims of Simulation

The terminology of our subject can be confusing, with some authors insisting
on shades of meaning that do not have widespread agreement. A dictionary
definition of “to simulate” is

Feign, ..., pretend to be, act like, resemble, wear the guise of, mimic, . ..
imitate conditions of (situation etc.) with model, for convenience or
training . . ..

Concise Oxford Dictionary, 1976 ed.

In everyday usage “simulated” has a derogatory ring, but the value of simu-
lators in training pilots is also recognized. In its technical sense simulation
involves using a model to produce results, rather than experiment with the
real system under study (which may not yet exist). For example, simulation is
used to the explore the extraction of oil from an oil reserve. If the model has
a stochastic element, we have stochastic simulation, the subject of this
monograph.

Another term, the Monte-Carlo method, arose during World War II for
stochastic simulations of models of atomic collisions (branching processes).
Sometimes it is used synonymously with stochastic simulation, but sometimes
it carries a more specialized meaning of “doing something clever and sto-
chastic with simulation.” This may involve simulating a different system
from that under study, perhaps even using a stochastic model for a deter-
ministic system (as in Monte-Carlo integration). We will not use Monte
Carlo except in the conventional terms “Monte-Carlo integration” and
“Monte-Carlo test.”

Simulation can have many aims, which makes it impossible to give uni-
versal guidelines to good practice. Tocher (1963) wrote one of the first texts
on the subject. His title was The Art of Simulation, and simulation is still an
art despite a much greater understanding of the simulator’s toolkit. The aim
of this volume is to display those tools in their most useful form with guid-
ance about their use.



2 AIMS OF SIMULATION
1.1. THE TOOLS

The first thing needed for a stochastic simulation is a source of random-
ness. This is often taken for granted but is of fundamental importance.
Regrettably many of the so-called random functions supplied with the most
widespread computers are far from random, and many simulation studies
have been invalidated as a consequence.

Digital computers cannot easily be interfaced to a truly random phenom-
enon such as the electronic noise in a diode. All random functions in common
use are in fact pseudo-random, which is to say that they are deterministic,
but mimic the properties of a sequence of independent uniformly distributed
random variables. Their essence is unpredictability. Consider for example the
following sequence

13,8,1,2,11,14,7,12,13,12,17,2,11, 10,3, . ..

It is generated by a simple deterministic rule, but no one had guessed what
the rule was or what the next number is at the time of writing. (Exercise 1.1
will give the game away, but try to guess first.) The algorithms commonly
used are similar, and much mathematical analysis has gone into the question
of how well they do mimic a random sequence.

Only occasionally does one want independent, uniformly distributed
random variables. However, they are a useful source of randomness that
can be turned into anything else. Chapters 3 and 4 consider tools to make
samples of all the standard distributions and stochastic processes from this
source of randomness.

Simulation for us is about sampling from stochastic models. Too much
emphasis has been placed in the literature on producing the samples and
too little on what is done with those samples. Any stochastic simulation
involves observing a random phenomenon and so is a statistical experiment.
Statisticians, even experts in the design of experiments, are notoriously bad
at designing their own experiments! There is even more scope for designing
a simulation experiment than a real one, for the randomness and the model
are under our complete control. Thus techniques for the design and analysis
of simulation experiments are important tools and still an under-researched
area.

1.2. MODELS

A stochastic simulation is of a model, and the aims of simulation are closely
connected to those of modeling. So, why model? Within the scope of sta-
stistics and operations research we can usefully identify two principal
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reasons:

1. To summarize data. A very common example is the general linear
model of statistics as used in regression and the analysis of variance.

2. To predict observations. A regression equation can be used to predict
a response under new conditions or to find a combination of control
variables giving an optimum response. This “what if” use of models
is the basis of much of operations research.

It is also useful to consider two classes of a model. Models can either be
mechanistic or convenient. For example, the general linear model is merely
convenient whereas the models of genetics are thought to represent the actual
mechanisms. The models of the physical world used by engineers are usually
both deterministic and mechanistic, whereas most stochastic models are
convenient. Either type of model can be used to help understand, to predict,
or to aid decision-making. An example of the latter is the “convenient”
models of errors in agricultural field trials which are used to help disentangle
the true differences in fertility of plant varieties from the fertilities of the
plots in which they were grown.

To make use of a model one has two choices:

1. To bring mathematical analysis to bear to try to understand the
model’s behavior. This is very easy for a general linear model but
nigh impossible for a complex queueing system or for the equations
of fluid flow in a complex structure such as a rock. The work involved
is usually laborious (although if one is lucky it may already have been
done). There are also likely to be necessary approximations and
questionable assumptions.

2. To experiment with the model. For a stochastic model the response
will vary, and we will want to create a number of realizations (sets of
artificial data) for each set of parameters.

Sometimes one of these choices may be unfruitful. We might not be able to
make progress by analytical means or might not have the resources to simu-
late the model. (It is almost always possible to simulate a well-defined model
given sufficient resources.)

The choice of analysis or simulation will depend on the purpose of
modeling. Simulation is good at answering specific “what if” questions
whereas analysis almost always deepens understanding of the model. One
neglected use of simulation is a hybrid approach: do a simulation experi-
ment, analyze it to produce a “convenient” model, and use this model for
predictions and decisions.

The cost analysis is rapidly tilting in favor of simulation as computer time
becomes ever cheaper and mathematicians remain scarce. It may be incred-
ible to younger readers that Cox and Smith (1961) reported a simulation
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performed with the aid of a slide rule (a mechanical device to perform multi-
plications and evaluate standard functions) and a table of random numbers.
Nowadays (1984/5) desktop computers are further revolutionizing the ease
of mathematical experimentation.

1.3. SIMULATION AS EXPERIMENTATION

We have stressed that simulation is experimental mathematics and that
simulation studies should be designed carefully, a process often termed
variance reduction in this field. Their classification as experiments also has
repercussions for the reporting of simulation studies. It is essential that
enough details are given for the experiments to be repeated and the results
checked. Hoaglin and Andrews (1975) gave some standards on reporting
which seem to have been followed only exceptionally. In view of the pre-
ceding warnings on the deficiencies of certain pseudo-random-number
generators, it is important to report the generator used.

Good design is the key to reducing the cost of the study when this is neces-
sary. The cost of generating random variables and sampling from stochastic
models is usually a tiny part of the cost of the study, so the main aim should
be to make best use of a small number of replications.

The analysis of simulation experiments also needs care, because the
observations may not be independent. This can either occur deliberately as
part of the design or because one is simulating a stochastic process through
time. (The problems of analyzing observations of a simulated stochastic
process apply equally to observing real processes, but this is done much less
intensely.) Chapter 6 considers various ways to include dependence in the
analysis or to select independent sets of observations.

1.4. SIMULATION IN INFERENCE

Simulation has recently become popular as part of statistical inference. The
advantages are again the need to make fewer approximations, aithough
interpretation may be more difficult. Monte-Carlo tests compare the data
with simulated data from the supposed model. The similarity of real and
simulated data provides a test of goodness-of-fit. Bootstrap methods re-
sample from the data, using the data as a reference distribution to assess the
variability or bias of an estimator. Both are discussed in Chapter 7.
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1.5. EXAMPLES
Checking Distribution Theory

“Student” (1908) when deriving his t distribution carried out a small simu-
lation experiment. He had 3000 physical measurements on humans which
were known to be approximately normally distributed. These were shuffled
and divided into 750 sets of (X, X,, X3, X,4). From each sample of size four
the ¢ statistic was calculated, giving 750 realizations to compare with the
theoretical density. (This was done for each of two measurements.)

We can repeat this experiment with very much less effort. Figure 1.1
shows a simple BASIC program to do so. The 750 numbers can be compared
with a ¢ distribution in any way we choose. Perhaps the simplest thing to do
is to compare some moments with their population values. Each run of this
program on a BBC microcomputer took 130 sec. (Appendix A gives details
of the computers used in this work.)

Simulation is often useful to check theoretical calculations. For example,
the author was asked to check the solution to Sylvester’s problem (Kendall

10 DIM X(4)

20 FOR 1% =1 TO 750

30 FOR J%=1 TO 3 STEP 2
40 U=2-RND(1) -1

50 V=2«RND(1)-1

60 W=U+U +V+V

70 IFW > 1 THEN 40

80 C=SQR((=2*LN(W))/W)
90 X(J%) =C+U

100 X(J% +1) =C»V

110 NEXT J%

120 SUM=0

130 FOR J%=1TO 4

140 SUM = SUM +X(J%)
150 NEXT J%

160 XBAR =SUM/4

170 SUM=0

180 FOR J%=1T0O 4

190 SUM = SUM + (X(J%) — XBAR) "2
200 NEXT J%

210 S=SQR(SUM/3)

220 T=SQR(4)*XBAR/S
230 PRINT T

240 NEXT 1%

Figure 1.1. A BASIC program to repeat Student’s simulations. The function RND(1) returns
a pseudo-random number. Lines 40 to 100 code algorithm 3.9 to produce normal variates.
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and Moran, 1963; Solomon, 1978). Four points are placed at random in a
disc and their convex hull found. What is the probability that it is a triangle?
The theoretical value is 35/12n2. A simulation study was performed with
100,000 replications. In 29,432 cases the convex hull was a triangle, giving a
95% confidence interval for the probability of (0.2915,0.2971) and confirming
the theoretical value, 0.2955. The whole study took half an hour, using a
VAX11/782 (including programming).

Much of statistical practice is based on asymptotic distributions, and
simulation is much used to check the accuracy of asymptotic results for small
samples. Ripley and Silverman (1978) considered the distribution of d, the
smallest distance between any pair of n random points in the unit square.
Their asymptotic result is that n(n — 1)d?> has an exponential distribution
with mean 2/z (see also Theorem 2.6). Large values of d provide the rejection
region of a test of inhibition between points, so we will count the number
of values of T = n(n — 1)d*> = 1907, the 95% point of the asymptotic
distribution. Figure 1.2 shows the program and Table 1.1 gives the results.
The count has a binomial (10,000, 0.05) distribution on the asymptotic theory,
so the acceptance region of a 59 test is (457, 543) (using a normal approxi-
mation). Thus our experiment gives us no reason to doubt the asymptotic
theory even for sample sizes as small as n = 10.

10 INPUT “N”, N%

20 DIM X(N%). Y (N%)

30 INPUT "Reps”, R%

40 CNT=0

50 DC =1.907/(N%+(N% - 1))

80 FOR L% =1 TO R%

70 FOR 1% =1 TO N%

80 X(1%) = RND(1)

90 Y(1%) = RND(1)

100 NEXT 1%

110D=2

120 FOR 1% =2 TO N%

130 X1 = X(1%): Y1 = Y(I%)

140 FOR J% =1 TO 1% -1

150 DD = (X1 — X(J%)) 2 + (Y1 = Y(J%)))" 2
160 IF DD < D THEN D=DD

170 NEXT J%, 1%

180 IF D > DC THEN CNT=CNT +1
190 NEXT 1%

200 PRINT “Count="; CNT

Figure 1.2. BASIC program to check exponential distribution for n(n — 1)d".
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Table 1.1. Results from Figure 1.2

n CNT outof RY, Time (min)
10 516 10,000 103
15 516 10,000 227
20 509 10,000 405

This experiment was run overnight on a personal computer and so was
free. Nevertheless we should still consider whether we could have obtained
more information from the experiment. [In fact we only used the fact that
at least one or no pairs (x, y) had n(n — 1)d(x, y) < 1.907, so we could have
stopped searching as soon as one was found.] Clearly we couid have checked
other percentage points with the same data. Could we make use of the actual
values of T? One possibility is to assume that the tail of the distribution of T
is exponential of unknown mean 4~ ', and to estimate P(T > 1.907) = ¢~ 1907
for an estimate A of 4, say obtained from the observations with T > 1.
Exercise 1.4 shows that this idea is worthwhile only in the extreme tail.

Comparing Estimators

Andrews et al. (1972) report a large simulation experiment that used variance
reduction very effectively. Consider a location-parameter estimation
problem:

Estimate fin { f(x — )| x € R} fromx,,...,x,

The density f is symmetric and is similar to the normal density. The idea is
to find estimators that perform well across a wide class of possible densities
- Some obvious estimators of 8 are the sample mean and the sample median,
and a trimmed mean (the mean of all except the r largest and r smallest
values). Let T(x) be such an estimator. All the estimators considered were
location equivariant (x; —» x; + ¢ implies T — T + ¢) and many were scale
equivariant (x; — sx; implies T — sT). Our examples are both location
and scale equivariant.

The key to the variance reduction was that all simulations were done for
[ belonging to the so-called normal/independent family. That is, f is the
density of X = Z/S, where Z ~ N(0, 1) and S > 0 is independent of Z.
Consider first conditioningon §; = s,..., S, = s,. Then X; ~ N(0, 1/s?),
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and suitable statistics for the { X} are X and S where

o XXt

X= T3

o LK = X
- n—1

Define C; = (X; — X )/S. Then for a location and scale equivariant estimator
T,

T(x) = X + sT(c)

The point here is that T(c) is much less variable than T(x). We will assume
T is unbiased, so E,(T) = 6. Consider

E[(T-0*C =¢,S=s] =5

say, so the expectation is merely over the location and scale of the sample
Condmonally, X and S are independent, with X ~ N, 1/Ts?) and
(n — 1)S? ~ y2_,. Thus

v(c, s) = E{X — 6 + ST(c)}?
= EX — 02 + E(X — 0)ST(c) + E(S})T(c)?

1
=Z—S_-i + T(C)z

where all expectations are conditional on C = ¢, S = s. Finally,

var(T) = [Z 57 + T(C)? ]

and this is found by a simulation experiment as an average over many samples
(X4,..., X,)of the random variables. Almost no more work is needed than in
calculating T(X), but the estimate of var(T) obtained is much more accurate
(see Table 1.2).

The essence of this transformation is to average analytically over as much
of the variation as possible. The assumption on f is slightly restrictive, but
includes Student’s t distribution as well as the Cauchy, Laplace, and con-
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Table 1.2. [Estimates of n x var(T) Based on 200 Replications for
Sample Size n = 25 for the Mean, Median, and Trimmed Mean (r = 2)
Estimators T

o
1.5 2 5 10 100
Mean
Average 1.57 1.53 1.185 1.096 1.009
s.e.l? 0.14 0.18 0.10 0.095 0.084
s.e.2° 0.048 0.062 0.019 0.010 0.0017
Variance reduction 9 8 27 90 2,400
Median
Average 217 1.96 1.67 1.55 1.60
se.l 0.19 0.23 0.14 0.14 0.11
s.e2 0.11 0.093 0.064 0.052 0.051
Variance reduction 3 6 5 7 5
Trimmed mean
Average 1.72 1.61 1.22 1.14 1.051
s.e.l 0.18 0.16 0.080 0.097 0.084
s.e.2 0.065 0.065 0.022 0.015 0.0052
Variance reduction 7 6 12 40 260

“The s.e.l and s.e.2 are standard errors from direct estimation and
conditional estimation. The distribution of §7 was « ™! x gamma(a), so
X~ 1,

taminated normal distributions. It is a small price to pay for a six-fold reduc-
tion in experimental replication. It should be stressed that negligible extra
work is involved. Instead of for each replication

1. SampleZ,,....Z,~ N0, 1),S,,...,S,.set X; = Z,/S,
2. Form V = T(X)?

and averaging V, we
1. Sample Z,,....Z, ~ N(0,1),S,,...,S,,set X; = Z,/S;

2. Calculate )A(, S .
3. FormV =1/Y 82 + {T(X) — X}%/s?

and average V. The variance reduction is most when T(c) is most nearly
constant, but is always worthwhile.
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A Queuneing Problem

Consider the following everyday queueing problem. A bank has several
tellers serving customers. We could propose any one of a number of queueing
disciplines:

(i) One common queue, with a teller on becoming free serving the
customer at the head of the queue.
(ii) Separate queues for each teller; each customer chooses the shortest
queue on arrival and remains in it.
(iii) Arriving customers choose a queue at random and remain in it.
(iv) Customers are allocated to a queue in rotation.
(v) Variants of (ii), (iii), and (iv) in which queue-changing is allowed if
a queue becomes empty.

Any number of criteria can be used to assess the performance of the system
under these disciplines. The study could look from the bank’s angle and
consider the time that tellers are idle, or from the customers’ point of view
centering on the customer’s waiting time. We will not normally be interested
in average waiting time, since a customer’s frustration will rise more than
linearly with the delay experienced.

Analytical progress is not possible for the more complex disciplines
even under simplifying assumptions on the customer arrival process and the
service time distribution. Some progress can be made under further approxi-
mations (Newell, 1982), but this will ignore the subtle differences between
disciplines. The only practicable approach for a detailed study is simulation,

A queueing system is determined by a sequence of events through time,
the moments at which any customer changes state (arrives, changes queue,
is served, or departs). A simulation is, in principle, straightforward, but care
is needed to ensure that all the events are simulated in the correct order. For
this reason queueing systems are usually simulated in special-purpose com-
puter languages which take care of some of the details. Queueing systems
can be simulated in general-purpose languages, which often give more
control over what is happening. Our example was simulated in BASIC on a
BBC microcomputer.

The arrival process can be simulated at the outset to produce a list of
arrival times. It can be any process, even one based on observations. For
illustration we took a Poisson process. For each customer the departure time
will be known as soon as that customer enters service, at which point the
waiting time can be recorded. For convenience the service times were taken
to be constant. With any of the queueing disciplines and s servers, there are
s + 1 possible next events; a customer arrives or one of the servers completes
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Figure 1.3. Tally for waiting times in Table 1.3.

Table 1.3. Successive (Along Rows) Waiting Times for 200 Customers at a Three-
Server Queueing System with Unit Service Time and Poisson Arrivals at Rate 0.4

0.963
0.110
0.893
0419
0.175
0.456
0.483
1.317
0.272
0
0.685
- 2.029
1.877

0*

0

0

0

0*

0
0.116
0.325
0.767
0.525
0.290
0
0.444
1.124
0.701
0
0.086
0.786
2.094
1.877

coooo o
%
~1

<

0.395
0.217
1.143
0.127
0.143
0.854
1.007
0.184
0

0

1.389
1.581
1.605

0
0.442
0.279
0.517
0

0

0

0

0
1.149
0.272
0.184
0.954
0917
0.821
0*
0.566
1.411

1.409
2216

0
0.598
0
0
0
0
0.051
0
0
1.150
0.665
0.002
0.771
1.200
0
0
0.604
1.501
1.979
1931

0.148
0.713
0
0.065
0.332
0
0.689
0*

0
1.206
0.427
0
1.363
1.124
0

0
0.342
2.069
1.685
1.970

0.080
0.068
0
0.350
0.055
0
0.632
0
0.449
0.414
0.625
0*
1.091
0.857
0
0.641
0.825
1.920
1.755
2.460

0.603
0.338
0.011
0.544
0

0

0.544
0

0.094
0

0.827
0

1.124
0.609
0

0.652
0.907
1.929
1.878
2.199

0
0.439
0.639
0
0
0
1.105
0.590
0.240

0.853

1.769
0.617

0.708
1.932
1.867
2.139

0
0.027
0*

0

0*

0
1.076
0.232
0917
0
0.817
0.409
1.462
0.671
0.186
0
0717
1.932
1.837
1.925

“Customers marked with an asterisk arrived at an empty system.
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service. The times of each of these events are known, so the appropriate
event can be processed and the process can be repeated.

Such a simulation will produce a series of waiting times which can be
expressed as a histogram of waiting times. (See Figure 1.3.) However, there
is an important point that is often overlooked. The waiting times are clearly
not independent (Table 1.3), and we must not attach undue significance
to the suspiciously large number of waiting times in the range 1.8-2.0. We
can extract some independent events from this simulation. When a customer
arrives at a completely empty system (denoted by an asterisk in Table 1.3),
the future must be independent of the past (since it depends only on future
arrivals and these form a Poisson process). Let us call the parts of the simu-
lation between the starred arrivals tours [following Cox and Smith (1961)].
Then the tours are independent. This device has been termed regenerative
simulation by Iglehart (although it is a method of analysis rather than
simulation) and is discussed with alternative analyses in Chapter 6.

1.6. LITERATURE

There is a vast literature on simulation. As an experimental subject much
that has been published has been superceded. We have made no attempt to
give a comprehensive survey; bibliographies up to the late 1970s are given
by Nance and Overstreet (1972), Sahai (1979), and Sowey (1972, 1978).
Later papers are likely to appear either in applied or computational statis-
tics journals or in the computing literature, with case studies in operations
research and management science journals.

1.7. CONVENTIONS

The following mathematical conventions will be used in later chapters.

It is at times important to distinguish between the sequence (g;) and the
set {a;}, the distinction being that (a;) is ordered, whereas {a;} is merely the
set of values taken by a sequence. For a periodic sequence (g;) is infinite, but
{a;} is finite.

The modulus operator a mod b forms the remainder when a is divided by
b. Mod is used in two senses: both a mod b = ¢ and a = ¢ mod b to mean
amod b = ¢ mod b.

The exclusive-or logical operator EOR is defined by pEORy is false if
both p and ¢ are true or both are false, and true otherwise. It can also be
applied to {0, 1}, where 0 represents false and 1 true, and to binary vectors
elementwise.

The function gcd(a, b) is the largest factor common to both integers a
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and b. Some of the proofs of Chapter 2 will require familiarity with its use,
including the existence of integers s and ¢ such that sa + tb = ged(a, b).

The natural logarithm is referred to as In( ) (except in computer programs).

Random variables have distributions described by cdf’s (comulative
distribution functions) and perhaps pdf’s (probability density functions). We
will use the notation X ~ N(u, 6%) or say X is a normal variate to indicate
that the random variable X has a normal distribution. Standard distributions
are assumed throughout. The gamma distribution is always assumed to
have unit scale parameter and shape parameter a, that is, its pdf is

x*"1e™*/T(a) on (0, )

The symbol [ denotes the end of a proof or example.

EXERCISES

1.1, Verify that the pseudo-random sequence 1, 8, 13,.. .. is produced by the
rule X; =(X;-; + X;_, + X;-3) mod 20, and that the sequence
repeats after 248 terms. Experiment with other starting values and
note that most but not all repeat after 248 terms. Consider replacing
20 first by 5, then 4, and consider all possible cases. (There are only
125 and 64 starting values, respectively.) Use Lemma A of Section 2.7
to deduce the complete solution to the original problem. [This may
be easier after studying Chapter 2.]

1.2. Reflect on why models are used in your field of study, and whether
simulation is as helpful for science as it is for management.

1.3. Look up Hoaglin and Andrews (1975) and compare their recommenda-
tions with simulation studies in a recent issue of a statistical journal.
Do any of these studies use variance reduction?

1.4. Suppose X, ..., X, ~ exp(4), and we wish to estimate the (1 — a)
point of their distribution. Compare the estimator p of p = P(X{ > ¢)
obtained from the proportion of X; > ¢ with p obtained by fitting an
exponential distribution to observations > C. Show that var(p) = p/n
whereas var(p) & (—p In p)?/(ne " *). For 2 =n/2 and C =1 find the
standard deviations of p and p for p = 109, 5%, and 0.1%.

1.5. Show how to use the variance reduction of Andrews et al. (1972) to
estimate P(T < c) for ¢ in a tail of the distribution. A greater gain is
found for these probabilities than for var(T).

1.6. Simulate queueing discipline (ii) (in the queueing subsection of Section
1.5)for s = 2servers, unit server time, and Poisson arrivals with rate 0.6
for 250 customers. [Algorithm 3.2 shows how to generate the inter-
arrival times.]
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CHAPTER 2

Pseudo-Random Numbers

Almost all the simulation methods and algorithms to be discussed in later
chapters derive their randomness from an infinite supply Uy, U,, U,, ... of
random numbers; that is, an independent sequence (U;) of random variables
uniformly distributed on (0, 1). Many users of simulation are content to
remain ignorant of how such numbers are produced, merely calling standard
functions to produce them. Such attitudes are dangerous, for random num-
bers are the foundations of our simulation edifice, and problems at higher
levels are frequently traced back to faulty foundations.

This chapter is of rather specialized appeal. Do not yield to the temptation
to skip it without working exercise 2.17, for many of the random number
generators in use (at the time of writing) have serious defects.

2.1. HISTORY AND PHILOSOPHY

There is no mathematical problem with random numbers: their existence
is provable from Kolmogorov’s axioms for probability. [See, for example,
Neveu (1965, Section 5.1).] However, this resuit does not produce a realiza-
tion of a sequence of random numbers for us to use; we have to find some
observable process of which the mathematics is a reasonable model. The
philosophical problem hinges on that much-abused word “reasonable.”
How can we decide from a finite sequence (U,, ..., U,) whether (U;) is an
adequate model? We have immediately all the philosophical problems of
statistical inference.

The earliest users of simulation used physical processes which were
accepted as random. Most readers will have performed experiments on
tossing coins or throwing dice when learning about probability. Such
simulation experiments have a long history. A more sophisticated variant
from the 18th century is Buffon’s needle experiment to estimate . (See also
Section 7.5.) Mechanical devices are still widely used in gambling (dice,
roulette wheels) and in lotteries [see West (1955) and Inoue et al. (1983)].

14
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Tippett (1927) produced a table of 40,000 digits “taken at random from census
reports.” Later tables, such as the RAND (1955) one of a million digits, were
produced from electronic noise, which is also the random input to the
British “Premium Bond” draw (Thompson, 1959).

All these physical methods have been widely accepted as random, pre-
sumably on the basis of observation and explicit or implicit testing. However,
many of them have been found to exhibit biases and dependencies. In the
case of the RAND machine there were mechanical faults in the recording
mechanism that marred the randomness suggested by the theory of elec-
tronics (Hacking, 1965, p. 129). Thus even physical devices need to be tested.

Simulation was one of the earliest uses of electronic computers. The pio-
neers of computing the 1940s found that physical devices did not mesh well
with digital computers. Even when tables of random numbers were available
on punched cards or tape, they were too slow and cumbersome. So they
looked for simple ways to produce haphazard sequences, and considered
various nonlinear recursive schemes. One of the earliest was von Neumann’s
“middle square” method. Suppose we want a sequence of four-digit decimal
numbers. Starting from 8653 we square it (74874409) and extract the middle
four digits, 8744. This can be repeated to obtain

8653, 8744, 4575, 9306, 6016, 1922, 6940, . . . (1)

a deterministic sequence that appears random. Hence, the terminology of
pseudo-random (pseudo-: false, apparent, supposed but not real—Concise
Oxford Dictionary) or quasi-random (quasi-: seeming, not real, half-, almost-—
Concise Oxford Dictionary). We give a formal definition.

Definition: A sequence of pseudo-random numbers (U,) is a deterministic
sequence of numbers in [0, 1] having the same relevant statistical properties
as a sequence of random numbers.

This needs clarifying by specifying which properties are relevant and
statistical. Informally, what is meant is that any statistical test applied to a
finite part of (U;) which aims to detect relevant departures from randomness
would not reject the null hypothesis. In practice it seems sufficient to insist
that the joint distributions of (U, ,, ..., U;4,) are not far from uniformity in
[0, 17* for small values of k (say, k < 6).

One of the most appealing ways of viewing this definition is in terms of
predictability. In everyday speech we call things “random” if we cannot pre-
dict them. For example, one would quickly reject the output of the algorithm

U;=(U;_; + U;_y) mod 1 )
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given in Table 2.1 when one notices that U; never lies in (U;_ ,, U;~,) and so
can be predicted to some extent. The middle square example looks unpredict-
able for a while, then settles down to

2100, 4100, 8100, 6100, 2100, . ..

What we need are sequences that are hard to predict unless the mechanism
generating them is known.

This introduces a connection with cryptography, the art or science of
turning meaningful sequences into apparently random noise in such a way
that a key-holder can recover the original data. The author’s first acquain-
tance with pseudo-random numbers came in this way. A sonar device was to
be constructed using pseudo-random acoustical noise. The pseudo-random-
ness made it unlikely that an enemy would recognize the sonar as a signal
amongst oceanic noise, whereas the known structure enabled the sonar
to recognize echoes of its own emissions.

Unpredictability is also the key as to why we accept physical devices as
random. We know that if we had a sufficiently precise knowledge of the
initial position and spin of a roulette wheel we could predict its outcome.
However, the mechanism used magnifies the initial conditions to make
imprecise knowledge useless for prediction. Thus we use randomness to
cover our ignorance of the details of the process used, and we can do the same
for nonlinear recursions.

Some Common Generators

The middle-square method and (2) were quickly rejected as sources of pseudo-
random numbers, but one method of that era has survived. Lehmer (1951)

Table 2.1. Fifty Numbers from (2); read
Down Columns

0.563 0.478 0.218 0396 0455
0.624 0527 0.163 0.527 0.692
0.187  0.005 0.382 0923 0.147
0.811 0.531 0.545 0450  0.839
0999 0536 0926 0373 0986
0.810 0067 0471 0.824 0825
0.809 0603 0397 0.197 0811
0.620 0671 0.867 0020  0.635
0.429 0274 0264 0217 0.446
0.049 0.945 0.132 0.238 0.082
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reported experiences with the congruential generator
U;=aU;_, mod 1 (3)

which mimics the magnification effect of a roulette wheel provided the multi-
plier a is large. In practice (3) must be computed in finite-precision arith-
metic, so it is usual to generate integers X; by

Xi=aXi_1mOdM (4)

and set U; = X,;/M. Provided ¢ and M are integers, (3) is then performed
exactly. (Lehmer used a = 23, M = 10® + 1 on a decimal computer.) This
family of generators and its cousins is now widespread.

Cryptographers are more concerned with pseudo-random sequences
of bits and the use of special hardware. Thus they have tended to prefer
pseudo-random number generators based on shift-registers. These record the
last d bits b, _, ..., b;_4, 5O

by = flbi—yo. . bi—a)
for some function f': {0, 114 — {0, 1!. The usual choice is
b; = (aybi_y + - + azb; _4)mod 2 (5)

for binary constants a,, . . ., a4. There are many ways to obtain pseudo-
random numbers from a sequence of pseudo-random bits. The simplest is
to let

U,- = O'bil,biL+1 o biL+M

for integers L and M with0 < M < L.

These generators are discussed in detail in the next three sections. It is
worth noting that minor variations may give rise to very different behavior.
For example, (3) implemented in floating-point arithmetic may behave quite
differently from an exact implementation via (4) (cf. exercise 2.4). All these
generators have the property that eventually they reach a sequence that
repeats itself; the middle square example had such a sequence of length
four. This length is called the period of the generator. Clearly four is un-
acceptable, and the period should be as long as possible.

There are other generators implemented on popular microcomputers,
apparently without reference to the existing literature. The BASIC inter-
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preter on the Research Machines 380Z forms
V; = 38965U;_, + 26664

and then renormalizes, U; = 2*V,, where « is chosen so that $ < U; < 1.
This reaches a cycle of period 1995 after about 10,000 calls (Research
Machines Ltd., 1982),

The BASIC interpreters on both the APPLE Il and CBM PET micro-

computers have used
V; = 0.708076143 x U;
again renormalized so § < W, = 2*V; < 1. Now W, is a 32-bit number, so
W, = 0.B,B,B;B,

for bytes 0 < B; < 256 (and B, = 128). Then on the Apple U; = 0.B,B,B,B,,
whereas on the Pet U; = 0.B,B1B,B, (Henery, 1983).

Testing

The sequences produced by all these generators do have some structure.
Most of the rest of this chapter is devoted to identifying that structure and
assessing its consequences. Any generator can be tested empirically by apply-
ing statistical tests for independence and uniformity to (U, . .., Uy) for large
N. However, this can be very time-consuming and always leaves open the
possibility that there is some relevant structure which has not been detected.

For certain congruential and shift-register generators it is possible to find
exactly the distribution of (U,, . .., U,,-,) for small k. These theoretical
tests have proved more searching than empirical tests, Thus, one is recom-
mended to choose a generator for which theoretical tests are available and
have been performed before it is put to serious use. (A mild amount of pre-
dictability might be an asset in an arcade-style game.)

The undesirable structure of (3} and (5) has led some authors to suggest
applying further algorithms to their output in an attempt to destroy the struc-
ture. This might involve permuting the (U,;) or choosing between two or
more generators for each i (See Section 2.5). Beware of the assumption that
they improve matters. Very little progress has been made on their theoretical
analysis, and the possibility remains that the known structure is transformed
to something worse or that further structure is introduced. Complex algo-
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rithms are by no means necessarily more “random” than simple ones, as is
shown by the striking example of Knuth (1981, pp. 4-5).

The conviction of this author is that it is better to use simple and well-
understood algorithms, and that within families meeting those conditions
it is possible to choose pseudo-random number generators good enough for
any prespecified purpose.

*Random Sequences

Philosophers have discussed several ways to define randomness, but few are
relevant to our purposes. The point of view taken above is close to that of
Hacking (1965), who was most interested in finite sequences in attempting to
understand the foundations of statistics. Another approach particularly
associated with von Mises (1919, 1957) is to define probability directly in
terms of limiting frequencies of infinite sequences. A collective K is an infinite
sequence of outcomes satisfying certain conditions. The probability of an
event E is defined as the limit as n — oc of the frequency of E in the first n
terms of K. Elementary texts often introduce P(coin tossed gives heads) = 4
in this way.

Von Mises’ original conditions were too strong, but they were relaxed by
others and put into definitive form by Church (1940). We say (U,) is k-
distributed if the empirical distribution of (U,, ..., U; - ) converges to the
uniform distribution on [0, 1]*. Then (U,) should be k-distributed for all k,
called co-distributed. Furthermore, any subsequence of (U;) should be
oc-distributed. One has to confine attention to computable subsequences to
avoid allowing the choice of all U; > 4. Computable subsequences are what
are known to probabilists as optional sampling rules and insist that whether
or not U;,, is included is determined by knowledge of U,, ..., U;. There
exist sequences (U;) for which all computable subsequences are oc-
distributed; these are the von Mises—-Church collectives.

All our algorithms give rise to periodic sequences and so are not even
1-distributed as only a finite set of values will occur. However, only a theory
of random finite sequences seems relevant to simulation. Kolmogorov
(1963) had one idea, and Chaitin (1966) and Martin-Lof (1966) defined
randomness in terms of the complexity of the algorithm mecessary to gene-
rate the sequence.

None of these helps with our practical problem, and we will take the
pragmatic approach of making (U,) as featureless as possible; where structure
is unavoidable we will aim to make its scale small.

*Starred subsections are optional reading.
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2.2. CONGRUENTIAL GENERATORS

Congruential generators are defined by
X;=@X;-; + o)mod M (1)

for a multiplier a, shift ¢, and modulus M, all integers. We can and will take
a, ¢, X; to all be in the range {0, 1,..., M — 1}. The pseudo-random sequence
(U,) is determined by (1) and

U, = XM 2)

once the seed X, is given. We saw in Section 2.1 that generators of this form
with ¢ = 0 were first described by Lehmer (1951); such generators are called
multiplicative. The early literature contains some confusion about the general
(mixed) case; the first example published seemstobea = 27, ¢ = |, M = 235
by Rotenburg (1960).

The future of (X;) is determined by its current value. Since the M + 1 values
(Xo, - .., Xy) cannot be distinct, at least one value must occur twice, as X,
and X;,,,say. Then X;,..., X;,,_, isrepeated as X;,,,..., X;4+ 24-1, and so
the sequence (X)) is periodic with a period k < M. The full period M can
always be achieved with a = ¢ = 1. Table 2.2 illustrates the range of behavior
that can occur. Clearly, the period depends on the choice of a, ¢ and perhaps
also on the seed. For multiplicative generators the maximal period is M — 1,
for if O ever occurs it is repeated indefinitely.

It is usual to choose M to make the modulus operation efficient, and then
to choose a and ¢ to make the period as long as possible. It is known how to
find the period of an arbitrary congruential generator (Fuller, 1976; Dudewicz
and Ralley, 1981) but this seems unnecessary as the following theorems suffice.
Proofs are given in Section 2.7.

Theorem 2.1. A congruential generator has full period M if and only if

(i) ged(e, M) = 1.
(ii) a =1 mod p for each prime factor p of M.
(iii) a =1 mod 4 if 4 divides M.

Note that if M is a prime, full period is attained only ifa = 1.
Theorem 2.2. A multiplicative generator with modulus M = 2¢ = 16

has maximal period M/4, attained if and only ifa mod 8 = 3 or 5. In the case
a=5mod 8§, let b= X, mod 4. Then (U; — b/M) is the sequence output
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Table 2.2. Examples of Congruential Generators

(a) M=16a=1c¢c=1
0,1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,0, ....

by M=16,a=5c¢c=1
0,1,6,15,12,13,2,11,8,9,14,7,4,5,10,3,0,....

©) M=16,a=5c¢=4
0,4,8,12,0,...0or1,9,1,...0r2,14,10,6,2,...0r3,3,...
orS5,13,5 ...or7,7,...or 11,11, ... or 1515, ...

d M=16a=5¢=0
1,5,9,13,1,...0r2,10,2,...0r 3,15 11,7, 3,...0r
4,4,...0r6,14,6,.. . 0r8,8,...0or12,12,....

&) M=16,a=3,¢=0
1,3,9,11,1,...0r2,6,2,...0r4, 12,4, ... or
5,15,13,7,5,...0r8,8,...0r 10,14, 10, ...

H M=16a=4c=0
1,4,0,0,...0r2,8.0,0,....etc

g M=13a=2¢=0
1,2,4,83,6,12,11,9,5,10,7. 1,....

(hy M=13,a=4,¢=0
1,4,3,12,9,10,1,...0r2,8,6,11,5,7,2,....

i) M=13a=5¢=0
1,5,12,8,1,...0r2,10,11,3,2,...0r4,7,9,6,4, ...

) M=13,a=12,¢=0
1,12, 1, ...0or 2, 11,2, ... 0r 3,10, 3, ..., etc.

from the full-period generator

The final assertion is due to Thompson (1958) and contradicts an earlier
folklore that mixed generators were somehow less random than multiplica-
tive ones. The sole advantage of a multiplicative generator seems to be to
avoid U; = 0.

Theorem 2.3. A multiplicative generator has period M — 1 only if M is
prime. Then the period divides M — 1, and is M — 1 if and only ifa is a
primitive root, that is, a # 0 and a™ ~""? % 1 mod M for each prime factor
pof M — 1.

Thus prime moduli are much more uséiul for multiplicative generators.
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It may not be easy to find a primitive root, but once one is found all the others
follow from:

Theorem 2.4. If ais a primitive root for a prime M, so is a* mod M provided
ged(k, M — 1) = 1.

One example of the use of this theorem is the Mersenne prime 23! — 1.
We know 23! — 2 = 2.327.11.31.151.331 from which one can check that 7
is a primitive root and hence so is 7° = 16807, recommended by Lewis et al.
(1969) and Gustavson and Liniger (1970).

*Reduction Modulo M

The modulus M is usually chosen to make it easy to implement Y mod M
without division. If the computer works to base r and M = r#, all we have to
do is to retain the bottom f digits of Y. For example, 12345678 mod 10° =
45678. Thus one finds powers of 2 used on binary computers and powers of 10
used on calculators.

It is only a little more difficult to implement M = r¥ — s for small s.
Let Z = Y mod M and z = Y mod #* (which is easy). Then

Y=z+tr =tM + (z + st)

so Z = (z + ts) mod M, which can be performed by subtracting M from
z + ts until the result is less than M. Exercise 2.7 shows s subtractions will
suffice.

More care is needed to implement a multiplicative generator with
M = + 1. This takes the r* values {1,...,r}. Y =aX,_,, Y =z + t/*
and (aX;_;)mod M = (z — t)jmod M = z — tif z = t, otherwise z — t + M.
The one remaining problem is that we will have to arrange to store the value
r? as 0 in a B-digit word.

These tricks have proved quite popular. The Mersenne prime 23! — 1
has been used with several multipliers; Lehmer originally used the prime
10® + 1 and the prime 2!° + 1 has been popular more recently. For r¥ + 1
it is usual to let U; = X/, to avoid a time-consuming division.

Choosing a Generator

Thus far we have restricted our choice by choosing M so that mod M is easy,
and a and c to achieve full or maximal period. There is still a lot of freedom
left! We will now confine attention to full period generators and multi-
plicative generators with a prime modulus and maximal period. These take
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values evenly spaced in [0, 1), each occurring once per cycle. Provided M is
sufficiently large, the (U;) will be nearly uniformly distributed. They may,
however, be completely predictable, for example if a = ¢ = 1. A less obvious
example is the once very popular generator RANDU with M = 23!,
a=2'"%+3¢=0.Then

Xir =" + )Xy + ¢, 2% = (2'° + 32X, + ¢, 22'2" + 3) + ;2%
= (62" + 9X,; + (2! + 3¢, + ¢, + 2X;}2%
= 621 + DX, — 9X, + ¢32°!
= 6Xisy — 9X; + c2%

where each ¢; is an integer. Thus
Uiy, — 6U;; +9U;is an integer

and (U;, U;, ., U, ,) lies on one of 15 planes in the unit cube. This means
that if (U;_,, U;_,) is known even to limited accuracy, then U; is quite
predictable. This is a fairly extreme example, but it has been very widely used
on IBM 360/370 and PDP-11 machines!

The remedy is to choose @ and ¢ to avoid this happening. Marsaglia
(1968) pointed out and Fig. 2.1 demonstrates that the k-tuples(U;, ..., U1y —y)

(b)

Figure 2.1. Plotsof pairs(U;, U,, ,)for various congruential generators modulo 2048. (¢) ¢ = 65.
¢ = 1, all 2048 points. (b) First 512 points of (a) with X, = 0.(¢)a = 1365, ¢ = 1. (d)a = 1229,
c=1.()a=157,c=1.(fa=45c=0(g)u=43,c=0.



(d)

"

(z)
Figure 2.1 (Continued)
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will always lie on a finite number of hyperplanes in [0, 1)*. More precisely,
we have (Beyer et al., 1971, Smith, 1971, Ripley 1983aq).

Theorem 2.5. Let A, be the lattice {r,e; + -+ + 1€, |1, integer] with basis

e, =N(1,a,a2,...)T

3)

e; = jth unit vector for 2 < j < k
Then
(i) For full-period generators
(Ui U )y = [0, (U, .. Ue-) + Ay

with N = M, and (U, ..., Uy} is of the same form with
N = M/ged(k, M).
(i) For a maximal-period multiplicative generator with prime modulus

M,
Wi o Ui ) =0, DA A
with N = M, and
Whin oo Uivi-1)) =0, ) 0 Ay
ifged(k, M — 1) = 1, otherwise it is a nonlattice subset of (0, 1)* n A,
PROOF. See Section 2.7. dJ
Figure 2.1 shows what happens in some other cases. Note that we can
deduce the behavior of multiplicative generators with M = 2% ¢ = 5 mod 8
from the full-period case by Theorem 2.2; one merely replaces M by M/4 in
defining A,.

One important conclusion of Theorem 2.5 is that the choice of ¢ merely
shifts the lattice. It has been traditional that ¢ be chosen to minimize the
correlation between U; and U,, ,. However, for a fine lattice like Fig. 2.1a
the correlation will be small for any ¢, whereas for Fig. 2.1¢ to minimize the
correlation will merely mask the lack of independence of (U;, U;, ,). There
seems no compelling advantage of any other value over ¢ = 1.

This reduces our choice to a few values of M and to the choice of a. In
the Section 2.4 we show that a can be chosen to make the lattice of values
described in Theorem 2.5 rather evenly spread in [0, 1)* and thus about
N~ apart. {[0, 1)* n A, contains N points.} We would like this distribution
to be as even as possible, which means choosing M as large as possible. An
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idea of how large M might need to be can be obtained from:

Theorem 2.6. Suppose n points are uniformly and independently distributed
in (0, 1)*. Let D be the smallest distance between a pair of points. Then D* is
approximately exponentially distributed with mean 2I'(3k + 1)/n*?n? =
a/n?, say.

PROOF. Ripley (1983a). The approximation is asymptotic as n — oo but
remarkably accurate for n as small as 25. O

Suppose our simulations need n k-tuples. Then provided N~ '* <
(2,/99.50n%)' % the 1% point of the distribution of D, the nonuniformity of
the pseudo-random numbers will be negligible. This reduces to N > 200n?,
say 227 for n = 1000. Thus:

Recommendation. A congruential generator should have period as large as
possible, at least 23°, a multiplier a chosen to give period M or M — 1,
and a good lattice structure as described in Section 2.4.

2.3. SHIFT-REGISTER GENERATORS

Shift registers were introduced in Section 2.1. In their most general form
they have M > 2 states, but we will confine attention to the binary case
which has been the only one used for pseudo-random numbers. We have

bi = (albi—l + + adb,'_d)mod 2 (1)

This is easy to implement in a hardware circuit by use of a shift register,
hence the name. Note that addition modulo 2 and exclusive or have the same
truth table, and so we may replace (1) by

bi=bl'—j1 EOR bl' b

—i2 O
where a; =+ = a; = 1and all other q; = 0.

Each b; is determined by (b;_,, . . ., b;_,), which has at most 2 possible
values. Furthermore, if this is the zero vector, then b, = 0, and b ; = Ofor all
j = i. Thus, the maximal period is 2¢ — 1. The details of how to find the
period of (1) (or even if the maximal period is attained) depend on methods of
factorizing polynomials over finite fields. Golomb (1967) summarizes the
algebra needed. Recursion (1) is associated with the polynomial

Sx)=x"+ax* '+ 4 qy
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It has been usual to consider trinomials 1 + x? + x? with 1 < g < p, so
b;=b;_, EOR b;,_,_, (2)
Reversing the sequence shows 1 + xP7¢ + x? and
by =b;,_, EOR b,_,

must have the same period. Table 2.3 lists some pairs ( p, g) that give maximal
period 27 — 1. [From Golomb (1967). Further values are given by Lewis
and Payne (1973, Fig. 9), Zierler and Brillhart (1968, 1969), and Zierler (1969).]
Some specific suggestions are p = 98, g = 27 (Lewis and Payne, 1973);
p = 521, g = 32 (Bright and Enison, 1979); and p = 607, ¢ = 273 (Tootill
et al., 1973).

Tausworthe (1965) suggested using

L
U = Z 27y = 0by by
1

that is, L-bit binary fractions taken ¢ apart. Consequently, such random-
number generators are called Tausworthe generators. The parameter ¢ is
called the decimation. A decimation is said to be proper if ged(t, 2" — 1) = 1.
For a proper decimation (U;) has period 27 — 1 (since this is the period of
each of its bits by Lemma C of Section 2.7).

The BBC microcomputer has a Tausworthe generator with p = 33,
g = 13,1 = L = 32. This is a proper decimation, and so has period 2** — 1.
{The order of the bytes in U, is reversed, but this has no consequence.) The
following algorithm is a neat way to implement a Tausworthe generator with

Table 2.3. Al Values of (p, g) for which 1 + x? + x” gives a Maximum-
Period Shift Register, with p < 36

p q p 4 p q
21 29 25 371822
3012 15 1.4,7.8 11,14 28 3.9.13.15.19,25
4 1.3 17 3,56 11,12,14 29 227

s 2.3 18 711 3 3.6.7,13. 18,

6 1.5 20 317 24,2528

7 1,346 21 219 3313.20

9 45 2121 35 2,33

10 37 235,914, 18 36 11,25
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q < p/2, p =1t =L = word length. [It is used with p = 36, g = 11 on the
Honeywell Multics system (Sibson, 1984).]

Algorithm 2.1 (Whittlesey, 1968; Payne 1970). Assume U, is stored in a
word X with b;, ., on the left:

1. CopyXtoT

2. Left shift X by ¢ bits, filling with zeroes.

3. Let X = X EOR T, copy X to T (bitwise exclusive or).
4. Right shift T by p — q bits, filling with zeroes.

5. X = X EOR T now contains U, ;.

One can use p =t = L < word length by padding with zeroes on the
right. Exercise 2.9 shows that this algorithm works.

Lewis and Payne suggested making up an L-bit integer from nonconsecu-
tive terms in (b;), for example,

Yo =bb;_y, bi-y, (3)
for delays [,, ..., I,. Each bit of ¥, still obeys (2), so we can form
Y=Y ,EORY (-, (4)

which can be implemented by a simple circular buffer. Such generators are
called generalized feedback shift registers (GFSRs). They were introduced to
be faster than Tausworthe generators, but Algorithm 2.1 may be faster for
p = t = L. The p starting values for recursion (4) need not satisfy (3). How-
ever, the period of (Y;) will depend on the starting values. Obviously we will
obtain random numbers by U; = 27%Y,s00 < U, < 1.

Example. p = 5, q = 2 gives the bit sequence

1111100011011101010000100101100 . ..

of maximum period 31. The Tausworthe sequence witht = L = 5is

31,3,14,20,4,22,15.17,23,10,2, 11, 7, 24, 27, 21, 1. 5, 19.
28, 13,26, 16, 18, 25,30, 6,29,8,9,12. ...

If we take the GFSR b;b; _b;_1:b;_ 1gb;_ 24 We obtain

1,13, 8,29, 30,9. 16,22, 20, 14, 31. 4, 24, 11, 10, 7, 15, 18,
12,5,21,3,23,25,6,2,26,17, 27,28, 19,. .. O
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The theoretical analysis of Tausworthe and GFSR sequences concentrates
on the k-tuples of integers (Y, ..., Yi,,_,). We would like all k-tuples to be
equally frequent in a period. There is a minor problem with the missing
p-fold zero in (b;). We say (Y)) is k-distributed if all k-tuples are equally
frequent except zero, which occurs one less time in each period.

Theorem 2.7. A Tausworthe generator with proper decimation is k-
distributed for 1 < k < int{ p/t].

PROOF. (Y, ..., Y, ,_) is made up from kL bits of (b1, ..., byrp) If
kt < p, this is a subset of (b, 4, . .., by, ,) that takes all possible values
except all zeroes once in a period. Thus every nonzero k-tuple of Y’s is
equally frequent in a period. O

Suppose kL > p. Then only 27 — 1 of the possible 2/ — 1 values of
(Y, ..., Y4r_y) can occur. Consequently, k-distribution is impossible for
k > int[ p/L]. Figure 2.2 shows that there may be advantages in taking
t > L to improve the k-dimensional structure, and that when k-distribution
fails, it can fail dramatically.

The analogue of Theorem 2.7 is not automatic for GFSRs; it depends on
the starting values. Let A be the p x L matrix whose rows are the bits of
Y...., Y, called the seed matrix.

Theorem 2.8. A GFSR sequence is 1-distributed if and only if its seed
matrix is nonsingular.

PROOF. Let A; be the corresponding matrix for (Y, ..., Y, ,_,). Define a
p x p matrix C by

Cjij=0;-1forl<i<pl<j<p

ij=5,1+5qu0rl$j$p

s0 A; = CA;_, = C'~'A with addition modulo 2.
NOW(bi+j,. . .,b,'+j+p_1)T = C"(b,, . .,bi+p_1)TSO Co, ey CS,S = 2[7_ 2,
are distinct matrices; hence Y; is 1-distributed if and only if 4 is nonsingular.

O

Theorem 2.9. A GFSR sequence is k-distributed if and only if both
k < int[ p/L] and the matrix with row i, the bitsof (¥;, ..., Yoo hi=1...,p
is nonsingular.

PROOF. Apply theorem 2.8 to the kL-bit integers made up by concatenating
Yoo Yier-1 g
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e N T T T T T R A T

(c) (d)

Figure 2.2. Plots of all pairs (U,, U,,,) from shift-register generators with p = 11, g = 2.
(@)t = L =11.(b)t = L = 5,50 2-distributed. (¢)t = 5,L =8.(d)t = 17,L = 8.

Example. Consider p = 7, g = 1 with period 127. A GFSR sequence with
L = 3 gives

01234561317137226624
50404615444274100653
51063664165502573052
72435755676220311402
32054211251630374753
34332607701467071521
7764736...
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which is 2-distributed. The seed matrix is

— —

000
00 1
01 0
01 1
100
[ 01
11 0]

which is clearly nonsingular. For 2-distribution we consider

[0 0 0 00 1]
001010
010011
011100
1001 01
101 110
1 1000 1]

which is nonobviously of rank six. (See below.) If we were to start with
6, 5, 4,3, 2, 1, 0 we would obtain a nonsingular seed matrix and so
1-distribution. However, for 2-distribution we have

[1 1 01 0 1]
1 01100
10001 1
011010 (5)
0100 01
001 000
0 0 00 1 1]

which is singular since the sum (mod 2) of columns 2, 5, and 6 is zero. Thus
this sequence is not 2-distributed. (See Exercise 2.11.) O

Theorems 2.7 and 2.9 show the need for very long periods. For example,
Bright and Enison (1970) and Fushimi and Tezuka (1983) both consider
p =521, q = 32, with L = 64 and L = 32, respectively. By Theorem 2.9
these are candidates to be 8-distributed and 16-distributed, and Fushimi and
Tezuka check that this is so. However, even with a period of 2°2! — | the
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k-tuples have a spacing of 2722 in dimensions 1-16, whereas congruential
generators of similar periods will do much better for k < int[ p/L].

In general a very long period will be easier to achieve with a GFSR
generator than a Tausworthe or congruential generator. All one has to do is
to increase the size of the buffer retaining Y;_,, ..., Y;,_, when increasing p.
One then uses the following algorithm.

Algorithm 2.2, Locations Y[ 1] --- Y[ p] are set aside as a buffer, initialized
with Y_,, ..., Y_,, and pointers  and J settop — gand p

1. Y=Y[IJEORY[J], Y[J]=Y
2. I=1-1;ifl =0thenl = p.
3. J=J-1;ifJ =0thenJ =p.
4. Return Y.

Normally each Y will be held within a computer word; if this is not possible,
operation 1 is applied to each part of Y independently.

There remains the problem of choosing the starting values to achieve
maximal k-distribution. Trial-and-error checking the conditions of Theorem
2.9 seems to be the only general way known. To achieve 1-distribution is
easy; merely including 1,2, ..., 2" Vin(Y,, ..., Y,) ensures that the seed
matrix is nonsingular. Nonsingularity of a p x kL binary matrix is easily
checked by reducing it to upper triangular form by exclusive-oring rows.
For example, consider (5). The following process consists of exclusive-oring
each row in turn with lower rows to remove 1’s from the next column, or
permuting rows. One rapidly finds the matrix to be of rank 5 and so singular.

11 01 0 1]t 1 010 1]-[1 1010 1]
101100 01 1 00 1 011001
10001 1 010110 001 1 11
01 1010 011010 00001 1
0t 000 1 0100 0 1 001000
001000 001000 001000
00001 1] |[0o0o0O0OT1 1] |OOOO 1 1]
(1 10101t 10101511010 1]
01100 1 01 100 1 011001
001 1 11 001 1 11 001 111
00001 1 000111 0001 1 1
000111 00001 1 00001 1
000111 0001 1 1 000000
oooo0o1 1] loooo1 1| [oooo 1 1]
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1 1010 1|-(1 1 01 01
011 0 01 011001
001111 001111
0 00111 000111
0 00011 000011
0 00 0TI 1 0 00 O0O0O
|0 000 0O0] |OOO0O0O0 0]

Another method is to select the initial values of the form (3). Then the
bitsof (Y,,..., Y )are{b_ ;o lj=tL + .. L +t:t=0,...,k — 1}.
Provided this set of values is distinct, the proof of Theorem 2.7 shows that
these k-tuples are 1-distributed and hence that (Y;) is k-distributed. One must
then choose the delays at least k apart and with [, < p — k, which is always
possible for kL < p, for example by

Yi=bb ... bi—(L—l)k

Specific implementations of generators of this type are considered by Arvillias
and Maritsas (1978) and Fushimi and Tezuka (1983).

Fellen (1969) and Toothill et al. (1971, 1973) study less relevant properties
of Tausworthe generators.

2.4. LATTICE STRUCTURE

We saw in Section 2.2 that the k-tuples (U,,..., U;,,-,) from certain con-
gruential generators lie on lattices in the unit hypercube. Both congruential
and shift-register generators suffer from the same problem: for a period of
length N there are only N k-tuples. For shift-register generators with k-
distribution the word length L is restricted, so that these N points lie on the
cubic lattice of side 27, with (2 7%)* < N + 1. Figure 2.2 shows what happens
if we increase the word length.

Congruential generators can achieve a very similar k-dimensional
behaviour, provided that the multiplier is chosen suitably. The rest of this
section is devoted to a detailed study of the k-dimensional output of full-
period congruential generators, and those of maximal period with a prime
modulus.

Lattices
A lattice A in R¥ is defined by k linearly independent vectors e, . ... e;. Then

A = {t,e, + - + el integer;
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is the set of sums of integer multiples of the e;. The set {e;} is called a basis
for A.

Various measures of the “granularity” of a lattice have been developed.
For a cubic lattice we use the smallest spacing between a pair of points, [,,
which is also the length of the smallest nonzero vector in A. Most people
envisage a lattice as being made up by repeating a basic parallelogram cell.
(Look at Fig. 2.1 again to convince yourself.) One way to define such a cell
is to take e, as a shortest nonzero vector in A, e, as the shortest vector
linearly independent of e,, e as the shortest linearly independent of e, and
e,,and soon. For k < 4this generates a basis for A (except for one exceptional
lattice for k = 4, for which only some of the choices for shortest work).
However, one's intuition about lattices fails for k = 5. Let I, be the length of
¢; chosen in this way. Then [, is one measure of “granularity,” and r = [, /I,
measures the “uniformity” of the lattice. (We can usually achieve r < 2))

Yet another method of measuring uniformity was given in Section 2.2
where we saw that the triples from RANDU liec on only 15 planes. It has
proved more useful to measure the maximal spacing between parallel
planes that cover the lattice. Clearly Fig. 2.1a will have a smaller spacing
than Fig. 2.1c¢. Call this spacing s, and its reciprocal v,.

Computing Lattice Constants

The theory behind the following methods is described later in this section.
The case k = 2 is easiest.

Theorem 2.10. Start with any basis (e, f) for A,. Relabel if necessary so that
le] < |f]. Compute s = nint(e"f/|[e[?). If s + 0, replace f by f — se and
repeat. If s = 0, then [, = |e]. I, = ||f|, and v, = NI,.

Remarks. (1) nint(x) is the nearest integer to x, halves being rounded toward
zero, so nint(— 3.5) = — 3, for example. (i1) The coordinates of all vectors in
A, are multiples of 1/N (since this is true of the basis 2.3). Thus it may be
convenient to perform the calculations on Ne and Nf.

PROOF. (i) |f — se|? = |f||> + s*|le|? — 2se"f < [f|? if and only if s # 0
and 2ef > s|e||2, if and only if s % 0. Thus the algorithm strictly reduces the
length of f and by remark (ii) must terminate.

(ii) Clearly f — se € A,, and (e, f — se) is another basis.

(i) Now suppose we have a basis with s = 0. By replacing f by —f if
necessary, we may assume 0 < e’f < jfle|>. Suppose g € A, and |g| < |f].
Then there are integers u and v with g = ue + of, and by changing the sign we
may assume u > 0. Then if a = v/u,
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lgll* = wdlle] + a?[f]* + 20e™)
Thus if v > 0 we can find a shorter g by replacing v by — . Then

161> > lg]® = [el|> + «2|f]> + 20e”f
> (1 + a)e]” + o2 |f]?

This implies —1 < 2 < 0,0r 0 € —v < w. Suppose v # 0.
Let # = —u/v > 1. Then

I£]* > lgl* > T - pe|* > BB — Del* + [

a contradiction. Thus the only vectors shorter than f in A, are integer
multiples of e, so I, = |lef|, [, = |f].

(iv) Choose H as the line through the origin of a family of parallel lines
with spacing s,. Choose f as a shortest vector in H n A,. Then the basic
parallelogram has base f and height s,, so area = s, |f| = I/N. Thus,
s, = 1/N|f| = 1/Nl,, and equality is attained if H contains a vector attaining
I[,. Thusv, = 1/s, = NI,. O

This method of changing basis was proposed by Beyer et al. (1971) and
Marsaglia (1972) but has a long history in number theory. It normally
works extremely rapidly.

Example. For Fig. 2.1 f we have N = 512, ¢, = (1,45)/512,and e, = (0, 1).
For ease of working we multiply both vectors by 512.

() e=(1,45),f=(0,512) givess = 11,f > (- 11, 17).
() e=(-11,17),f=(1,45) givess = 2,f - (23, 11).
Giii) e=(—11,17),f=(23,11)sos =0

Hence, [, = 0.0395, [, = 0.0498, v, = 20.25, r = 1.26. O

In three or more dimensions we can give bounds on the lattice constants
from Theorem 2.11. The vectors e} defined there are known as the dual basis.
They are therows of E™ !, where E has columnse, - - - ¢.

Theorem 2.11.  Let (¢;) be any basis of A, with increasing |e; |. Let e}, ..., ef
be defined by e/ e¥ = §,;, and w = min |ef|. Then

. 1k*l
@ 1w [T el < bo< e

@) e < v <w
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prROOF. From the definitions and Theorem 2.16. ]

To use Theorem 2.11 we need to find a basis made up of short vectors.
We can extend the ideas of Theorem 2.10 by:

Algorithm 2.3.  Fix some order of the pairs {i, j}. Apply the following until
no change is made for any pair:

Assume |e;| < |e;|. Let s = nint(e/e;/|e;]|?). If s # 0, replace e; by
ej — S§€;.

Exactly as for k = 2 this will terminate in a finite number of steps and
find a basis with shorter vectors. In most cases the right-hand inequalities
in Theorem 2.11 are then equalities, but not always. The bounds are usually
quite close.

Example. k =3, N = 2'%, a = 249. Using {1, 2}, {1, 3}, {2, 3} as the order
reduces the basis (2.3) to

Ne, = (260, — 796, — 1596)
Ne, = (—519, 1841, — 343)
Ne; = (1316, 4, 996)

and e, + e, + e; is shorter than e,, the longest of these vectors, but even so
Theorem 2.11 yields 0.0259 < I; < 0.0296. O

This suggests trying further transformations, as does

Theorem 2.12. (Minkowski). For k=3 or 4, basis e has el =1I.
i=1,..., kprovided
() Jef < <]efand

@) e < e+ X cje
j<i

,each ¢; € {0, +1, —1].

PROOF, Section 2.7. 0

In applying Algorithm 2.3 we have already checked all combinations with
just one ¢; # 0. (s = 0 implies |e; + e;| = |e;|.) For k = 3 this leaves four
combinations for ey, and for k = 4 four for e, and 20 for e,. If we do find a
shorter vector, we can replace e; by that vector and repeat Algorithm 2.3
and the test of Theorem 2.12. In our example this gives I, = 0.0275.

This gives us a way to find /,. /,, and r exactly for k < 4. For k = 5 it is
possible that no basis attains/,, . .., ;. but the bounds of Theorem 2.11 almost
always suffice after applying Algorithm 2.3,
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The Spectral Test

The vectors (e}) introduced in Theorem 2.11 form a basis for another lattice
A*, known as the polar (or dual) lattice.

Theorem 2.13. Let # = {x|x"uinteger} be a family of parallel hyperplanes
covering A. Then ue A* and v, = I}, the length of the shortest nonzero

vector in A*.

PROOF. The basis (e}) spans R*, so u = t,e* + --- + t,ef for real t;. For
each i, ¢; € #, so t; = e u is an integer; hence u € A*. Conversely, if ue A*,
u # 0, then all ¢;€ 4 and so A < Jf

The spacing of # is min{|x]| | x”
min{|uf |0 # u € A*} =}

We can rewrite this conclusion by noting that ue A* if and only if
elu---e]uare integers. Thus

=min{|uf | #DA}=

v = min{|ju|| | 0 # u, u; integers, u;, + au, + - + @~ 'u, is a multiple of N }

Such a quantity was defined by Coveyou and Macpherson (1967), who called
testing for large values of v, the “spectral test.” In that context “large” is often
assessed by forming u, = w,vf/N, where w, = 1/?/T(k/2 + 1) is the volume
of the unit ball in R*. Values of y, larger than 1 are thought good. We can use
Theorem 2.16 on A* to show that v, < ¢, N'* so p < w,ck, which helps
explain why values greater than 1 are thought good. It seems preferable to
use the inequality for v, in a similar way to r = |, remembering that v, is an
absolute measure of the granularity of A,.

It remains to find v,. For v, we have Theorem 2.10. For k = 3 or 4 we
could apply Algorithm 2.3 and Theorem 2.12 to the polar lattice A*. However,
if the bounds of Theorem 2.11 are not sufficient, we can carry out a finite
search by

Theorem 2.14 (Dieter, 1975). v, = min{|jul| |u = e} + - + e} = 0,
Ir;| < int[w]||e;||]} for any polar basis (e).

prROOF. |1 = |efu| < |le;]| |Ju]| by Cauchy-Schwartz. For the minimal u
|uf = v, < w by Theorem 2.11. ]

In practice int[w]e;||] is almost always 0 or 1, and by Theorem 2.12 we
can take it to be | for k < 4. One further useful trick [from Knuth (1981)] is
to take as the starting basis for A, the basis (2.3) transformed by the trans-
formations used for A, _ ;, and to update the polar basis (e¥) with (e;). Fortran
code is given by Hopkins (1983) and in Appendix B
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Example. N = 512, a = 45(continued). The final basis for A, was

Ne, =(-11,17), Ne, =(23,11)
This gives us as initial basis

Ne, = (—11,17,253)
Ne, = (23, 11, —529)
Ne; = (0,0, 512)

since a> = —23 mod N, and the last element must be a? times the first.
From this we have

ef = (=11, 23,0)
e¥ =(17,11,0)
eX =(23,0,1) (23 = —da?)

We now apply Algorithm 2.3, noting that ife; — e; — se;, then e} — ef + se¥,
to yield

Ne, = (22, —34,6) e¥ = (7, — 10, 3)
Ne; = (82, 106, 162) el =(1,1,2)

when reordered in increasing length. This passes Theorem 2.12,s0[; = 0.0598,
I, = 0411, r = 6.86, and w = /6. We have |t,| <0, |1,/ <0, |r;/ < I in
Theorem 2.14, so v; = w attained at e%. Note that v;/; = 1.007. 0

Assessing Congruential Generators

Table 2.4 lists some of the results of applying the preceding methods to
A,, Az, A, for some commonly used generators. Only » and v, are shown,
since in all cases [, is very close to 1/v,.

Line 1 is the generator GOSCAF of the NAG Fortran library. Line 2 from
Marsaglia (1972) is used by DEC for its VAX compilers. Line 7 is from CDC
Fortran (FTN 4.x and 5.x compilers). All seem quite acceptable. Line 3 is
used by BASIC on the Sinclair ZX81 (Tootill, 1982). Figure 2.3 confirms
its two-dimensional granularity, which is due to both a bad choice of multi-
plier (Exercise 2.13) and too short a period. Lines 4 and 5 are for IBM 360/370



Table 2.4. Lattice Criteria for Certain Congruential Generators

k=2 k=3 k=4

M a ¢ r v r v r v
1 239 1313 0 1.23 3.44 x 108 1.57 429 x 10° 193 1.55 x 10*
2 232 69069 1 1.06 6.51 x 10* 1.29 1440 1.30 230
3 216 41 75 0 11.7 75 1.59 314 343 9.17
4 231 1 73 0 7.60 1.68 x 10* 3.39 639 207 147
5 23t 1 630360016 0 1.29 4.09 x 10* 292 625 1.64 201
6 235 8404997 1 281 1.11 x 10° 1.93 2930 598 147
7 248 44, 485, 709, 0 1.29 745 x 10° 1.85 3.44 x 10* 385 1370

377,909

8 232 2147001325 715136305 1.13 6.40 x 10* 1.09 1540 1.16 269
9 108 +1 23 0 1.89 x 10° 23 8211 23 357 23
10 10° 314159221 211324863 3.89 1.61 x 10* 212 800 246 103
11 248 517 1 1.87 1.23 x 107 2.86 4.74 x 10* 1.67 3400
12 23 397204094 0 282 277 x 10* 2.63 832 1.50 171

6t
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il

Figure 2.3. Plot of all pairs (U;, U;,,) from the Sinclair ZX81 generator, X; = 75X, _,
mod(2'¢ + 1).

series machines from Lewis et al. (1969) and Payne et al. (1969). Line 6 is the
default generator of GLIM3 (Baker and Nelder, 1978), a widely used
statistical package, and line 8 is that built into BCPL (Richards and Whitby-
Strevens 1979), a progenitor of C. Line 9 is Lehmer’s original suggestion
and lines 10 and 11 are from van Es et al. (1983). Lines 4 and 12 are routines
GGUBFS and GGUBT of IMSL. Many other generators have been tested
in this way, and the calculations can even be done on a microcomputer
(Ripley, 1983b).

*Theory

Let E be a k x k matrix whose columns form a basis for a lattice A. Let
d(A) be the modulus of the determinant of E. Then d(A) is the k-dimensional
volume of the basic lattice “cell.”

Theorem 2.15.
k
d(A) < TT1; < (c)d(A)
1

where
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PROOF. Cassels (1959, Appendix; 1978, Section 12.2). O

For our congruential generators d(A,) = 1/N from (2.3).

Theorem 2.16.

k
[‘\ < ]_I 1,/(1(/\) < (('k)k
1

PROOF. (i) Choose linearly independent vectorsf,. ..., f, € A, with [[fi] = 1.,
and ge Ay with (ig| = v, = IT. Since {f;} span R¥, g'f, # 0 for at least one s.
Nowg =Y ref. f, =) se, sog'f, =) s, is an integer and

1< g < gl 161 = vily < vy

by Cauchy- Schwartz.

(i1) Let A, _, be the lattice with basis f. ..., fi_, and H = span(A,_ ).
Consider parallel hyperplanes to H covering A, with maximal spacing S.
Let fbe any member of A, on a nearest hyperplane to the origin (excluding H).
Let A" be the lattice with basis (f,... .. f._,. 0. Then A" = A, and so
d(A,) < dAYY = Sd(A,_;) by volume = basal area x height. Thus
S = I/Nd(A- ). s0

k-1

Vi < IS < N(I‘Ak*l) < N n I,‘
!

and vily < N ]/ < (¢)* by Theorem 2.15. O

This result implies that 1/v, and /, are essentially equivalent measures of
“granularity™ of a lattice. The relation with the ratio r = I,/l; comes from:

Theorem 2.17.
(i) Fork =2, \ﬂr/ﬁN < (7\/(1 /N)

JN < v, < m\/th)
(i) Fork=2 1< NIk
N~ 1k [k\(N 1ikpd 1= 17k)

r<
<

PROOF. (i) From Theorem 2.15 1/N < [,1, = I3/r = rv3/N < ¢}/N
i IN<!l -, <l sol, =Nk
(k/N =1 "[k = Iklli_] = ,I:/Vk_l
/N < I, 1‘,:”,50 r=1/1, <EN O
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2.5. SHUFFLING AND TESTING

The best we have been able to do in the theoretical analysis of Sections 2.2- 2.4
is to find for a limited class of generators the exact distribution of k-tuples
(Ui, ..., Uik ) over a period. Even this says nothing about the distribution
of k-tuples over less than a period. For example, Fushimi and Tezuka (1983)
tested pairs from the GFSR of period 252! — 1 considered by Bright and
Enison (1979); although this is 2-distributed, the part of the period tested
of length about 10,000 had considerably too many pairs near the diagonal
of the unit square. We again discover philosophical problems, for such events
will happen with true random numbers, and by asking for our pseudo-
random numbers to conform too closely to expectation we will damage
their credibility for some purposes. It does seem essential to test several
subsequences from a generator with different starting points before jumping
to conclusions.

There is a mistaken belief that taking seeds widely spaced apart in (X;)
and running the same congruential generator with these seeds will give
“more independent’” streams than sampling from a single sequence. Consider
seeds X, and Y, = X;. Then Y, = X, , = {¢/X; + (¢/ — D)¢/(a — 1)} mod
M. so {(X;, Y} lie on a lattice corresponding to the multiplier (¢’ mod M).
It is entirely possible that {(X,, Y))! has much coarser structure than
(X3 X3i+1)) and extremely unlikely that it has better lattice constants.
If (X;) is not thought sufficiently random to be used as the sole source of
random numbers, one needs a better generator!

Shuffling

Various methods are available to modify the output of a suspect generator.
They are not recommended since they are little understood, but they may
provide a quick “fix” where necessary.

A. Generate output in blocks of length L, and apply a fixed permutation
to each block before use. This should be sufficient to repair RANDU, for
example. [See Atkinson (1980).]

B. Apply a random shuffle to (U,). Suppose we have T[0].....
Tk — 1] initially filled with U,,..., U,. and a second pseudo-random
sequence (V). At each step we use V,, to select a random member of T’ that is,
we set J = int[kV, ], then return T[J] and replace it by U,. This idea is due to
MacLaren and Marsaglia (1965).

C. A subtly different method to B was proposed by Bays and Durham
(1976). In their method the last value output is used rather than V, to choose
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the next member of T to be replaced. Whereas B can make a sequence worse
if (U;) and (V}) are closely related, no such examples are known for the Bays-
Durham method. (They may of course exist.)

D. Given two sequences (X;} and (Y} with moduli M, set
U, =(X; + Y;)/M mod 1. An extension of this idea to three sequences was
used by Wichmann and Hill (1982). Determining the period can be tricky,
as those authors found.

E. Instead of adding we could form U; = (X; EOR Y,)/M.

The only theoretical analysis of these schemes have been on simplified
versions that may not be reliable models—Bays and Durham (1976), Brown
and Solomon (1979), Nance and Overstreet (1978), and Rosenblatt (1975).

Empirical Testing

Any significance test of independence or uniformity or both can be applied to
the output (U,,...,U,) of a pseudo-random number generator. Many
tests have been used and it is most convenient to group them according to the
property tested.

Tests for Independence

Any nonparametric test for independence can be applied to (U;) or
(Y, = int[U; x K]) for any integer K. Often it is easiest to take K a power of
2 and so examine the first few bits of X;.

(a) Gaps Test for (U;). Fix constants 0 < « < f§ < | and consider the
lengths of intervals for which U; ¢ {a, f). If the sequence (U;) is independent,
the distribution of lengths should be geometric with parameter
P(a < U, < B) = (B — a). Furthermore, independence means that successive
gap lengths are independent, so we can compare observed and empirical
distributions by a chi-squared test. As an example, consider Table 2.1 with
o = 0.4, f = 0.6. Then the gap lengthsare 0,7,1,0,1,0,8,1,5,1,6,7so

k= 0 1 2 3 4 5 6 7 8 >8
Observed 3 4 0 0 0 1 1 2 1 0
Expected 24 192 154 123 098 079 0.63 050 040 1.61

which needs no statistical test to reject independence.
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(b) Runs Test for (U;). Runs up are monotone increasing subsequences;
runs down are defined by replacing increasing by decreasing. There are
several subtly different “runs tests” depending on whether both runs up and
down are used, and on the exact definition of a run. Probably the easiest is to
discard the first element of a run, so the first two runs up in Table 2.1 are
{0.563, 0.624) and (0.811, 0.999). In that case the run-up lengths are inde-
pendent and a chi-squared test can be used to compare their observed and
expected frequencies. Tedious but elementary probability shows that
E(number with run length =k)=(n+ Dk/k + 1)! —(k—1)/k!, k=1,....n
for a sequence of length n. Barton and Mallows (1965) discuss runs tests in
more detail.

(c) Permutation Tests for (U;). Divide (U;) into blocks of length ¢,
Uy, Uy, (Ugiyy..., Uy, ... There are t! possible orderings of a
block of ¢ distinct numbers, and these should be equally probable. Counting
the occurrences of all possible orderings and using a chi-squared test gives us
a test for independence. This is only useful for moderate t, since we will need
n > t! We saw in Section 2.1 that the Fibonacci sequence (1.2) will fail this
test forr = 3.

(d) Coupon Collectors’ Test for (Y;). Consider the lengths of sequences
needed to “collect” all integers 0,...,K — 1. This gives us a frequency
distribution on {K, K — 1,...}. The probability of a length r being needed is
found by combinatorial arguments (Greenwood, 1955).

Note that (a) and (d) depend on uniformity, whereas (b) and (c) work for
any continuous marginal distribution of the (U;).

Tests for Uniformity

Tests for uniformity can be any nonparametric test of a known distribution.
The most commonly used are a chi-squared test based on dividing (0, 1)
into intervals, and the Kolmogorov-Smirnov test max|F,(x) — x|, where
F,(x) = (number of U,; < x)/n, the empirical distribution function of
(Uy, ..., U, Its computation is discussed by Gonzalez et al. (1977).

Tests of Pairs, and k-tuples

The chi-squared test can also be applied to test the uniformity of k-tuples
{(Ugis - - » Ui+r—1)}, dividing [0, 17" into a number of small regions. To do so
effectively and ensure a reasonable number of counts in each cell of the test
needs a very large number of observations, so this tends to be a weak test.
Note that this test cannot be applied to {(U;, . . ., U; 4+ —)} since these k-tuples
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are not independent. Good (1953, 1957) provides a correct modified test for
pairs {(U;, U;+4)}.

An alternative is to use time-series methods to examine the correlation
structure of (U,;). These methods are meant for normally distributed
sequences, and it may be better to apply them to V; = @~ '(U;), which is
normally distributed if ® is the cumulative distribution function for the
normal (see Theorem 3.1). We can then test whether the correlation between
U;and U,,, or V,and V,,, is zero. This is again a weak test, for lack of cor-
relation does not imply independence.

More sensitive tests are provided by tests of the k-tuples as a point pattern.
Theorem 2.6 provides one such test statistic (Ripley and Silverman, 1978)
and others are described in Ripley (1981, Chapters 7 and 8).

The theoretical tests of Sections 2.2-2.4 have been found to be more
powerful than empirical tests in the sense that “good” generators by the
theoretical criteria have been found to fail the empirical tests no more
often than would be expected by chance. Nevertheless it is always worth
conducting some empirical tests to check that the generator has been imple-
mented correctly. (Microcomputer implementations work incorrectly
surprisingly often from faulty compilers or side effects of operating systems.)

We would of course expect the statistical tests to be failed occasionally
by chance. In extensive investigations it is a good idea to try each test on a
large number of nonoverlapping subsequences of (U;). For each test we obtain
an observation of either pass/fail or a significance level and can test these
observations against their known distribution. Perhaps the most commonly
used example of this procedure is to apply the Kolmogorov- Smirnov test of
uniformity. This gives rise to a significance level P uniformly distributed on
(0, 1), and the Kolmogorov--Smirnov test is applied again to the observed
significance levels. An example is given by van Es et al. (1983).

2.6. CONCLUSIONS

The net effect of both theoretical analysis and empirical investigations is that
a good pseudo-random number generator should:
(a) use a simple algorithm and so be rapid, taking considerably less
time than evaluating a logarithm;
(b) be periodic with a long period, at least 227 or 10%, and take values
evenly spread in [0, 1), preferably excluding zero;
(¢) have k-tuples for k = 2, 3, 4 and preferably k < 10 as uniformly
distributed as possible in [0, 1)};
(d) have been checked carefully to see that it does implement the stated
algorithm.
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Unfortunately a large proportion of generators in common use fail to have
some of these properties, principally b and c. However, a number of gene-
rators are available with the desired properties which are fairly simple to
implement.

Among congruential generators, line 2 of Table 2.4,

X, = (69069X,_, + 1)mod 232, U; = 2732 X,

has been implemented successfully in Fortran and assembler on a range of
machines from 8-bit microcomputers to 64-bit supercomputers. If the
NAG library is available, line 1 is an obvious choice. It is preferable to have a
generator with period greater than 232 and it will often be possible to use
line 11 with period 2*8. Implementing these generators in a high-level
language is normally done using double-precision reals, which usually can
represent exactly considerably larger integers than integer types. (See
Appendix B.1.)

The GFSR generators represent an easier solution in environments
with only limited precision arithmetic, provided a word-wise EOR operation
is available. Generally we will choose at least 15-bit integers and ask for at
least 4-distribution. One such recommendation is based on p = 98, g = 27,
L = 15, which has a “granularity” of 27!° and almost exact independence
in up to six dimensions. To initialize it we take b; = b;_9g EOR b;_5, and
make up Y; out of (b;, biye, bivy2s.--5bivsga), i =1,...,98 and then use
algorithm 2.2.

It is always helpful to have two or more generators available and to run
important simulations using each, to reduce the likelihood that anomalous
results are due to the quirks of the generator used.

*2.7. PROOFS
We need three lemmas for the results of Section 2.2.

Lemma A. Let p%t - - - p¥ be the prime factorization of M. Then the period
of any congruential generator with modulus M is the lowest common
multiple of its periods modulo pf'.

PROOF. By induction we need only consider M =m;m, with gcd(m,, m;)=1.
Let Y, = X; mod m,, Z; = X; mod m,, with X, any value in the periodic
cycle. Suppose X, Y, Z; have periods d, d;, and d,. Then Y, = Y, iff jis a
multiple of d,. Since X; = X, ¥; = Y;,s0disamultiple of d,. By symmetry it
is a multiple of d, and hence of lem(d,, d,) = I. Now X, — X, is a multiple
of both m; and m,, since Y; = Y,, Z, = Z,, hence of M. Thus X, = X, and
d =1=lem(d,, d,). O
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Lemma B (Fermat, 1640). Suppose pisprimeand0 < g < p. Thena? ' =1
mod p.

PROOF. Consider {ra mod p|0 < r < p}. This is a set of p distinct numbers
(ra = sa mod p implies r = s), so it is {0,...,p — 1}. Thus {a mod p, 2a
modp,...,(p— Damodp} ={l,...,p — 1} and

p—1 r—1
[Ira= [] rmodp
1 1
whence a?~! = 1 mod p. O

Lemma C. (X)) has period d/ged(k, 4) if (X;) has period d.

PROOF. X,; = X,ifand only if ki is a multiple of d if and only if i is a multiple
of d/ged(k, d). O

Proof of Theorem 2.3.

(i) Since ¢ = 0, X; = a'X, mod M. Let p}* - - - p* be the prime factorization
of M. Then (X; mod p¥) has period at most (p¥ — 1) (omitting zero), so
(X ;) has period at most [[; (p?* — 1), < M — lunlessr = 1.

(ii) Suppose M = p® for a prime p, « > 1. Then (X; mod p) has period d
dividing (p — 1) by lemma B. Thus (X;; — X,) is a multiple of p, whence
(X,,) has period at most p* !, and (X;) has period at most dp*™! < M — 1.

(iti) Suppose M is prime. By lemma B the period d divides M — 1. Suppose
M — 1 = nd, and that p is a prime factor of n. Then s =(M — 1)/p is a
multiple of d, and X, = ¢°mod M = X,,s0a*mod M = 1. Hence if n > 1,
a is not a primitive root. Conversely, if a is not a primitive root, let
s =(M — 1)/p, when X; = a°X, mod M = X, so the period divides s and
is less than M — 1. O

Proof of Theorem 2.4

Let b = a* mod M. Then (X,;) corresponds to multiplier b, and has period
(M — 1) if and only if gcd(k, M — 1) = 1 by lemma C. O

Proof of Theorem 2.1
(i) By lemma A we can confine attention to M = p* p prime.

(i) If ¢ = O, the period is at most M — 1 by the proof of Theorem 2.3.
We assume ¢ > 0.
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iinlfa=1,X;,=(Xo + icymod M,s0 X; = X,ifficmod M = Oiffiisa
multiple of M/gcd(c, M), the period. We can now assume M = p*, ¢ > 0,
a > 1. We have

(@ = e

(a-1)

(iv) Suppose the period is M. Then we may take X, = 0. Some X; = 1,
when (@ — I)¢/a—1)=1 mod M and hence ged(c, M) =1 [for
@—-Da-1)=14+a+ -+ d" ' an integer]. Also, X, =0, so
(@¥ — )c/ta — 1) is a multiple of M = p*. If a # 1 mod p this implies
a¥ — 1 = 0 mod M, hence a mod p = 1. However, lemma B shows a” = a
mod p, so a¥ = a mod p. We conclude a = 1 mod p.

(v) Suppose M = 2%, a > 2.Ifa= 1 mod2buta £ 1 mod 4,a = 3 mod 4.
Then

Xi+j={an,-+ }modeorj?O

Xi = {aZX,-_Z + (a + l)C} mod M

hence X ,, X, ...are multiples of (¢ + 1)c mod M = 4c mod M. Thus (X 5;)
takes at most M/4 values, and (X ;) has period at most M/2.

This establishes necessity. For sufficiency assume M = p*. We will use
induction on a. Fora = 1,a = 1 mod M, whence (X;) = (ic mod M) starting
from zero, which has period M. Now suppose the theorem holds for
M = p*~ 1. Fix X, = 0. From the conditions a = 1 4 gp® for p* > 2. Thus

a?=(1+qp°’=1+pgp°+ -+ q°p* =1+ sgp°*!

for an integer s with s = 1 mod p. Now X, = (¢ — 1)c/(a — 1) mod p* =
et+1

sqp°®” "¢/qp® mod p* = scpmod p®. By induction we find X;, is a multiple
of pforalli.Let Y; = X;,/p. Then

Y, ={a"Y,_, + (a® — l)c/(a — 1)p} mod p*~"
= {a’Y,_, + sc} mod p*~!

Applying the theorem for modulus p*~! shows Y, has period p* ! since
s =1 mod p, so ged(sc, p*~!') = 1. We can deduce X, = 0, so (X,) has
period dividing M = p*. However X,-1 = pY,.-2+# 0, and (X;) has
period M. O
Proof of Theorem 2.2
(i) Suppose X, is even. Then X, = 2'Y, for Yodd, and
(X;27")=a(X;~,27")mod 2877

reduces to the case of an odd seed.
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(ii) Suppose a is even. Then X; = ¢ X, mod 2# = 0. We now suppose X,
and a are odd, so X; is always odd. Choose X, as the smallest value in the
period. Then

(Xi el Xo) = {a(X,»‘l —_ Xo) + ((1 - l)Xo} mOd 2”
and {a — 1) is even, so X; — X, is even, = 2Y; say.
Y, ={aY,_, +a X, mod2/!

where ¢ = (@ — 1)/2. From Theorem 2.1 this has period less than M/2
for either ¢’ is even or a # | mod 4.

(111) Suppose ¢ = 1 mod 4, so ¢ = 1 + 4b. Then ¢" = 2b and Y is even.
Let Z; = Y;/2, with

Z; = aZ,., + bXy) mod 2* 2

From Theorem 2.1 this has period M;4 if b 1s odd (¢ = 5 mod 8) otherwise
less than M/4.
{iv) Suppose ¢ = 3 + 4b. Then
Y, =1a?Y,_, + d'(a — 1), mod 2F !
and a'(a + 1) = 4b + 1)(2b + 1) is a multiple of 4. Hence so is Y,;. Let
m = Yzl‘/4, W]‘.h
W.="'a’W, | +(b+ 12b + 1), mod 2*7*

1

Now a® mod 4 = (16b? + 24b + 9) mod 4 = 1, so (W) has period M/8
only if b is even. Thus if « = 7 mod 8§, (Y;) has period less than M/8. Ifa = 3
mod 8, (Y;;) are multiples of 4 with period M/8, whereas (Y,;,,) are odd.
Thus (Y;) and (X;) have period M/4.

{v) Suppose ¢ = S mod 8. Then X; = X, + 4Z;, so the smallest value in
the sequence, b = (X; mod 4) for any i. Then U, = X;/M =b/M + {Z,/(M/4))
as required. O

Proof of Theorem 2.5

Let ® denote addition modulo M.
(U= X, ®s)M)s=0,1,....M — 1], 50
{(U‘-,...,U,H‘ ,),— (X0®sa(X0+s)@( CYMis=0,... .M -1}
=[0, )N {(Xy +s,aXo+as + ¢+ M, .. )/M]s, t,,..., 1, integer]
=00, 1 A {(Xor oo Xy UM + AY)
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() {(Usy ..., Uppr=y)} = {(s,as,a%s,.. )M |s=1,.... M — 1}
=(0, ) {(s,as + .M, .. )M |s, 1,5, ..., 1, integer}
=(0, 1)} n A,
For the nonoverlapping k-tuples we note

{Ukl'} = {(UO + S/N) mod 1}
by lemma C in the cases claimed and modify the above accordingly.
Proof of Theorem 2.12

(i) Suppose g € Ay, g=1,8;, + -+ e If 1;#0 we will show
8] = [le;|. This establishes |le;|| = {;fori=1,..., k.

(ii) By changing e; to —e; if necessary we may assume all t; = 0. Let
T = max 1,. We proceed by induction on T. If T =1 then |g| = |¢;| by
hypothesis (ii). Suppose the result is true for max ¢, < T — 1. Let
m = min{tlt; > 0} and r = max{i|t; = m}. Define E as the sum of e; over all
indices i except r with 1; > 0. Let h = g — mE. We will show |g| > [h].
Now either max h; < T — 1and [|h| > |le;|| or all nonzero ¢; were equal to m,
whenh = me,,so ||h|| = |e;|. Ineither case ||g| = [h] = [le;].

(i) Fix s < r. Then |le, + ¢{* = |le,|*>, whence 2ele, = — le,|* and
hence efe, > — ||e,||? whether s < ¢t or s > . Now consider

h—me)E=73 hefE= Y helE

i#r i¥rink
=Y h{|e]* + (up to 2) el e;} > Osince b, = 0
(v) lgl* — [h}* = b + mE|> — [h]?
= 2mh"E + m*|E|* = 2m(h — me,)"E + m*{|E + ¢,|2 — |le,|?}

which is nonnegative by (iii) and by hypothesis. O

EXERCISES

2.1.  Complete the sequence (1) and show that it eventually repeats. Try
other starting values. Is the behavior starting from 8653 typical?

2.2, Investigate all starting values for the two-digit decimal and eight-bit
binary middie square methods.
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2.3.

24.

2.5.

2.6.

2.7.

28.

29.

2.10.

2.11.

2.12.

2.13.

2.14.

2.15,

2.16.

Prove that for the Fibonacci recursion (2) that U,_, < U; < U;_,
never occurs, whereas this event has probability 1/6 for random
numbers,

Try implementing the generator U; = 1013U;_, mod 1 in floating-

point arithmetic and via (4) with M = 10° and M = 2!, What
periods are obtained?

Compute the outputs of the following congruential generators with
M=64 (a) a=29, ¢=17.bB)a=9, ¢c=1.(c) a=13, ¢ =0.
(dya=11,¢c=0.

Find the periods corresponding to multipliers 10, 12, 16, and 18 in a
multiplicative congruential generator with M = 67.

ShowforM = — 5, Y =aX,_, + c.that Y mod ¥ + s(Y divrf) <
(1 + s)M.

Plot the lattices of (U;, U;, ) and (U,;. U,;, ) for the examples of
Exercises 2.5 and 2.6.

Show that Algorithm 2.1 works.

Generate the shift-register sequence with p =7, ¢ = 1. Form the
Tausworthe sequence witht = L = 3and show that it is 2-distributed.

Generate the GFSR with p = 7, ¢ = |, starting 6, 5.4, 3,2, 1,0....
How does it fail to be 2-distributed?

Find starting values for the GFSR with p =7, ¢ = 1. L = 3 by the
delay method and verify that it is 2-distributed both via Theorem 2.9
and by generating the sequence.

Find a better multiplier than 75 for M = 2'® + 1, ¢ = 0.

Compute the lattice constants where appropriate for the examples of
Exercises 2.5 and 2.6 in two and three dimensions.

Try the effect of the Bays- Durham shuffing algorithm on Table 2.1.

Apply the gaps and runs tests and the permutation test for kK = 3
to both Table 2.1 and the output from Exercise 2.135.
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2.17.

PSEUDO-RANDOM NUMBERS

Test empirically the pseudo-random number generators on all the
computers you use. If possible, find out the algorithms claimed to be
used, check that these are implemented as stated and pass appropriate
theoretical tests. Alternatively, replace these generators with ones of
known quality, and test your implementations.



Stochastic Simulation
Brian D. Ripley

Copyright ©1987 by John Wiley & Sons, Inc

CHAPTER 3

Random Variables

The scope of this chapter is the generation of independent random variables
X, X,, ...with a given distribution function F or probability density
function (pdf) f. We assume that we have access to a supply (U;) of random
numbers, independent samples from the uniform distribution on (0, 1).
Our task is to transform (U;) into (X ;). In most cases we will have the choice
of several algorithms for doing so. Usually there will be no universal best
choice; different methods might be recommended for once-off use and for
adding to a computer center’s mathematical library.
When choosing algorithms we will consider the following points.

(a) The method should be easy to understand and to program. It is all
too easy to make mistakes while implementing sophisticated
methods.

(b) The programs produced should be compact. This may only be
important on small machines but can considerably reduce overheads
in interpreted languages.

(¢) The final code should execute reasonably rapidly. This point has
been emphasized in the literature almost to the exclusion of the
other two. Andrews (1976) cites a study in which generating the
random variables cost 0.2%, of the total computer usage of a simula-
tion study. It is rarely important to save generation costs.

(d) The algorithms will be used with pseudo-random numbers and
should not accentuate their deficiencies.

Experience has shown that the relative speeds of different algorithms
vary surprisingly little across different computers and languages, APL
being the main exception (Appleton, 1976). “Good™ algorithms avoid large
tables of constants and multiple calls to mathematical functions (In, sin, cos,
etc.)

53
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3.1. SIMPLE EXAMPLES

Undoubtedly the best-known distribution is the normal distribution. One
once popular way to sample from it is to use

x=(§u-g

which has mean zero, variance one, and is approximately normally dis-
tributed by the central limit theorem. The approximation is fairly good,
but curves of both pdf and cdf are discernibly different, with maximum
differences of about 0.0050 and 0.0023 respectively (Exercise 3.1).

The best-known “exact” method for the normal distribution is that of
Box and Muller (1958). (Note: not Miiller as frequently given.)

Algorithm 3.1 (Box—Muller).

1. Generate U, set ® = 2nU,.
2. Generate U,,set E= —In U,, R = {J2E.
3. X = Rcos®, Y= Rsin @ are independent standard normal deviates.

For simplicity in programming often only X or Yis used. To understand
how the algorithm works, consider a pair (X, Y) of standard normal deviates.
Their joint pdf is

l
5 oxpL— 4% + 3?)]

Let (R, @) be(X, YV in polar coordinates. Then (R, ®) has joint pdf

]

when R and © are independent. Then S = R* = X + Y? has a y? dis-
tribution, which is also an exponential distribution of mean 2. Finally,
let U = exp(— S§/2). Then

cosf sin @

—rsinfrcosf 2n

[21—7[ exp(—1r?) = (i) (re""'?) on (0, o0) x (0, 27)

PU<SwW=P(—-S2<lhuy=PS>= -2Inu
=exp[—H-2Inw]=u
for0 < u < 1. This transforms (X, Y)to (U, ®), independent uniform random
variables. Reversing the transformation yields the algorithm. (See Exercise

32)
We have incidentally discovered a way to sample exponential variates.
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Algorithm 3.2. X = — 17! In U has an exponential (4) distribution for
P(X < x) = P(U = exp(— Ax)) = | — exp(— 4X).

To sample from a Poisson distribution we can exploit the Poisson process.
Let E; = —In U, be the inter-event times in a Poisson process, and let N be
the number ofevents by timer. LetS,=E; + --- + E,,P, = U, x -+ x U,
Then N=nifand onlyif S, < u < S,;, ifand only if P,z e™* > P, ;.
This gives the following.

Algorithm 3.3.

1. SetP=1,N=0,c=¢""
2. Repeat.

Generate U,,let P=P x U, N=N + luntil P < ¢.
3. X =N — 1~ Poisson (p).

We can now sample from y2 distributions, for 3, is the distribution of the
sum of m independent exponential(2) variates, and y3,, + ; is the distribution of
a x3,, plus a squared standard normal. From normals and y? we can obtain
Student’s ¢ and the F distribution.

There are many other ingenious “tricks” of the type shown in these
examples. The scope for invention is unlimited and hundreds of specific
algorithms have been published. Most of them are based on a small number
of general principles, the subject of the next section, with specific distributions
being discussed in later sections.

*A Cautionary Tale

All our theory assumes the use of genuine random numbers. Neave (1973),
Swick (1974), Chay et al. (1975), and Golder and Settle (1976) comment on
the use of Algorithm 3.1 with congruential generators. Neave generated
two million normal deviates from

X=J-2InU;cos(2nU;,,)
Y = J—21n U, sin 2V, ,) M

which reverses the role of U; and U, , in Algorithm 3.1. He reported that for
the Y’s all values lie in the range (— 3.3, 3.6) for the generator a = 131,
c=0M=2%,

We know from Theorem 2.5 that many congruential generators have a
lattice structure for {(U;, U;,,)}, and (1) must transform this into some
structure for {(X, Y)}. Figure 3.1 shows what can happen. In particular,
Fig. 3.1d explains Neave’s findings. His generator has r = 2 x 105,
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I, = 0.0076, v, = 131 and so has an appalling lattice structure. The points
(X, Y) clearly lie on a spiral. We can see this from

X =J-2mI U cos 2ral; + 2nc/M)
Y=1/=21n U, sin 2naU, + 2nc/M)

(by the periodicity of the trignometric functions), which shows (X, Y) lies on
the spiral

(W—2Int cos(2rat + C), s/ —2In 1 sin2rnat + C)), te(0,1)

The maximum of y values is attained when 2rat ~ #/2 in the multiplicative
case, so is 4/2 In 4a. This suggests we need a to be large, although Fig. 3.1¢
shows that this is not sufficient. Neave (1973) analyzed the distribution of ¥
on the assumption that U; ~ U(0, 1). However, U, has a discrete distribution
that radically alters the theory.

(a)

Figure 3.1.  Plots of pairs (X, ¥) from the Box—Muller algorithm 3.1 applied to real generators.
(a) The congruential generator X, = (65X,_, + 1) mod 2048.



(c)

Figure 3.1. (Continued) (b) X, =(1229X,_, + Dmod 2048. (c) as (b), with U, and U,.,

interchanged.
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(d)

(e)

Figure 3.1. (Continued) (d) 10,000 points from Neave's example. (¢) A GFSR with 2-distribution
and L = 5.
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Perhaps the best way to understand the Neave effect is to note that we
can be concerned with large values of X and Y, hence with small values of U,.
The plots of {(U;, U, ;)} analyzed in Section 2.4 show which values of U, ,
occur with small U,. It thus becomes possible to interpret the lattice behavior
in terms of {(X, Y)} plots.

Reversing the roles of U; and U,,, gives us an interpretation of the
Algorithm 3.1 form of the Box—Muller transformation.

One might suppose that the near-independence of (R, ®) from a GFSR
illustrated in Fig. 2.2b might give a better distribution of X or Y than a
congruential generator. Figure 3.1e shows that this is not necessarily so.

No general theory has yet been developed for the sensitivity of this or
other algorithms to the random numbers used. Almost all the algorithms
are continuous in the sense that nearby points in (U;, U;, ;) space get mapped
to nearby points in (X, Y) space, except perhaps for U, or U, | near zero or
one.

3.2. GENERAL PRINCIPLES

Almost all algorithms for sampling from specific distributions are derived
from a few general principles. All the principles discussed in this chapter
apply to continuous distributions. Most also apply to discrete distributions,
but these are discussed in more detail in Section 3.3.

Inversion

It is well known in nonparametric statistics that if X has a continuous cdf
F then F(X)~ U(0, 1). This suggests sampling from F by X = F~Y(U)
provided the inverse exists. The following theorem places no restrictions on F.

Theorem 3.1. Define F~ by F (1) = min |x|F(x) = u}. Thenif U ~ U(0, 1),
X = F~(U)is a sample from F.

PROOF. The minimum is attained by right-continuity of F, so F(F~ '(u)) = u,
and F7(F(x)) =min|y|F(y) = F(x)] < x. Hence {[(u,x)|F (4) < x] =
Hu, ) u < Fix)} and PIX € x) = P(F(U)< x) = PIU < F(x)) = F(x) as
required. ]

Examples. (a) Tossing a biased coin. Let X =1 for heads, 0 for tails,
PIX=1=p Then Fix)=1—-p+plix=1), s0o Fluy=Hu=1-p).
Thus X=1(Uz1-p)=I{1 -U<p)=1{U, <p), where U, =1-U~U(0, 1).

(b) The exponential distribution has F(x) =1 — ¢~ * on (0, ), so
F(Uy= —i"'In(l = U)y= —4i""'In U, as in Algorithm 3.2.
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(c) The Weibull distribution with F(x) = 1 — exp(— x*) on (0, ) has
X =(-InU)"#

(d) The Cauchy distribution has pdf f(x) = 1/n(1 + x?) and F(x)=
{4+ 7 'tan" ' x,50 X = F~(U) = tan[n(U — %)]

(¢) For the normal distribution we obtain X = u + ¢®~(U). Now @~
is just another transcendental function like In or sin and can be approximated
in the same way. Bailey (1981) gives some approximations, and Beasley and
Springer (1977) give a Fortran program to evaluate ®~*,

Inversion is a universal method but may be too slow unless subprograms
to calculate F~ are available. For example, it is theoretically possible to use
inversion to sample from the beta density

fx)=x"'(1 —xf /B, f) on (0,1)
or the von Mises distribution

J(0) = exp(k cos 0)2nl,(x) on (0, 2n)

but much simpler methods are given below.

Most of the pseudo-random number generators described in Chapter 2
give {U,;} as a set of equally spaced points in [0, 1). The inversion trans-
formation will map this to a good approximation to the true distribution.
However, the independence of X; = F~(U,) still depends on the independence
of (U)).

Rejection

Suppose we wish to sample from a pdf f but have a way to sample from the
pdfg. Rejection methods (von Neumann, 1951)—sometimes more optimistic-
ally called acceptance methods—retain the sampled values Y from g with a
probability depending on Y. Thus

1. Generate Y from pdf g.
2. With probability h(Y) return X = Y else go to 1.

Then X has pdf proportional to gh. For

X

P(Y < xand Y is accepted) = J

h(y)g(y)dy

SO

e ¢l

P(Y is accepted) = j h(y)g(y)dy

— a0
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and
P(Y < x|Y is accepted) = j g(y)h()’)dY/f ghdy

which shows the accepted values have pdf gh/[gh.
We want to sample from f. Provided fjg < M < oo wecantakeh = flgM,
when X has pdf f/M[gh = f. Furthermore, P(Y is accepted) = {gh = 1/M.

Algorithm 3.4 (general rejection). To sample from [ with f < Mg.
Repeat
Generate Y from g,
Generate U from U(0, 1),
until MU < f(Y)/g(Y).
Return X = Y.

The test MU < f(Y)/g(Y) accepts Y with the required probability. The
number of trials before a Y is accepted has a geometric distribution with
mean M, so the algorithm works best if M is small. Note that it is not
necessary to know f, only f; oc f and a bound on f,/g.

Examples. (a) Beta distribution. Let fi(x) = x* (1 — x)~! on (0, 1),
Y ~ U(0, 1). Then f,/g is bounded if and only ifa, § = 1. Then

M=(@-1""B -1 " Ya+p—27"72

which is near one only for both a and B small. If we take g{x) = ax*~ !, by
Y = U'”, then f,/g is bounded fora > 0,8 > 1.

(b) von Mises distribution. Let f,(8) = (2n)~! exp(x cos 6) on (0, 2n),
g uniform on (0,2n). Then M = exp k (k = 0) and the acceptance condition
becomes U < exp[k(cos Y — 1)].

The art of using the rejection method is to find a suitable pdf g (known as
the envelope) that matches f well and from which it is easy to sample. The
theory applies equally well to discrete distributions, but suitable envelopes
are very unusual in that case.

Distributions belonging to the exponential family often have fi(x)=
exp[ — b(x)] for a particularly simple function b(x). Von Neumann used a
“trick” to generate an event with probability ¢, 0 < r < 1, which was
subsequently exploited by Forsythe (1972). Consider the sequence

(t’ Ula U29"~)
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for a sequence (U;) of random numbers. Let N be the first index i with
U, = U,;_;. Then

PN>n=Pt>U > >U,)=t"n!
sO
PN=n=P(N>n~1)—PN>n=1""n-10!-1t"n!
and

P(N is odd) = iP(N =2 +1)= i (0221 — (21 )2k + 1)1} = e
0

0

Thus we obtain

Algorithm 3.5 (Forsythe rejection). For pdf f with b = —In(f/g),
0<bx)+InM < 1forall x.

1. Generate Y fromg, let U = b(Y) + In M.
2. Generate U*. If U < U* goto 4.

3. Generate U IfU < U* goto2else goto 1.
4. Return X =Y.

At each stage U is the last even term, and U* is the last odd term in
(t, Uy, U,,...). The restriction ™! < f(x)/g(x)M < 1 is severe and means
that this method is never used alone.

Rejection may form a part of other algorithms. Consider Marsaglia’s
polar method, a modification of the Box-Muller Algorithm 3.1.

Algorithm 3.6 (polar). To generate two independent normal variates.

1. Repeat
Generate V,, V, ~ U(—-1,1)
until W = V2 + V2 < 1.

2, LetC=-2W 'InW

3. Return X = CV,, Y = CV,.

Step 1 is a rejection method leaving (V;, V,) uniformly distributed in the
unit disc. Let (R, ®) be polar coordinates for (V;, V,), so W = R% Then
(W, ®) has joint pdf 1/2n on (0, 1) x (0, 2n), whence W and © are uniform and
independent. Let E = —In W. Then

X =\J2Ecos ® =/ —2In W(V,/JW) = CV,

and similarly Y = (/2E sin ® = CV,.
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Algorithm 3.6 uses rejection to avoid calculating two trignometric
functions and so is usually substantially faster than Algorithm 3.1, at the
expense of a little extra complexity. It is folklore that the polar form is less
susceptible to deficiencies in pseudo-random number generators. Figure 3.2
illustrates that this is not the case.

Kronmal and Peterson (1981, 1984) give methods related to rejection.

Composition

We can extend our techniques by first randomly choosing a distribution,
then sampling from the chosen distribution. Suppose we have

f= Z pifi
1
for pdfs f; and a probability distribution {p,,..., p,}. Then we can sample

from f by first choosing I from {p;}, then taking a sample from f;. The
density f is said to be a mixture or compound of other distributions, and the

method is known as composition.

One common use is to split the range of X up into intervals. For example,
consider the standard exponential, and let f; be the pdf conditional on
i—1<x<i Then p;=P(i—1<X<i)=e Ve iz i (1 ¢,
so {p;} is a geometric distribution on 1, 2, 3, ... . Furthermore,

filx) = e =0 e Yon[i—1,i)

Our outline algorithm is

1. I=-1
2. Repeat
I=1+1
until (independent event with probability 1 — ¢ ?).
3. Sample Y from pdf e */(1 — ¢~ ') on [0, 1).
4. Return X =1+ Y.

Von Neumann noted that if we use a rejection method at step 3, we would
accept with probability (1 — ¢™'). Combining this observation with his
“trick” gave

Algorithm 3.7 (von Neumann, exponential)

1. Letl =0.
2. Generate U,set T = U.
3, Generate U* U < U*returm X =1+ T



(a)

(b)

Figure 3.2. Plots of all pairs (X, Y) from the polar algorithm 3.6. (a) X; = (65X;_, + 1) mod
2048. (b) X; = (1229X;_, + 1) mod 2048.
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4. Generate U. If U < U* goto 3.
§. I=1+1,goto 2.

The reader is urged to check that this does indeed give samples from an
exponential distribution. (See Exercise 3.7.)

Using rejection with the range of X split into parts was called “switching”
by Atkinson and Whittaker (1976). A special case of their work is the beta
distribution with & = § < 1. We divide (0, 1) into (0, ) and (3, 1), using
envelope g,(x) o x*~ ' on(0,4)and g,(x) oc (1 — x)f ! on (4, 1). The envelope
is sampled by

1. LetY = Uli2.
2. Generate U,. If U > 3letY =1 - Y.

and the whole algorithm becomes

1. Repeat
generate U, Uy, let Y = UV?2
until U, < [2(1 — Y)]*~ 1
2. Generate Uy If Uy >4letY =1 - Y.
3. Return X =Y.

using the symmetry of the density. Atkinson and Whittaker give a fuller
version for a # f.

Example. Brent (1974) applied composition and the von Neumann-
Forsythe method to the normal distribution. The range [0, o) is divided
into intervals I; = [®7'(1 =279, & 1 -2""1],i=1,2 3,.... On
each interval the trick can be applied since max f(x)/min f(x) < eoneach I,.
Interval I; is selected with probability 27¢, and finally a random sign is
applied to the half-normal variate generated by composition. Brent gives a
Fortran function which uses few uniforms per normal but has a large table of
constants.

Example. Marsaglia and Bray (1964) used a four-part composition method
for the normal distribution, which is discussed in more detail in Section 3.4.
Two of the parts are very quick to sample and form 97.4%, of the mixture.
This illustrates the general point that composition algorithms tend to be
fast but complex.

Ratio of Uniforms

Suppose (U, V) is a uniformly distributed point within the unit disc. From
the polar algorithm /U has the distribution of the ratio of two independent



66 RANDOM VARIABLES

normal variates. From the Box—Muller algorithm this is the distribution of
tan ©, which is easily seen to be the Cauchy distribution. Thus a simple way
to sample from the Cauchy is

Algorithm 3.8 (Cauchy)

Repeat
generate U,, U, ~ U(0, 1),
let V =2U, — 1

until U2 + V2 < 1.
Return X = V/U,.

Here(U,, V)is uniform within a semicircle, which clearly suffices.

Kinderman and Monahan (1977) took up this idea and considered
whether other distributions could be sampled as V/U for (U, V) uniform over
some set.

Theorem 3.2. For any nonnegative function h with [h < o let C, =
{u,0)|0 < u < \/h(v/u)}. Then C, has a finite area and if (U, V) is uniformly
distributed over C, then X = V/U has pdf h/{h.

PROOF. Consider the change of variables (u, ) — (4, x = v/u). Now

/h(x)
area (C,) = Jf dudv = JJ‘ ududx = ﬁh(x)dx < o0
Ch 0

Furthermore, (U, V) has pdf 1/area(C}), so (U, X) has pdf u/area(C,) and X
has marginal pdf

h(x)
JV u dujarea(Cy) = h(x)/2 area(C,) = h(x)/[h(x)
0

as required. O

This result is most useful when C, is contained in a rectangle
[0, a] x [b_, b, ], when we can use rejection sampling.

Algorithm 3.9 (ratio of uniforms)

Repeat
generate U,, U, ~ U(0, 1),
letU=aU,,V=b_+ (b, —b.)U,.
until (U, V)e C,.
Return X = V/U.
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Note that as in rejection sampling we only need to know f up to a constant
factor. Conditions for C, to be contained in a rectangle are given by

Theorem 3.3. Suppose h(x) and x?h(x) are bounded. Then C, < [0, a]
x [b_, b,] where a = Jsuph, b, = Jsup{x*h(x)ix =0} and b_ =
— Jsup{x2h(x)Ix < 0}.

PROOF. 0 < u < Jh(v/u) < Jsup h is obvious. For v = 0 to be a possible
value there must exist a u > 0 with 0 < u? < h(v/u) or t > 0 with v? < t2h(1)
for t = v/u. Thus (u, v) € C, implies v2 < b%2 or v < b,. The case v < 0
follows similarly. O

It may be possible to enclose C,, in other polygonal shapes more efficiently
than within a rectangle. However, the main computation is usually in
checking if (u, v) € C,.

Examples. (a) Exponential. Let h(x) = e * on (0, o0). Thena = 1,b_ =0,
and b, = 2/e. Furthermore, (u,0) € C, is equivalent to u®* < e '™ or
v € —2uIn u. Thus the algorithm is

Repeat

generate U, V = 2U /e
until V < —2U In U.
Return X = V/U.

(b) Cauchy. Take h(x) = 1/(1 + x?) on (— o0, o0). Then a =1 and
b, =b_=1.Also (4, )€ Cy is u®> < 1/(1 + v?/u*) or v* + u> < 1, so we
recover Algorithm 3.8.

(c) Normal. Let h(x) = exp(—4x2). Then a =1, b2 = b2 = 2/e, and
(u, v) € C, if and only if v* < —4u? In u. The algorithm is

Repeat

generate U, U,,

let V =2 'QU, — 1), X = V/U
until X2 < —4Inu

Figure 3.3 shows how this transforms the lattice structure of pseudo-random
numbers.

Squeezing

Both the rejection and ratio-of-uniforms methods use membership tests
like MU < f/g or (U, V) e C, which can be slow to evaluate. Most of the
time the test will be clearly passed or failed and simple approximations to
f/g or C, will suffice.



(b

Figure 3.3. Plots of all possible successive normals (X, Y) from Algorithm 3.17.

X, = (65X,_, + 1) mod 2048. (b) X, = (1229X,_, + 1) mod 2048.
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Suppose we can find simple (to evaluate) functions ! and u with
I< flg<u forall x

Then if MU < Y) we can accept Y, and if MU > u(Y) we can reject Y, in
each case without evaluating f/g. This can result in a considerable speeding-
up of the algorithm. The analogue for the ratio of uniforms is to find sets
C.c C, < C, with (4, v)e C; and (u, v)¢ C, being easy to determine.

This process is called pretesting or squeezing (Marsaglia, 1977). Much
ingenuity can be applied to the choice of the bounds and even the order of the
tests.

Examples. (a) Exponential distribution restricted to (0,2), with pdf
f(x) = e */(1 — e~ 2). With g the uniform density on (0, 2) we obtain

Repeat
generate Y ~ U(0,2), U ~ U(0, 1)
until U < e Y.

Return X = Y.

from f,(x) = e *. We can then apply squeezing to U < e~ Y. Of course,
=21+ xforallx,sol —x<e < 1/1 + x),and so

e la+1l—x)e*<e (1l —a+ x)

The squeezed rejection algorithm is

1. Generate Y ~ U(0, 2), U ~ U(0, 1).
2. fU<e a+1-Y)goto5.

3. fU>e %1 —b+ Y)gotol.

4. IfU>e Ygotol.

5. Retun X =Y.

where a and b are to be chosen. We choose a to maximize the probability p
that the test succeeds. Wefind p = ae “fora > 1,4(a + 1)?¢ °fora < 1 and
so take a = 1. We choose b to maximize the probability that we branch to 1;
this is 3[3 —b —e %1 +In(3 — b) + b)] 20.521 at b = 0.662. With
these choices 36.8% of the time Y is accepted at 2, 52.19, we reject at 3,
8.9% we reject at 4, and 6.49 we accept at 4. Figure 3.4 illustrates the pretests.

(b) Ratio-of-uniforms for exponential. We want to pretest V < —2U In U.
From ¢ =21+ x we obtain x<In(l +x) or y—121In y and
y'—1< —Iny,so

l+hnag—-—aU< —-InU<a/U—-(1+Ina)
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We choose constants a, by, b, in

Generate U ~ U(0, 1), V ~ U(0, 2/e).
Let X = V/U.

IfiX<(1 +Ilna)—aU gotob.
If4{X > b, /U — (1 +Inb;)goto 1.
If$X > b, )U — (1 +Inb,)goto 1.
Return X.

AND LN

The probability of acceptance at 3is e(1 + In a)*/6a%, maximized for a ~ 1.65.
The presence of both 4 and 5 corresponds to two possible choices for b of
0.105 and 0.773. Figure 3.5 shows the bounds.

3.3. DISCRETE DISTRIBUTIONS

We will assume throughout this section that we wish to sample a variate X
from a distribution given by p, = P(X =r),r=1,2,...and P, = P(X < 1).
Any distribution on a countable set can be reduced to this form by relabeling
the points. We will assume that the number of points is M, possibly infinity.
Of course, for any method that involves storing (p,) we will have to truncate a
distribution with M extremely large or infinite, say by ignoring all values
beyond M’ where 1 — P(X < M’) < g, say 1078,

Inversion

For a discrete distribution F~(u) = min{x|F(x) > u} =i where
P,_, < u < P;, so inversion amounts to searching a table of (P;) for a
suitable index i. Formally we have:

Algorithm 3.10

1. Generate U ~ U(0, 1). Leti = 1.
2. WhileP,<Udoi=i+ 1.
3. Return X =i

The expected number of comparisons at step 2 is EX, since i comparisons
are done for X = i. The algorithm can be speeded up by reordering the (p,)
into decreasing order. This reduces EX as much as possible, and the original
distribution can be recovered. The expense is in set-up time and space.

A better way to reduce the number of comparisons is to start the search
at a more suitable place. If (p,) is unimodal one could search left or right
from the mode. We can also use a binary search to locate i.
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Algorithm 3.10A
1. Generate U ~ U(0,1),set L =0,R = M.
2. Repeat

i = int[(L + R)/2]
ifU> P;thenL =ielse R =i
until L= R —~ 1.
3. Return X =i

This tends to be faster for M = 30.

More generally we can start the search from a point depending on U.
The indexed search method is based on the use of a thumb-index in a
dictionary to find the beginning of the L’s, say (Chen and Asau, 1974).

Algorithm 3.11  (indexed search). Fix m. Let g¢; = min{i|P; > j/m},
j=0,...,m—1

1. Generate U. Let k = int(mU), i = gq,.
2. WhieP; < Udoi=i+1
3. X=1

This is verified as for Algorithm 3.10 plus noting that initially P,_; < j/m< P,
soif bz U, P2 U2=jm>P;_,.

Yet more sophisticated search algorithms are possible, the process being a
trade-off between the time to set up additional structures and the time taken
for each call.

Example. [X ~ Poisson (10)]. We find P(X < 22) 209997 and may
truncate the table there, so possible values are 0,...,22. For searching
from 0 we expect 11 com;;arisons [= E(X + 1) to conform to a range
1,..., M]. Searching from the mode reduces this to about 3.6, and an indexed
search with m = 5 to about 3.3 plus 1 look-up in the g table. Figure 3.6 shows
a binary search which needs about 3.3 comparisons per X. The tree is found

by combining the two least probable groups of values at each stage, starting
with the individual values (Knuth, 1973a, p. 402).

Ahrens and Kohrt (1981) modify the indexed search idea by subdividing
{qm-1,--.,1} by a further index. This may be faster for long-tailed distribu-
tions. They also record if i = g; is the only value with j/m < P; < (j + 1)/m.

Alias Method
Walker (1974, 1977) proposed what at first sight is an ingenious modification

of the rejection method for discrete distributions, but is in fact a composition
method. Instead of rejecting X = j we output X = A(j), the alias value.
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Figure 3.6. Binary scarch tree for Poisson (10). At each node move left if U < stated value,
right otherwise.

The method requires that M be finite, and uses two tables Q and A4 of pro-
babilities and aliases respectively.

Algorithm 3.12 (alias method)
1. Generate U ~ U(0, 1).



74 RANDOM VARIABLES

2. LetY =1+ int[MU], Z = fraciMU1].
3. IfZ < Q(Y), return X = Y else return X = A(Y).

At step 2 Y is uniformly distributed on {1,..., M} and Z ~ U(0, 1), inde-
pendent of Y. Thus

PX=0=00/M+ Y [1-Q)I/M ()

JtAGY =i

The computation of (3.12) can be speeded up by replacing Z < Q(Y) by
MU<Q@+i—1or U<[Q() +i— 1]/M and tabulating the appro-
priate right-hand side in place of Q.

It remains to find tables Q and A4 so that P(X = r) = p,. These tables are
not unique.

Algorithm 3.13
Fori=1toM

Set Q(i) = 1, a; = p;, I; = true.

Forstep=1toM — 1 do
Select i with a; < 1/M, I; = true. If there is none, stop.
Select j with a; > 1/M, I; = true.
Set I; = false, A(i) = j, Q(i) = Ma;.
Seta; = a; — [1 - Q())/M.

Theorem 3.4. Algorithm 3.13 finds Q and A satisfying (1) for p, = P(X = r).

PROOF. Atalltimesa; = p; — last term of (1). When I, is set false, Q(i)/M = g;
by definition, so P(X = i) = p;. Equation (1) for i is unchanged subsequently.
Let d; = a; — Q(i)/M. Then initially } d; = 0, and this is unchanged at each
step. For indices i with I; = false we have d; = 0, so ) 'd; = 0, the sum
being over indices with I, = true. At each stage either there are indices i and j
withd; < 0,d; > Ooralld; = 0 and we are done. After M — 1 steps, only one
I; = true, so that d; = 0. It remains to check that 0 < Q(i) < 1. The upper
inequality follows from the choice of i. Initially ¢; = 0, and by the choice of
jra;=a; = [1 — Q(i)]/M = 1/M — 1/M = 0 at the end of each step. O

This proof shows that an explicit choice of i and j can be given by

Algorithm 3.13A
Fori=1toM
Set Qi) = 1, a; = p;, I; = true.
Forstep=1toM — 1
Choose i attaining min{a,[; true}.
Choose j attaining max {a;|/; truej.
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If a; = a; stop.

Set I; = false, Q(i) = Ma;, A(i) = j.

Seta; = a; — [1 — QU)I/M.

Example. [X ~ binomial (3, 1/3)]

0 1 2 3 0 1 2 3

108a 32 48 24 4 32 25 24 4

A - - — — - - = —
2700 27 27 27 27 T 271 271 271 4

I T T T T T T T F

0 1 2 0 1 2 3

108a 29 25 24 4 27 25 24 4
A — — 01— 0 0 I
270 27 27 24 4 27 25 24 4

i T T F F T F F F
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Unfortunately this version of Algorithm 3.13 uses O(M + 1-step) operations
to find i and j, and so O(M?) operations overall. An O(M) implementation is
possible, using linked lists (Kronmal and Peterson, 1979) or pointers

(Greenwood, 1981). We illustrate the use of stacks.

Algorithm 3.13B. Needs work array w(l)... w(M) of indices

Setnn=0,np=M + 1.

Fori=1toM

IfQ(i) < 1setnn = nn + 1, winn) = i
else setnp =np — 1, winp) = i.
Forstep=1toM — 1

i = w(step), j = w(np)
A(i) = j, Q(j) = Q(j) + Q() — 1

IfQ(i) < 1 thennp = np + 1.

In this implementation Q(i) stores Ma; and indices with a; < 1/M are
step...np — 1, the rest having a; = 1/M.
Table 3.1 shows that Algorithm 3.13B can be much faster than Algorithm
3.13A. However, Algorithm 3.13A tries to choose i and j to maximize the
Q(i) and hence minimize look-ups of aliases. For example, if in the binomial
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Table 3.1. Timings on BBC Microcomputer of Methods for the Poisson
Distribution (Interpreted BASIC)

u
5 10 20 50
Algorithm 3.3
Set up (msec) 14 22 37 85
Per call (msec) 33 59 109 260
Straight search
Set up (msec) 180 280 470 910
Per call (msec) 15 26 49 114
Per call-—3.10A (msec) 26 30 34 40
Indexed search (m = 2u)
Set up (msec) 280 470 820 1,780
Per call (msec) 8.2 8.1 8.1 17
Mean comparisons 1.56 1.51 1.42 1.61
Binary search
Set up (sec) 14 27 6.2 224
Per call (msec) 15 18 20 22
Alias
Per call (msec) 6.8 6.8 6.8 6.8
Set up—3.13A (sec) 2.08 4.50 10.4 38.0
Set up—3.13B (sec) 0.58 0.89 1.47 2.79
Algorithm 3.15
Set up (msec) — 56 57 57
Per call (msec) — 132 125 169

example we always take i, j as small as possible we find

A 1 — 00
270 6 27 24 4

so the probability of choosing an alias is increased from 7/27 to 23/54 and
the time per call will be increased slightly.

Table Method

This is an approximate method suggested by Marsaglia (1963) and
implemented by Norman and Cannon (1972). Consider the d-digit radix r
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representation of p;,
d .
= Z ray;
1

For example, we have the following decimal expansions for binomial (3, 1/3):

P(X = 0) = 0296

P(X = 1) = 0.445 (rounded up to make total 1)
P(X = 2) 0.222
P(X = 3) = 0.037

The method depends on generating events of probability ™/ and assigning
a;; of them to X = i. In our example we have

1. Generate U ~ U(0, 1).

2. fO< U< 08, let]l=int[10U] + 1, X = a,[I].
If0.8 < U < 098, let] =int[100U] — 80 + 1, X = a,[[1].
If098 < U, let I = int[1000U] — 980 + 1, X = a,{I].

Here a;is a table of ag; 0’s,a,;1’s,and soonforj = 1,2,0r3.1f0 < U < 0.8,
I'isuniformonl,...,2 + 4+ 2 4+ 0,and if 0.8 < U < 098, I is uniform on

yeirts 9+ 4+ 2+ 3,andif098 < U, Iisuniformonl,...,6 +5 +2 + 7.
Thus P(X =0)=0.8 x 2/8 + (098 — 0.8) x 9/18 + (1 — 0.98) x 6/20=
0.2 + 0.09 + 0.006. The principle should be clear from this example. Peterson
and Kronmal (1983) give a formal algorithm. Comparative studies have
shown the table method to have slow set-up times but fast sampling. It
seems rarely to be competitive with the search and alias methods.

Specific Distributions

The general methods of indexed search and alias are easy to implement for
an arbitrary discrete distribution, so methods specific to particular dis-
tributtons seem only worthwhile if the set-up times are significant, for
example if the parameters change every few samples.

Geometric Distribution

The geometric distribution is sometimes known as the “discrete exponential”
and can be sampled by discretizing an exponential. Suppose E has an
exponential (4) distribution, and X = int[E]. Then

PX=nN=Pr<E<r+1)=e ¥ —e ™+ = (41 — ¢}
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forr=0,1,2,.... This is a geometric distribution with success probability
p=1—e% so choosing A = —In(1 — p) we can sample from any given
geometric distribution.

A negative binomial distribution with integer index k is the distribution
of the sum of k independent geometric variates. It can be sampled as such for
small k or k varying from sample to sample.

Binomial Distribution

A binomial(n, p) distribution is the distribution of the sum of n Bernoulli
trials. If we sample the trials by inversion we generate Uy, ..., U, and count
the number Y of U, less than p.

For large nit will be wasteful to generate all the U; tofind Uy, < p< Uy 44y,
where U, is the ith smallest U;. We can make use of the fact that U has a
beta(i, n + 1 — i) distribution, and that conditional on Uy <p< Uy,
Y — i has a binomial(k — 1, [p — Uy J/LUq+x — Ul distribution. Relles
(1972) applied this recursively, starting with (0, 1) and in each case generating
the median of the range enclosing p. (He gives Fortran code using an approxi-
mate method to generate beta variates.) Knuth (1981, p. 131) gives a more
refined version due to Ahrens which for binomial(n, p) chooses i =int[(1 + n)p]
then works recursively until k is small. A formal algorithm is

Algorithm 3.14

Setk=n6=p X =0.
Repeat

i =int[1 + k6]

Generate V ~ beta(i, k + 1 — i)

If < Vthen0=0/V,k=i-1

else X=X +i,0=0-V)/Q1-V),k=k—i

until k < K.
Fori=1tok

generate U ~ U(0,1);if U < pthen X = X + 1.
Return X,

Here K is chosen as a balance for efficiency (Exercise 3.13).

Another stratagem is available if p is a simple binary fraction (Tocher,
1954). If p = 4, we can generate n random bits and count the number which
are one. If U ~ U(0, 1) its binary representation is such a series of random
bits. If p = 27", wecantake U, , ..., U, and count the number of bits that are
one in all U;, hence in U; OR U, OR---OR U,. It is easy to extend the
method to events of probability m2™". For example, if p = 3 we count the
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bits that are either one in U, or one in both U, and U, events of probability
3, s0 Y is the number of one’s in U; OR (U, AND U,). This method is not
recommended because the bits of pseudo-random numbers are not usually a
good source of random bits.

Poisson Distribution

Table 3.1 shows that the simple Algorithm 3.3 with expected time
proportional to u + 1 is slow unless set-up time is significant. Atkinson
(1979a, 1979b) and Peterson and Kronmal (1983) give more extensive
comparisons which favor the general indexed search and alias methods.

The general methods need large tables for u large (say 100), and there has
been interest in different methods for large u. Atkinson (1979a), Ahrens and
Dieter (1980, 1982a), and Devroye (1981) all give methods that use rejection
in the tail. All are fairly complex methods: Devroye gives a 65-line Fortran
routine. The obvious idea to use a normal distribution as the envelope does
not work as the normal tail decays too fast. Atkinson used a logistic envelope.
His algorithm is

Algorithm 3.15 [Poisson (u), u = 30]

Set ¢ = 0.767 — 3.36/u, f = n(3p)" "%, a = Bu,
k=Inc—u—-1Inp
Repeat
Repeat
generate U,
Let X = (« — In[(1 = U,)/U,1)/B
until X > —4
Let N = int[X + §].
Generate U,.
until @ — BX + In{U,/[1 + expla — BX)]*} <k + Nlny — In N!
Return N.

The restriction g = 30 ensures (it is claimed) that the envelope constant ¢
suffices. The method is faster than Algorithm 3.3 from about g = 30 and
comes into its own for u = 100.

A further possibility (Atkinson, 1979a) for a general Poisson algorithm is
to have available fast generators for particular values of u, say 4,8, 16,..., 128
and to use the fact that the sum of independent Poisson variates is Poisson.
Thus Y ~ Poisson (84.7) would be generated as Y, + Y, + Y; + Y, where
Y, ~ Poisson (64), Y, ~ Poisson (16), Y; ~ Poisson (4), and Y, ~ Poisson
(0.7) would be generated by Algorithm 3.3. Such an algorithm would be



80 RANDOM VARIABLES

bulky and complex but desirable when u changed every call, for which we will
see uses in Chapter 4.

Sampling without Replacement

Some discrete distribution problems will require sampling without replace-
ment, particularly for randomization of experiments and surveys. Suppose
we wish to draw n units at random from a population of N, for example n
individuals from a database. The obvious method is to select individuals at
random, rejecting those already selected until n are found. If n is comparable
with N, this is wasteful. One way to avoid this is to generate
U,,...,Uy ~ U0, 1) and select the n individuals corresponding to the n
smallest U;, perhaps found by sorting (U}, i) on U; (Page, 1967). In either
case the selected individuals could then be picked out of the database
sequentially.

A better idea was given independently by Fan et al. (1962), Jones (1962),
and Bebbington (1975). The individuals are considered in turn. If k have
already been seen and r chosen, the next is selected with probability
(n — r)/(N — k). This terminates when n are chosen, often before the Nth.
It is not immediately obvious that this method will pick n individuals, nor
that it picks them at random. However, the sampling probability reaches one
when there are n — r individuals left, so n will be picked. Furthermore, the
probability that elements i; < i, < -- < i, are picked is

N
[TR/AN —t+1]

where Ry, =n—s+land R, =(N—-t+1)—(n—s)fori;<t<ig,. The
denominator is N! and the numerator contains n,n — 1,...,1fori,,..., i
and N —n,...,1 for the remaining elements. Thus the probability is
n!i(N — n)!/N! independent of which elements are specified. See also Vitter
(1984) who samples i;,; — i; directly.

Knuth (1981) and MclL.eod and Bellhouse (1983) give the following method,
which McLeod and Bellhouse show to be marginally faster than the previous
method and which does not require N to be known before the database is
read. Select the first n individuals as a current sample. Each subsequent
individual is rejected with probability 1 — n/t, where ¢ is the number of
individuals seen. If selected, the new individual replaces one of the current
sample chosen at random. Clearly this will select n individuals. For t = n,
the tth individual is selected with probability n/t and survives with probability

N 1 t
1—-)=—
,u( r> N
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since 1/ris the probability that the rth individual will replace it. By reordering
the first n individuals, we see any individual is selected with probability n/N.
Now for individuals ¢t; < t, < -+ < 1, to be selected we have probability

"In—i+ 1%in? ] "o — DU — ) _n!(N—n)!
U[ t n{ (1">] nt] sifsi— '~ N!

where t,,, = N + 1 and s; = t;,; — 1, by checking that the t;th element
is selected and does not displace r,,...,1;_,, and that elements with
t; < t < t;;, do not replace any of the i so far selected. This formula is
derived for t; = nbut is easily modified to cover the remaining cases (Exercise
3.14).

Occasionally there will be a need for a random permutation, equivalent to
shuffling N objects. In principle this is easy: label all N! permutations and
choose one at random. The following algorithm is due to Moses and Oakford
(1963).

Algorithm 3.16

Fort = Ndownto 1 do
Generate S uniformon {1,....t}.
Swap the Sth and tth objects.

To see that this generates all permutations, define
N

p=1lu—-DUs, -1
=1

where S, is the value of S on the rth step. Then 0 < p < N! and all values
occur. Further p determines the (S,) and hence the permutation. Finally,
all values of p are equally likely. Algorithm 3.16 avoids having to generate a
digitin 1, ..., N!, which can be a problem for even moderately large N. It has
been rediscovered frequently (Durstenfeld, 1964; de Balbine, 1967; Page,
1967).

3.4. CONTINUOUS DISTRIBUTIONS

For discrete distributions we saw that general algorithms were competitive
for most specific distributions. This is not true for continuous distributions,
perhaps because of their many different tail behaviors. A very large number
of specialized algorithms have been proposed, and we consider in detail only
the more popular or meritorious ones.
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Normal Distribution

The normal distribution is a location-scale family, so by letting X = u + oY
we can concentrate on Y ~ N(0, 1). We have already seen four methods:
sum of 12 uniforms, Box—Muller (Algorithm 3.1), Marsaglia’s polar variant
(Algorithm 3.6), and Brent’s von Neumann—-Forsythe method.

A more recent method is the ratio-of-uniforms (Best, 1979; Knuth, 1981,
pp. 125-127, 552; Ripley, 1983c). Take h = exp(—x?/2). Then (u, v) € Cy is
equivalent to u = 0, u? < exp(—v?2u?)or —4u’lnu = P orx* < —4Inu
for x = v/u. With pretests this gives

Algorithm 3.17 (normal by ratio-of-uniforms)

1. Generate U, V = J(2/e)2U, — 1). [V =086(2U, — 1}]

Let X = V/U,Z = 1Xx2

IfZ < (1 +1Ina)—alUgotob. [Z < 1 — U recommended]
IfZ>b/U—-(1+Inb)gotol. (Z > 0259/U + 0.35]
IfZ>—-InUgotol.

Return X.

AN ol ol o

Hereb? = b2 = max(x?e ™ */2) = 2/esob, = /2/e < 0.86. Best chooses
a = 1, and this seems faster than Knuth’s a = ¢!/* which minimizes the
probability of reaching 5. For b, e~ !:3° z 0.259 is near-optimal for avoiding
5. This algorithm is as simple as the polar method, returns one normal deviate
at a time, and is comparable in speed. (See Table 3.2.) Figure 3.7 illustrates the
acceptance region and pretests. Figure 3.3 shows all possible successive
pairs (X, Y), to be compared with Fig. 3.1 and 3.2. There is little to choose
between the Box—Muller, polar, and ratio methods for sensitivity to pseudo-
random number generators.

Compilers of subroutine libraries will be prepared to accept more complex
algorithms for the sake of speed. Brent’s algorithm is just one of a number of
composition algorithms designed for speed. Marsaglia and Bray (1964) gave
a four-part algorithm. Density f, copes with |X| = 3 whereas f,. f,. f; all
have support (— 3, 3). Thus p, = P(|X| = 3) = 0.0027. In the polar algorithm
{X| = 3 can only occur if — 2 In W = 9. This yields the following algorithm
for f,:

Repeat
Repeat
Generate V;, V, ~ U(—-1.1)
until W = V2 4+ V3 < 1,
LetC=JW 19 —-2InW).S=CV,. T =CV,.
until [S| > 3 or |T| > 3.
If|S| > 3return X = Selsereturn X = T.
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Table 3.2. Comparisons of Various Methods for Sampling Nonuniform Distributions (Times in msecs for Fortran Except Where
Stated)

CDC(usec)
BBC Basic ACT Sirius Corvus VAX(usecy .~ 0 APL on IBM
RANF GOSCAF 370/168°

Uniform 1.5 4.0¢ 1.0° 9lus 29 28 30 29
Exponential

Inversion 18 11 5.0 31 95 80 110 89

Von Neumann 14 30 35 092 155 50 180 —

ratio 22 25 4.8 69 155 110 160 —
Cauchy

Inversion 24.5 38 8.0 39 125 120 145 107

ratio 16.5 28 48 1.6 110 45 130 178
Normal

Box Muller 42 32 7.0 7.7 145 160 190 127

polar 31 27 6.0 4.1 115 82 120 134

ratio 32 44 7.8 32 145 80 155 223

Brent 44 66 89 30 115 90 130 —

Marsaglia-Bray 17 — — 1.45 155 55 160 —

inversion 36 — — 40 125 110 140 323
Gamma

a < 1(3.19) 50 95 ca. 50 ca. 18 13 16 320 390 230 270 310- 390 ca. 350

x> 1(3.20) 50 70 ca. 80 ca. 20 g 10 230 270 180-210 270-300 300-350

“Interpreted Basic.
*Compiled Basic.
‘For 1000 samples. Timings by Dr. P. J. Green.
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-|

Figure 3.7. Acceptance region and pretests for Algorithm 3.17. The region C, is inside the solid
line, the dashed lines are the recommended pretests, and the dotted line is Z = 1.25 — ¢¥/4U.

On (- 3, 3) the normal pdf is approximated by sums of two or three uniforms,
Thus

p, =08638, X =2U,+ U, + U;)—3
p, =01107, X =15, + U, - 1)
ps 00228,  f3=1[¢ — p1fi — P2f2)/PIXI < 3)

The reader may wonder how these values came to be chosen. Presumably
p1 f1 was chosen to be a good, simple approximation to ¢, p; being chosen so
that p, f; < ¢ forall x. A plot of ¢ — p, f; shows a roughly triangular middle
part, which suggests the form of f;. Then f; and f, were chosen to fill in the
remaining pieces. As they are sampled infrequently, this can be done without
undue regard for efficiency. See Figure 3.8.

The complete algorithm is

Algorithm 3.18 (Marsaglia—Bray, normal)

Generate U.
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Figure 3.8. The Marsaglia~-Bray composition algorithm for the normal distribution. The
solid line is the normal pdf, the dotted lines are p, f; and p, f>. and the dashed lineis p, f; + p, /3.

If U < 0.8638 then
generate U, U,, U,,
let X =2(U, + U, +U;)—3
else if U < 0.9745 then
generate U, U,
let X = 15U, + U, -1
else if U < 0.9973002039
repeat
generate U, set V = 6U, — 3, generate U,,
until 0.358U, < g(V),
let X =V
else
repeat
repeat
generate U, U,,set V, = 2U; — 1
until W = V2 + V3 < 1,
let C= W19 —2In W), S =CV,, T = CV,,




86 RANDOM VARIABLES

until |S| > 3or|T| > 3
if|S|>3then X = Selse X =T
endif
Return X.

Here

g(x) = ae % — 2b(3 — x?) — (1.5 = |x|), |x] < 1
ae 2 — b3 — |x|)2 — (1.5 — |x]), 1<|x|<15

ae 1% — b3 — |x|)2 1.5< x| <3
= 1749731196, b = 2.36785163, ¢ = 2.15787544

This algorithm uses on average around 3.9 uniforms per normal, but is
usually faster than the simpler algorithms—see Table 3.2. If generating
uniforms are slow, one can reuse U see Exercise 3.10.

Marsaglia (1961a) and Marsaglia et al. (1964) use a 31-part composition
for the positive part of the normal to which they attach a random sign.
Figure 3.9 iltustrates the idea. The pdfs fi,..., f;s are uniform on specified

0. 35 l

°.°° |lll|] Illllll lll'1
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 3.9. The rectangle-wedge-tail algorithm for the half-normal divides the area under the
curve into the 31 regions shown.
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intervals, and fig,..., f3o are nearly triangular. Finally, f3; is the tail
X > 3. The algorithm uses the following modified rejection technique for
nearly linear densities.

Suppose f = 0 except on (g, b) and there are constants s and t such that

s—tix—afb—a)< f(x)<t —tix —a)b — a)

on that interval. Then

1. Generate U, V ~ U(0, 1).

2, IfU > Vswap Uand V.

3. If V<sftgoto.

4, fV>U+1tfta+ (b - alU)gotol.
5. Return X =a + (b — a)U.

Exercise 3.16 verifies that this works.

Marsaglia et al. (1976) refine this algorithm further. The reader is referred
to the original papers for full details.

Kinderman and Ramage (1976) give a five-part composition algorithm
for which the most frequently sampled distribution is the sum of two
uniforms, 2.216(U; + U, — 1). Again, the paper gives full details. Ahrens
and Dieter (1972) have yet another five-part composition method.

Yet more methods have been published by Déak (1980, 1981) and Dieter
and Ahrens (1973). Marsaglia (1964) simulates from the tail of a normal
distribution.

Exponential Distribution

We have seen two algorithms—3.2 (inversion) and 3.7 (von Neumann).
Inversion is easy and is generally used unless it is too slow. The von Neumann
method is faster provided random-number generation is fast. The ratio-of-
uniforms method with pretests is also competitive. Marsagiia (1961b) and
Knuth (1981, p. 128) give other methods.

Cauchy Distribution
The ratio-of-uniforms algorithm 3.8 is almost always preferred to inversion.
Student’s ¢-Distribution

An obvious algorithm is normal/(x2/v), where y? is regarded as a special
case of a gamma distribution. Direct methods are given by Kinderman et al.
(1977), Kinderman and Monahan (1980), and Marsaglia (1980). (See also
Exercise 3.20.)
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Gamma Distribution

The gamma distribution has been one of the most intensively studied in the
last decade, so the survey of Atkinson and Pearce (1976) is hopelessly out of
date. We consider only unit scale parameter, with pdf

x*"1e (@) on (0,0), a>0

If 2« is an integer we can use twice a 2, variate for which we saw efficient
methods for small o in Section 3.1. Otherwise we will consider separately
the cases a > 1 for which the pdf is bounded and « < 1 for which it is not.

For o < 1 we have the following simple and fast algorithm (Ahrens and
Dieter, 1974).

Algorithm 3.19

1. Generate Uy, U,.

2. IfUgy > eflx + e),goto4

3. LetX = {(a + eUp/e}. 1f U, > e *gotolelsegotos.
4. Let X = —In{(a + e)1 — Up)/xe}. HU; > X* ' goto 1.
5. Return X.

This partitions (0, o) into (0, 1) and (1, o0) and uses separate envelopes on
each. Its correct operation is verified in Exercise 3.17. Best (1983) refines this
by splitting at Z(x) < 1. See also Exercise 3.22.

For « > 1, Cheng and Feast (1979) give three related algorithms derived
from the ratio-of-uniforms method. The region C, for h(x) = x* e * is

{(u, V)lu, v = 0, u? < (v/uf ‘e "™} = [0, a] x [0, b]

where a = [(« — 1)/e]*" "2 and b = [(a + 1)/e]*!”2, We can express the
testas 2In U< (¢ — 1) In X — X. We would generate U as aU,, giving

2InU; + (@ — Din[(ax — 1)/fe] < (@ —1)InX — X
or,forc =2/ — 1)and W = X/(a — 1),
chhlUy-mW+ W<t

This gives

1. Generate U,, U, ~ U(0, 1)
2. LetW =dU,/U, ford = bf(x — 1)a
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3. fclnU; —InW -+ W>1gotol
4. Return X = (« — Y)W

as one implementation. We can pretest step 3 by
2a. U, + W -Wl<c+2gotod

Figure 3.10 shows that as a increases the acceptance region shrinks toward
the diagonal U, = U,. Cheng and Feast thus suggested bounding C, by
a parallelogram. With suitable bounds for the constants we get

_/

(a) (b)

(c) (d)

Figure 3.10. The region C, in (U,, U,) space for the Cheng~Feast gamma algorithm 3.20.
(@) = 2. (bya = 5.(c)a = 10.(d) « = 100. For a = 5 the sloping lines are the intersection of
the parallelogram with the unit square.
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Algorithm 3.20 (gamma, a > 1).¢; = a — 1, ¢; = {a — 1/6a}/cy, c3 = 2/cy,
e =c+2,¢c5 = 1/Ja.

1.. Repeat

generate U,, U,,

ifao >25set U; = Uy + ¢s5(1 — 1.86U )
until0 < U, < 1.
Let W = ¢, U,/U,.
IfesU, + W+ W lgce,gotos.
Ife3lnU;, —InW + W>=1gotol.
Return X = ¢, W.

kLN

This uses a rectangle to enclose C,, for | < a < 2.5, and a parallelogram for
a > 2.5to give a fairly constant speed as « is varied.

Many other algorithms have been proposed, including those of Ahrens
and Dieter (1974, 1982b), Atkinson (1977), Atkinson and Pearce (1976),
Best (1978, 1983), Cheng (1977), Cheng and Feast (1980a), Johnk (1964),
Kinderman and Monahan (1980), Marsaglia (1977), Schmeiser and Lal
(1980), and Tadikamalla (1978). Tadikamalla and Johnson (1981) give a
survey at that date.

Beta Distribution

The beta and gamma distributions are related. If X ~ gamma («) and
Y ~ gamma (ff), then X/(X + Y) ~ beta(a, f). Conversely, if X ~ beta
{2, 1 —a) and Y ~ exponential then YZ ~ gamma (a) for a < 1. (This is
Johnk’s algorithm for the gamma.) For « and f both integers, the ath largest
out of Uy,..., Uysp+y has a beta (a, f) distribution. Finally, beta variates
can also be used to generate F-variates, for if X ~ beta (3u, 4v),
VX/[“(I - X)] ~ Fu,v'

Many methods have been proposed for the beta distribution. Either
of o or f§ can be less than one. The three main cases are

i apf>1
i) a<1<p
Gi) o f<1
with f < 1 < a coming by symmetry (X - 1 — X, a > f§) and cases with
o = 1or f =1 by inversion.
Johnk (1964) gave

Algorithm 3.21 (betaa > 0, § > 0)

Repeat
Generate U, U, ~ U(0, 1),
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let vV, = U™, vV, = UY#

until W=V, + V, < L.

Return X = V,/W.
Exercise 3.18 verifies this method, and shows that the acceptance rate is poor
if o + B is large. Ahrens and Dieter (1974), Atkinson (1979¢), Atkinson and
Pearce (1976), Atkinson and Whittaker (1976), Boswell and De Angelis
(1981), Cheng (1978a), Sakesegawa (1983), Schmeiser and Babu (1980), and
Schmeiser and Shalaby (1980) give faster and more complicated methods
which apply in one or more of the three cases given previously. One can of
course also use the relationship to the gamma, the order statistic method
(for integer o and f), and inversion (if a suitable approximation is available).

Symmetric Stable Distributions

This iz the family of distributions with characteristic functions exp{iut — |ct]*}.
The cases o = 1, the Cauchy, and « = 2, the normal, are dealt with above.
Chambers et al. (1976) show thatif V ~ U(—mn/2, n/2) and W ~ exponential
then

sin(al 08! — y)p 1w
it sin(aV) [Los‘ %) ,J

“TcostV)] W

has the required distribution.

More generally one can consider infinitely divisible distributions, of
which stable distributions are a subclass. Bondesson (1982) uses an approxi-
mate composition method, letting X be a sum of random variables with
randomly chosen distributions. For the stable distributions this reduces to
the method of Bartels (1978).

3.5. RECOMMENDATIONS

[t is impossible to make recommendations of which algorithm to use that
are good across all environments. The first piece of advice is to follow
Jackson’s (1975) Rules for Programmers on optimization:

1. Don'tdoit.
2. (for experts only) Don’t do it yet.

In other words, if you have a program available to you which will do what
you want, use it. It is very unlikely that any lack of speed on its part will
compensate for your time in programming and testing a preferred method.

That advice will apply to most mainframe installations but not to users
of mini- and microcomputers and programmable calculators. For such
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Table 3.3. Recomendations for Simple Algorithms

Normal: Polar (3.6) or ratio (3.17).

Exponential: Inversion (3.2).

Cauchy: Ratio (3.8).

Student’s ¢: Normal/gamma or Exercise 3.20.

F: Gamma/gamma or via beta.

Gamma: a > | Ahrens and Dieter (3.19) or Exercise 3.22.
a > 1 Cheng and Feast (3.20).

Beta: gamma,/(gamma, + gamma,) if gamma
available, otherwise Johnk (3.21).

Geometric: Integer part of exponential.

Binomial: n < 50 count U’s < p.
n > 50 general method.

Poisson: u < 5-20 multiplication (3.3).

u < 100 general method.
u > 100 algorithm 3.15.
Other discrete: Indexed search with m = §M or alias.

users, Table 3.3 recommends some simple algorithms that are unlikely to be
embarrassingly slow in a simulation study.

There will occasionally arise the need to sample from other continuous
distributions, when the methodology of Section 3.2 will be useful. Atkinson
(1982) is one example, Tadikamalla (1979) another.

We have only considered the sensitivity of algorithms to the pseudo-
random number generator used for certain methods for the normal dis-
tribution. The general experience seems to be that the algorithms described
here are satisfactory when used with a good generator. However, it is always
advisable to check that the final program does produce approximately the
correct distribution, for example by a Kolmogorov—Smirnov test of the
empirical cdf based on a large number (say 10,000) of samples.

Table 3.2 gives some comparative timings in a variety of environments.
These times should be seen as a guide only, but confirm that relative speed
varies little between very different computing environments.

EXERCISES

3.1. Find a recursive formula for the pdf of the sum of » independent
U(0, 1) variates. [For the pdf note that its value on the interval
(i—1,0,i=1,...,nis a polynomial of degree n — 1 and obtain a
recursion for the coefficients of these polynomials.] Hence show the
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3.2.

3.3.

34.

3.5.

3.6.

3.7.

38.

3.9.

3.10.

3.11.

3.12.

pdf is

int(x)

Y (=1x =" n—=1)! on (0,n)

0

Prove carefully that the Box—Muller algorithm returns independent
standard normal variates. Show that if X and Y are independent with
a differentiable pdf then R and © are independent only if X and Y are
normally distributed.

Verify by direct calculation that if N = max{nlE; + - + E, < t}
that N has a Poisson distribution, for independent exponential
variates E;.

Plot {(X, Y)} for the Box-Muller and polar algorithms for the
congruential generators X; = (aX;_, + 1)mod 256,a = 133 and 341.

Consider the beta density f(x) = 6x(1 — x) on (0, 1). Derive as many
different algorithms as you can to sample from f, and compare them.

What is the expected number of uniforms used in the Forsythe
method?

Verify that Algorithm 3.7 works. Derive the expected number of
uniforms per exponential.

Apply the ratio-of-uniforms method to the t-distribution with
pdf oc (1 + x?/v)~ 012,

Hsuan (1979) gives a method for sampling from a polygonal region.
Consider using it with the ratio method for normal and exponential
distributions.

A frequent trick is to “reuse” uniforms. Show that if U ~ U(0, 1)
then X = (U <p)and V =U/p if X =1 otherwise = (1 — U)/1 — p)
are independent, and V ~ U(0, 1). Algorithm 3.19 uses this device.

Implement various methods for sampling from the distribution on
{2,...,12} of the sum of the outcomes of two dice throws.

For the alias method taking M a power of 2 allows Y to be found by
shifts rather than multiplication. To do so one might introduce some
zero probabilities. Do Algorithms 3.13 cope correctly? Try the
example of Exercise 3.11.
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

RANDOM VARIABLES
Experiment with Algorithm 3.14 and choose K.

Show the McLeod and Bellhouse reservoir sampling method works
in all cases.

Consider sampling without replacement with probability pro-
portional to given weights. Can one do better than sampling with
replacement and rejecting multiple occurrences? [See Wong and
Easton (1980).]

Show that the modified rejection method for nearly linear densities
works. What is its probability of acceptance?

Verify that Algorithm 3.19 works.
Verify that Algorithm 3.21 works.

Implement as many methods as you can for the triangular density
f(x) = max(0, 1 — |x]).

Kinderman et al. (1977) give the following algorithm

1. Generate U, U; ~ U(0, 1).

2. fU<4thenX =1/4U — 1),V = XU,
else X = 4U — 3, V ="U,.

3. IfV<1-3X|gotos.

4. V=1 + X3 *H2g5101.

5. Return X.

Show that this generates a t,-variate. [It is a rejection algorithm
with g(x) o¢ min(1, 1/x2).]

Consider the inverse Gaussian distribution with pdf
(2/2mx®)"* exp[ — Ax — w?*/2u*x] on (0, cv)

Show that V = A(X — p)%/u®2X ~ y? and hence X = X, or X,,
where

Xy =p+ [V — JiBV:+ 4uav]i2h, X, = p¥/X,

Show that we should choose X, with probability u/(u + X,) to

obtain an inverse Gaussian variate (Michael et al., 1976). [Hint.
Transform X —» Y = min(X, p2/X) » V = (Y — p)?/u?Y.]



EXERCISES 95

3.22.

3.23.

Let Y have a gamma(a + 1) distribution, independent of U. Prove
that YU'* has a gamma(a) distribution. This is an easy and fast
method for o < 1. On some systems it will be faster to generate
U'* as exp(— E/a) where E ~ exp(1).

Testing algorithms can be difficult. At some time line 3 of algorithm
NMB of appendix B.5 was deleted, so only the first component of the
Marsaglia-Bray algorithm 3.18 was used. How many samples
would be needed to detect this error, say by a Kolmogorov Smirnov
or chi-square test?
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CHAPTER 4

Stochastic Models

In Chapter 3 we were concerned almost exclusively with generating independ-
ent samples from specified distributions. In the simplest case this univariate
distribution is the model, but often the stochastic model will utilize several
dependent random variables. Constructing realizations with structured
dependence has attracted much less attention. Many stochastic models can
be simulated in the “obvious” way from their definitions, for example renewal
processes. Nevertheless some tricks can be helpful and are presented below.

41. ORDER STATISTICS

Order statistics present perhaps the simplest form of dependence. An
independent sample (X,,...,X,) is rearranged into increasing order as
Xy <+ < X. The obvious way to do this is to sort the sample after
generation. The fastest general-purpose sorting algorithms need O(n Inn) time
to sort n items (Knuth, 1973b), so there will be a value of n for which the cost
of sorting will dominate the cost of sampling. Typically this occurs for n in the
range 100-10,000.

The alternative is to generate the sample in order. By taking
X = F(Ug) we can reduce the problem to that of generating an ordered
sample of random numbers, although in practice forming F~ may be very
slow. Two methods have been suggested.

. Sequential. Let U,,...,U,~ U@©,1). Define U, =U)" Uy, =
Upeny x (U k =n—1,n —2,..., 1. This uses the fact that U,y,,..., U,
are the order statistics of a sample of size k on (0, U, ,,), and plus inversion
for U,.

This method is particularly elegant for the exponential distribution. Let
Eg = —InUg,i 4 Then

E(k) - E(k“l) + m/(n + 1 — k)

where E,, = 0 and W,,..., W, are independent exponential variates.
96
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2. Exponential Spacings. Let E,...,E,,, ~exp(l) and S, =E +
“** 4+ E,. Then U, = S,/S,, have the required joint distribution (Exercise
4.1).

Another idea is to generate a partially sorted sample by grouping. Suppose
the range of F is divided into intervals I, ..., I, of roughly equal probability.
First a sample (M,,..., M,) of the multinomial distribution (P(X €1,)) is
taken, then M, points from I, are sampled and sorted, followed by M, points
from I,, and so on. If k is chosen proportional to n, the average number of
points sorted remains bounded and the expected time is O(n). Rabinowitz and
Berenson (1974) suggest k in the range n/7 to n/2 for the uniform distribution,
and Gerontidis and Smith (1982) illustrate other distributions with k =~ n/4.

Consider the uniform distribution with I, = [(i — 1)/k, i/k). Then one way

Table 4.1. Timings for Methods for Generating All Order Statistics of a Sample of
Size n*

10 20 100 1000 10 100 1000 10,000

BBC Basic (msec) VAX Fortran (usec)

Uniforms

Sorting 16 23 32 46 100 125 170 220
Sequential 39 40 41 41 150 140 140 140
Exponential

spacings 20 20 18 18 90 85 80 80
Grouping

(k =~ n/d) 18 18 16 16 10 100 100 100
Normals

Sorting 30 37 46 61 180 210 260 310
Inversion

of Uy, 55 53 52 52 240 225 225 220
Exponentials

Sorting 28 32 44 57 135 170 210 260
Sequential 17 17 17 17 80 80 80 80
Inversion

of exponential

spacings 37 36 35 35 160 150 150 150

“Times are per order statistic. In each case the fastest available algorithm was used for samples to
be sorted.
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to generate a multinomial sample is to generate n U ~ U(0, 1) and count the
number M; of U €1;. Those U;e; will do for the M, points from I;. Thus the
method can be viewed as a special-purpose sorting method which uses our
knowledge of the distribution of the numbers to be sorted. It is closely related
to address-calculation and radix sorts (Knuth, 1973b, pp. 99-102, 177-178).

Table 4.1 gives some timings for the various methods. There is little to
choose between them for moderate n; therefore if a good sort routine is
available, it would seem the best choice. It is hard to envisage applications
that would need all order statistics for n > 1000! Other comparisons are
given by Lurie and Hartley (1972), Reeder (1972), Schucany (1972), Lurie and
Mason (1973), Rabinowitz and Berenson (1974), Ramberg and Tadikamalla
(1978), Bentley and Saxe (1980), and Gerontidis and Smith (1982).

The comparisons are rather different if we only want a small proportion of
the order statistics, for example the median and quartiles. It is possible to
modify sort algorithms to avoid sorting the whole sample (Chambers, 1977,
pp. 45, 184) but the work of sampling remains. If we require just X, we can
sample it as F~(U ), where U, ~ beta(k, n + 1 — k) can be sampled directly.
(Note that in Chapter 3 we considered doing so via order statistics for small

n) If we want X ),..., X, ky <--- <k, we can adapt the sequential
method, so Xg,=F~(V), V=V, xbetak;, k;.,+1—k) variate,
i=p—1,...,1. Alternatively, we can modify the exponential spacings

method, generating W, ~ gamma(k;, —k;_{)i=1,...,p+ 1 (kg =0, k,,, =
n -+ 1) and setting

Xug=WL + -+ W)W, +-+ W)

42. MULTIVARIATE DISTRIBUTIONS

The most common multivariate distribution is the multivariate normal in p
dimensions with mean p and dispersion matrix X. There are two general
approaches to sampling N(u, X).

Suppose I =SST for some px p matrix S. Then if Z,,...,Z,
are independent normal deviates, X =p + SZ ~ N(p, ) [since
EXX — pXX —w)7* = SEZZ"ST = §57]. Such matrices always exist. For
example, the Cholesky decomposition of X is the unique lower-triangular
matrix L with LT = X (Nash, 1979). Then X = p + LZ can be formed quite
rapidly. This decomposition is particularly useful if 7! is specified, for if
LT =X 'thenwecantake S = (L"!)"and form X = p + Y, I’Y = Z. This
triangular system of equations is easily solved.

The other general approach is to generate Y ~ N(0, ) by generating Y,,
then Y, conditional on Y;, and so on. Let A4, be the upper k x k submatrix of
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Z, and a=(Zy); cick-1- Then the conditional distribution of Y, given
W, =(Y,,....Y_ )T is Na"A, ,W,, Z,, —a" A ",a). The vectors a" 4",
and standard deviations . /Z,, —aT A, ! a can be precomputed; 4, ' can be
found from A, !, without full inversion.

The implementation of the conditioning and Cholesky methods differs

only in that
Ye=uZ,+BuZ,+ 4+ B 1.4
for the Cholesky method and
Ye=nZi+ oY+ + 00 Y

in the conditioning method. Thus both require the same time per X, but in
general the Cholesky method will take less time to set-up. However, examples
exist in which one form is easy to derive analytically. (In time series they are
M A and AR representations respectively.)

Comparative studies of these methods include Scheur and Stoller (1962),
Barr and Slezak (1972), and Hurst and Knop (1972). Generally the Cholesky
method is preferred.

Wishart Distribution

Let X, ~ N(p, X), k=1,..., n be independent multivariate normals with a
common dispersion matrix. Let

W o=3 X,X!
1

Then W has a noncentral Wishart distribution W(n, X, A), where A = 3 p;p/.
It arises when considering sample covariance matrices.

Consider first the central case (A = 0). Then W = LVIL' where LI = X
and V =Y Z,Z], so a direct way to simulate V' involves np normal deviates.
We can reduce this load by Bartlett’s decomposition. Let {; ~ xZ,, . i =1,

...p,and g; ~ N(0, 1) for 1 <i <j < p. Then (Exercise 4.3)

V= Vi=e;J/0 + k; £y fOr i <j
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This algorithm is given by Odell and Feiveson (1966) and Chambers (1970).
Smith and Hocking (1972) give Fortran code; they use an approximate
method to generate the x> variates whereas it would be better to use
Algorithm 3.20.

The noncentral Wishart distribution depends only on A, a nonnegative
definite symmetric matrix, Let D = I'T7 be its Cholesky decomposition. Take
My,..., R, as the rows of I, and p; = 0 for i > p. Then

) k
W=y m+LZ)w +LZ)" + Y LZZL"
1

p+l

where the two terms are independent and the second has a W(n — p, Z, 0)
distribution. The first term is L[Y (v, + Z)(v, + Z,)"]L", where Lv, = p,,
and can be simulated using p? normals. This decomposition follows Cham-
bers (1970). Gleser (1976) gives an extended decomposition, which is both
more complex and more efficient. See also Johnson and Hegemann (1974).

Discrete Distributions

In theory, multivariate discrete distributions are no different from any other
discrete distributions; they still take a countable set of values. In practice we
have to approximate this by a rather large finite set, so they provide a severe
test of the standard methods. Bivariate distributions have been considered by
Kemp and Loukas (1978, 1981) and Kemp (1981), and trivariate ones by
Loukas and Kemp (1983). Straight searching is prohibitively slow, but,
provided space is available, indexed, alias, and table methods performed well.
One simple idea for a bivariate distribution (X, Y)on {1,...,L} x {1,..., M}
with P,, = P(X < x) + P(X = x, Y < y) is to use the value of X as an index.
That is, we first search on (P,,) for PX<x-1)<U
£ P(X < x) = P, and then search from P,, to P,, for y such that
P.,.1<UxP

xy*

43. POISSON PROCESSES AND LIFETIMES

A point process in time is a sequence of times of occurrence S, =0, S,, S,,....
{We consider more general point processes in Section 4.6) Let
T, = (S; — S;_,) be the times between occurrences, which we will think of as
lifetimes. For a renewal process the T; are independent, and the “obvious”
way to simulate a renewal process is to construct the partial sums S; of a
sequence of independent samples 7T; from the specified lifetime distribution.
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A Poisson process of rate 4 is a renewal process with exp(4) lifetimes. This
gives one way to simulate it. An alternative characterization is that the
number N, of points in (0, r) has a Poisson (4ir) distribution, and the N, points
are uniformly distributed on (0, ). (If we want the points in order we could
generate an ordered sample by the methods of Section 4.1; using exponential
spacings then nearly recovers the renewal-process approach.)

Consider a heterogeneous Poisson process with rate function A(t). Define
the cumulative rate A(t) = j{) A(s)ds. There are two immediate ways to
simulate such a process. First, sample N, ~ Poisson[A(t)] and then N, points
independently with cdf A/A(r). Alternatively simulate a Poisson process S, of
unit rate. Then (S, = A~ '(S})) is a heterogeneous Poisson process of rate A(t).
This time-change transformation is an analogue of inversion and will
generally be more efficient. [Kaminsky and Rumpf (1977) compare this with
various approximations that are sometimes used.]

There is also an analogue of rejection sampling. Rejecting points in a
Poisson process is known as thinning, an allusion to two-dimensional
processes as models for forests. Lewis and Shedler (19792a) proposed the
following algorithm.

Algorithm 4.1 (thinning). Let (S,) be a heterogeneous Poisson process of
rate function 4, and h a function from [0, x) to [0, 1].

J=0
forI=1ton
repeat
J=J+1
generate U ~ U(0, 1)
until U < A(S;)
$ =8,
next I.

Then (S,) is a heterogeneous Poisson process of rate hi.
Each point of (S,) is retained independently with probability i(S,). Thus
(S;,) has independent numbers of points in disjoint intervals and so is a

Poisson process. To find its rate function, note that

P(some S, e(t, t + At)) = h(t)P{some S,elt, t + A1)
= h(r)A(t)At

so the rate function is h x A.
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A further operation for point processes is superposition, in which the
points of two or more independent point processes are combined. The
superposition of Poisson processes is a Poisson process with rate function the
sum of those of the components. This can be used as an analogue of the
composition principle to split 4 into simpler components before the use of
inversion or thinning.

Lewis and Shedler (1976, 1979b) illustrate these techniques for rate
functions of the form exp(ao + a,t + a,?).

Lifetime Distributions

There is a close connection between lifetime distributions and heterogeneous
Poisson processes. Lifetime distributions are often specified by their hazard
function h(t) = f(2)/[1 — F(t)], so

At~ Pt < T<t+ At <T)

Let H(t) = ﬁ, h(s)ds be the cumulative hazard. Then F(t) = 1 — exp[ — H(1)],
and F(w=H [-Inl-w] H U~U@O,1I, = —In(1 - V)
~ exp(1), so the inversion method for a distribution specified by its hazard is

T =H™(E), E ~exp(1)

Now suppose (S,) is a Poisson process with rate function h. Then §, is a
sample from the distribution with hazard function h, for

P(S,>1t)= P(N, = 0) = exp[— H()] = | — F(t)

Hence we can use any of the methods described for heterogeneous Poisson
processes to simulate lifetime distributions. We have just considered inver-
sion. Superposition leads to

T =min(T,,..., T,), haz(T;) = 4, A+ + A4 =h

and hence tends to be slow. Thinning gives

Algorithm 4.2. Suppose /1 < g, a hazard function with cumulative hazard G.

§=0

Repeat
generate E ~ exp(1), U ~ U(0, 1)
let S=S+E Y=G(S)

until Ug(Y) < h(Y).

Return T = Y.
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This is just I = 1 in Algorithm 4.1 applied to the Poisson process of rate ¢
simulated by inversion. Let N denote the number of exponentials or uniforms
generated. Then (Devroye, 1985)

EN = fl F(OG()dr
O

To see this, let §; be the successive points tried. Then (S;) is a Poisson process
of rate ¢, and (S;, Ug(S;) form a homogencous Poisson process on
U, X0 < x < g(1)}. Thus if T > we expect to reject

J [g(u) — hu)]du = G(t) — H(t)
0

points by time 1. From this
EN =1+ E[G(T)— HT)] =1+ EGT) -1
= f G(e) f(t)dt
{

)

Alternative expressions are

EN = J’ gl — F(n)de = J’ LS hdE < sup<M>
0 0 o)

confirming that if g and h match well then Algorithm 4.2 is efficient.
Devroye (1985) has an elegant modification for densities with decreasing
hazard rates, which he terms “dynamic thinning.”

Algorithm 4.3, Suppose #(0) < x and h is nonincreasing.

T=0

Repeat
bound = W(T)
generate E ~ exp(bound), U ~ U(0, 1)
let T=T+E

until U x bound < i(T).

Return T.

This corresponds to using a point process with rate function i(S,) on [S,,.
S, +1)» which is no longer a Poisson process. However,

Pe<T<t+Ai<TcPU<E+Ty<t+Atlt <E+ Ty) x [h(t)/bound]
= (1 — e "™Ah(1)/bound = h(1)At
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Table 4.2. Timings for the Pareto Distribution®

0.1 0.5 1 5 10 100
Inversion 21 8 6 38 38 38
Algorithm 4.2 oo? b b 32 30 28
Algorithm 4.3 135 60 47 35 31 30

“Milliseconds per random variable in BBC Basic.
®Infinite theoretical mean and large unstable empirical values.

where Ty is the largest value of T less then t. Thus T has hazard function h( )
as required. '

It is not possible to give a general formula for EN for Algorithm 4.3.
Devroye (1985) gives a number of bounds.

Example. The Pareto distribution with f() = a/(1 + t)! ** on (0, o), with
o > 0. Then h(t) = a/(1 + t) and H(t) = a« In(l + ¢), so inversion yields

T=exp(E/a)— 1 =U"1*— 1

for E ~exp(l) or U ~ U(0, 1). The dynamic thinning method can also be
used. Devroye (1985) shows

* -1
EN=1/j e"<1+f) dz<1+at
0 o

For constant hazard ¢(t) = « we find EN = 2aET = a/(x — 1)fora > 1 and
for a < 1. Despite this, Table 4.2 shows little advantage for dynamic thinning,

For an ordered sample of lifetime distributions the obvious methods are to
sort a sample or to use H (E;,), where E, are generated by the sequential
method (Newby, 1979).

44. MARKOYV PROCESSES

Many of the stochastic models of operations research can be regarded as
Markov processes, and Markov models are also used in demography and
population biology. A discrete-time Markov chain with state space S and
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transition matrix P can be simulated in the obvious way:

If X, = s select X, , from the
discrete distribution {p|ie S}.

It may be worth setting up index search or alias tables for the rows of P, or at
least those more commonly visited if S is large. One could, for example, set up
alias tables for row s on the first visit to s.

An alternative is to compute T, the time to the next jump, then X, . . The
wait T, has a geometric distribution with parameter p if X, = §,and X, 1,
has the discrete distribution {p,/(l — p,)1ieS\ {s}}. This is likely to be
faster at the expense of program complexity.

Continuous-time Markov chains can be simulated in the same way. Let 1,
7,.... be the sequence of times between jumps, and J,, J,,... be the sequence
of states visited. Then we can reconstruct the process from (J,, 7,) (technically
only up to the “first infinity”). Furthermore, conditional on (J,,...,J,,
Tgs---2Th—1) T, IS exponentially distributed with rate ¢, , and (J,) is a
Markov chain. Thus we can simulate the continuous-time process by
sampling an exponential time to the next transition, then sampling the next
state from the J,th row of the transition matrix J of (J,). Here J,, = ¢,./¢, and
J,, = 0. A formal version of this construction is given by Freedman (1971,
Theorem 7.33).

Looking at a process in this fashion is known as discrete-event simulation.
It may well be possible to obtain all the information we need from (J,)
without knowing (7,). For example, in the queueing model for a bank
discussed in Chapter 1 we might suppose that a customer leaves in disgust if
the queue to which he or she is assigned already contains 10 or more
customers. Then we can find from (J,,) the proportion of customers who leave.
It is also true for a wide class of queueing models that the equilibrium
distribution of the process does not depend on the distribution of (z,) (Kelly,
1979), so we may as well take 7, to be discrete.

Although many models are Markov or have embedded Markov chains (a
series of times at which observations form a Markov chain), this is not the
most natural way to view a queueing system. The system is specified by what
happens to customers and servers, and discrete-event simulation languages
such as SIMSCRIPT, GPSS, and Simula work with descriptions in these
terms. They are described and compared in Fishman (1978a) and Bratley et
al. ((1983). Hordijk et al. (1976) discuss some of the theory.

4.5. GAUSSIAN PROCESSES

Gaussian processes on T = R? are stochastic processes all of whose joint
distributions are jointly normal. That is, a random variable X(z) is defined for
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each reT, and X(t;),...,X(t,) have a multivariate normal distribution for
each r-tuple (¢,,...,t,) and each r.

One will only need to sample a stochastic process at a finite number of
points, so a sample from a Gaussian process is just one from a multivariate
normal distribution. However, the number of points can easily be 1000 or
10,000, in which case one faces the decomposition of an n x n matrix for n of
the order of 10* or 10* This is computationally prohibitive. More efficient
methods can be found using stationarity.

Consider first time series models, with T = {1,2,3,...}. An M A(q) process
is defined by

X,=E,+[))18,,1+"‘+ﬁq6,-q (1)

where ¢, ~ N(0, a?) independently for te{—¢q, —q + 1,...}. This can be
simulated straight from the definition (1). An AR(p) model has

Xl:ale*1+“.+ale—p+£! (2)

In this case we need to specify X ,,..., X, to start the recursion. Since thisis a
Gaussian process, (X4,...,X,) ~ N(0, ) and we only need to find the
dispersion matrix X. This is done using stationarity, for X is the dispersion
matrix of

_ - . ar -
X, “1 ‘ ‘ N 0(,, X171
. 1 .
= + & (3)
_X'“*PJ L_O R O_j _X,,,,J
SO
g? 0
T =ATAT +
o - -0

where 4 denotes the p x p matrix in (3). This system is solved to find the
symmetric matrix Z. [See, for example, Gardner et al. (1979).] Alternatively
one could set X =+ = X, = 0 and run (2) for long enough to settle down
to equilibrium. This can be quantified, for the effect of the initial conditions
decays as 0 ‘. where 0 is the smallest modulus of a root of
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z’ — o,z "' — -+ — a,. By combining the ideas for AR and M4 processes
one can simulate ARM A processes.

The continuous-time analogues of ARMA models (linear stochastic
difference equations) are stochastic differential equations and Brownian
motion. Like ordinary differential equations these can be solved by discret-
ization into small time steps, so the increments of Brownian motion become
independent normal variates, and Brownian motion itself is approximated by
a random walk [see Rao et al. (1974) and Platen (1981)]. There is one useful
dodge that can be used to reduce the time step where necessary. [For
example, Knuth (1984).] Suppose B(t) is Brownian motion with
var[ B(t)] = o?t, and B(nt) and B(nt + 1) have been found. Define

Y(s) = [B(nt + st) — B(nt)] — s[B(nt + 1) — B(n1)], 0<s<l

Then knowledge of the Y process would allow B(r) to be filled in on (nz,
nt + 1). The process Y is a Brownian bridge. To simulate a Brownian bridge
one can reverse the process; let W(t), 0 <t < 1, be a random-walk approxi-
mation to Brownian motion and let W(t) = ¢[W(t) — tW(1)]. Then W, is a
Brownian bridge (Exercise 4.7).

A Gaussian process on R? is specified by its mean function m( ) (which we
will assume to be zero) and covariance function C(x, y). Under the
assumption of stationarity under transiations we have C(x, y) = C(x — y, 0)
= c(x —y), say. If in addition the process is stationary under rotations
(isotropic), c(h) is a function of the length of h only, so C(x, y) only depends on
the distance between x and y. There are few direct ways of simulating a
Gaussian process with a specified covariance function. If we can simulate any
process with covariance function C, we can obtain an approximation to a
Gaussian process with the same covariance function by averaging a number
of realizations of the non-Gaussian process and relying on the central limit
theorem.

Zubrzycki (1957) took a Poisson process of rate 4 on R? and centered a
disc of radius R about each point. Then Z(x) is the number of discs that cover
x; it has an isotropic covariance function which decays to zero at 2R.
Sironvalle (1980) allowed R to be random, chosen independently for each disc
from a distribution F. On R?

r) = ijf[x?zcosﬂ (—;) - %(x2 - rz)”z] dF(x)

SO
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and
2 [ (s)yds
‘“F"’—;zf, —

This will not give a distribution function for arbitrary ¢, but will do so for
many covariance functions if 4 is chosen appropriately. This clearly gives a
non-Gaussian process, but averaging independent copies amounts to taking
2 large and considering A7 ' X ,.

Another approximate method for isotropic covariances is the “turning
band” method of Matheron (1973). Simulate a stationary process Z, on R
with covariance function ¢,. Select a random rotation O in R% and define
Z(x) = Z((Ox),). This is a stationary isotropic non-Gaussian process with
covariance function

cior)(t — o) Iy (4)

2I(d/2) j‘

VAl d — U]

We need to invert (4) to find ¢, from ¢. [There is always a suitable ¢, (Ripley,
1981, pp. 12-13).] This is particularly simple for d = 3 when

0

d
AGE p [re(r]

Again averaging is needed to produce an approximately Gaussian process.

The turning bands method needs samples of stationary processes on R'
and we have as yet seen few examples. Solutions of stochastic differential
equations provide one possibility; another is to generalize moving average
processes to

X(x) = J k(x — y)dB(y) )

or

X(x) = j k(x — p)dN(y) =Y klx — y;) (6)

for Brownian motion B or a Poisson process N with points {y;}. Both have
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the covariance function
o(x) = J k(x — u)k(u)du (7)

but (6) has a nonzero mean and is non-Gaussian. The stochastic integral (5)
will be approximated by a sum of the form

X(x) =) k(x — nde,

where ¢, ~ N(0, d), independently for each n. This is a convolution and so can
be evaluated rapidly at {x = ré} via Fast Fourier Transforms.

To do so we regard X; = X(jé) as a stationary process on {0,...,N — 1}
with addition mod N. Then if

N—-1
X;= Z k(jo — ro)e, (8)
r=0
and we define k; = k(jo mod N§), then
Xj = ;kj—sgs
Let X and & be discrete Fourier transforms of X and ¢, so
N-1 N
X’ = Z elnur/ij
i=o
— ZeZnijr/Nij_sgs — ZBSZeZnijr/Nkj_s
7 s s ]
- ngZeZnir(s—k)kk — k~rér
s k

We can obtain (X ) from (X,) by
Xj — N—l Z e-Znijr,xNX"r
This gives us a rapid way to evaluate (8). Form (k,) in advance. Generate

(€0s--.»&x- 1), form (&,) then (X,) and (X;). It N is a power of 2 the Fourier
transforms can be calculated via the Fast Fourier Transform. In fact, we can
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generate (8,) directly. Let
&E=U+1il

Then Vo, =0, Uy_, = U, and Vy_, = —V,, giving N linearly independent
variables (Us,...,Uy/2, V;,..., Vy;2-1) provided N is even. These are also
statistically independent, normally distributed with variance Nd/2 except Uy,
which has variance No.

We have some freedom in this construction, for (7) does not determine k( )
completely. All we have is ¢ = |k|2. Thus we may without loss of generality
take k, = k_, = \/E [Here ¢ is the spectral density of (X;).] This gives the
following algorithm.

Algorithm 4.4. Covariance function ¢(rd) specified, r =0,...,N/2 — 1 for
even N.

1. Formcg,....cy_ byc,=c(rd),r <N/2—landcy_, =c,.
2. Form & and ¢, = /¢, s =0, N — 1.

For each simulation of X(0),..., X((N — 1)d)

1. Sample Uy~ NO,No), Uy,.... Uyy ~NO.N6/2), Vi,.oo,Vy-
~ N(O, N§/2).

2. LetUy ,=U,r=1..,N2-1
Let 1Vy=Vy, =0 Vy.,= -V, r=1... N2 -1

3. Forj=1,....N—1let

N-1t
X(o)y=N "1 Y eV, + iV,)¢, |
0

via a Fast Fourier Transform algorithm.

This method will generate any stationary Gaussian process on
10,...,N — 1} and approximates any stationary Gaussian process on R. The
circularity will give a poor approximation unless No » range of ¢. Davis et al.
(1981) give Fortran code to implement this algorithm. (Lines 1400 and 1670
1700 ensure X = 0 and should be omitted, and a better normal generator
used.)

4.6. POINT PROCESSES

Section 4.3 considered only Poisson point processes on [0,00). Renewal
processes can be simulated directly from their definition as partial sums of
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independent lifetimes. Sometimes we will want a renewal process in equilib-
rium (that is, starting observation at an arbitrary time, not at an event). Let T;
be the time from beginning observation to the first event observed, and T3,
Ty, ...subsequent inter-event times. Then T has a different distribution from
T,, with density

d() =%[1 — F(t)] on (0, «)

where F is the cdf of T,, and u is its mean. Thus to simulate the process on
(0, 0) we sample T, from d, then T;, T;,...from the normal lifetime
distribution.

Another approach is necessary to simulate an equilibrium renewal process
on (— o0, o). Clearly 0 will belong to a lifetime with probability proportional
to the length of the interval. Thus the interval (T_,, T;) containing zero has a
length with pdf ¢ f(t)/u and is uniformly distributed about zero. Once T_, and
T, are established the simulation is completed both forward and backward in
the obvious way.

Most other models of point processes in time can be simulated directly
from their definitions. [See, for example, Cox and Isham (1980).]

Stochastic geometry and spatial statistics (Ripley, 1981) make use of point
processes on quite complicated spaces. Most specific models are based on the
Poisson process. The only construction from Section 4.3 that can be
generalized to points on the plane is that which distributes N, points
inependently on (0, t). For very general spaces X we can define a Poisson
process N with mean measure A by

(i) N(A) is the number of points in the (measurable) subset 4 < X.
(i) 1If {A4,} are disjoint, {N(A4,)} are independent.
(iii) N(A) ~ Poisson [A(A)].
(iv) Conditional on N(A) =n, the n points in A are independently
distributed with distribution A/A(A).

Some of these properties make sense only if A(A) is finite. Since we will
only be able to simulate a finite number of points, we will confine attention to
A < X with A(A) < w. The properties (ii)) and (iv) give a direct way to
simulate the process on A. It may be difficult, however, to sample from the
multidimensional distribution given at (iv). In this case we could partition
A=A,0-"UA,, A;n A; = I, and use property (ii) to simulate independ-
ently on each A;. Then A may be more nearly uniform on 4; and so easier to
sample. Figure 4.1 shows a simple example. The thinning method also
generalizes in an obvious way.

Poisson cluster processes are defined by replacing each point of a Poisson
process with an independent group of points. Cox or doubly stochastic
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A

Az

Aq

(a) (b)

Figure 4.1. Subdividing a region A for a Poisson process. In (a) one samples points in the outer
rectangle, for (b) for 4,,..., A, in turn,

Poisson processes are Poisson conditional on the realization of the random
mean A. Both may be simulated directly from their definitions.

Gibbsian point processes, which are often used as models for regular point
patterns, pose more difficulty. Again we confine attention to a set A < X for
which P(N(4) < ) = 1. Then we can specify the distribution of the N(A)
points by the { P(N(A) = n)} and the pdfs f, of points (x,,...,X,), conditional
on N(A) = n. Unfortunately f, may be far from constant and of an intractable
form. Consider, for example, n points in R distributed at random in the unit
ball, conditional on no two points being closer than r. Rejection sampling is
possible in theory but may be phenomenally inefficient (Ripley, 1977, p. 179).
An obvious alternative is to generate x,, then x, conditional on x,, and so
on. However, in our example we do not even know the marginal distribution
of x,. Fortunately f, is known to be the equilibrium density of a space-time
process that is easy to simulate (Ripley, 1977, 1979).

The density f, cannot depend on the order of x,,...,X,, since this order
has no physical meaning. We just assume that f(x,|X,,...,X,_,) is known.
Consider the following algorithm.

Algorithm 4.5, Start with X,,...,X, as any set of points with
f[i(X,,....X,)>0.

For step = | to large number
Generate U. Let k =1 + int[NU].
Generate X from f(X|X,,.... X, . Xi+ 1.5 X0)
Replace X, by X.

It can then be shown under very mild conditions on f, (for example, f, > 0
suffices) that the limiting distribution of (X,...,X,) has density f, (Ripley,
1979; Lotwick and Silverman, 1981). How large the number of steps needs to
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be depends on f,, but usually 10n steps will suffice to eliminate the initial
conditions, and samples taken 2n—-4n steps apart are virtually independent.

Algorithm 4.5 can be thought of as a spatial birth-and-death process in
which deaths and births alternate. More general processes of this type cover
the cases in which P(N(A4) = n) is unknown (Preston, 1977).

4.7. METROPOLIS’ METHOD AND RANDOM FIELDS

The idea of using a Markov chain to simulate a complex system (as for a
point process in Section 4.6) has been used extensively in statistical physics
following the early work of Metropolis [in Metropolis et al. (1953)]. We will
set out a general framework and illustrate it with the simulation of random

fields.

Suppose we have a system with a large but finite number of states, and we
wish to sample from a distribution that gives state j probability n; > 0. A
Markov chain with transition matrix P will have equilibrium distribution = if
and only if

nT=x"P 9)
and this chain is reversible if and only if the detailed balance conditions

are satisfied (Kelly, 1979, Section 1.2). It is easy to see that (10) implies (9), for
(TZTP)j = Znipij = Z ipji

= ”jgl’ﬂ =T

To sample from n we select a Markov chain with transition matrix P
satisfying (10) and run it until it appears to have settled down to equilibrium.
A general way to choose P is

Algorithm 4.6 (Metropolis). Choose a symmetric transition matrix Q. At
each step select j from Q,.. and move from i to j with probability min {1, 7;/7;}

otherwise remain at i.

This defines

—_ in ! !
pij =min{l, n;'m;}q;;
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for j # i and

Pi=dqut Z‘max{O, 1 —my/m}q;

FEZ]
for which (10) holds, for

Tpi = min{m;, nj}qij

— i 1 —
= min{n;, 7;}q; = T;p;

There remain the questions of uniqueness and convergence to the unique
equilibrium distribution. The equilibrium distribution will be unique if P is
irreducible. However, p;; > 0 if and only if g;; > 0, so P is irreducible if and
only if Q is. The distribution of (X,) will converge to n if P is aperiodic. Note
that p; > 0 unless both g;; = 0 and n; > &, for all states j with ¢;; > 0. If for
one of these states m; > m;, then p;; > 0. Thus except in the trivial case of
constant 7;, at least one p;; > 0, so the state j and hence the whole chain is
aperiodic. Thus a sufficient condition if 7 is not constant is to check that it is
possible to move from any state to any other under Q.

Other prescriptions of P have been proposed. Barker (1965) replaced
min{l, 7;/n;} by the smaller quantity n;/(n; + n;). Again

T
n+ 7

Tipij = qij = m;p;; fori#j

so (10} holds. (In this case P is always aperiodic.) Hastings (1970) gives a
parametric family of prescriptions that includes both Barker's and Metro-
polis’ methods. Peskun (1973) shows this is inferior to Metropolis’ suggestion
for estimating E_ f(X) by the average of f(X,). This says little, however,
about the rate of convergence of X, to equilibrium. (Metropolis’ method is
better than Barker’s principally because it makes more transitions, so the
average is over more independent terms.)

Markov Random Fields

Consider a process that takes one of k colors at each of a set of sites. These
sites will be related by a graph structure, for example, sites on a square lattice,
so ¢ach site has a number of neighbors. The process is specified by giving the
joint distribution of all the random variables (xs€S). A Markov random
field has the special property that P(x, = color|x,. s # ¥} = P(x, = color|x,. s
a neighbor of r) for each site. In words, the conditional distribution at a site
given the rest depends only on the values at the neighboring sites.
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Such processes are specified by giving these conditional distributions, with
the result that the joint distribution is known only up to a normalizing
constant (Kelly, 1979, Chapter 9).

As an example, consider a binary process on a M x M lattice with colors

white and black. We can define

n

1+ €

P(x, = black | rest) =

where

n = B(number of black neighbors — number of white neighbors)

This corresponds to the joint distribution

P(x, " Xy ) = const exp{f 3 1(same color)} (11)
neighbor
pairs of sites

but the constant cannot be written in any simple form.

This is an ideal problem for Markov chain methods, which only depend on
n;/n;. We can choose Q so that g;; > 0 only if i and j are states that differ in
value at a single site. If this site is r, then

7; _ P(x, = new color]rest)

m P(x, = old color|rest)

which is easily computed for a Markov random field. For example, we might
select Q by choosing a site at random and changing its value to a randomly
chosen color (not necessarily excluding the current color). This is clearly
symmetric and irreducible so Algorithm 4.6 can be used.

Barker’s method for a bhinary Markov random field can be expressed
rather more simply. At the chosen site x, = black or white so
n; + n; = P(x, = white, rest) + P(x, = black, rest) = P(rest) and

n; _ Plx, = new color, rest)

= = P(x, = new color|rest
M+ 7 P(rest) x, Irest)

The method thus reduces to choosing the new color at r from the conditional
distribution given the neighboring values. This can also be considered for
k > 2. Geman and Geman (1984) called this variant the “Gibbs sampler.”
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Yet another method based on Markov chains is Flinn’s (1974) “spin
exchange” method. Two sites are selected at random and the interchange of
their values considered, being performed with probability n;/7;. Suppose r
and s are the sites selected. Then

_ P(x, = old x,Jrest)P(x, = old x/|rest)

P(x, = old x,|rest)P(x, = old xjrest)

provided r and s are not neighbors. If r and s are neighbors, the conditional
joint distribution of x, and x, must be evaluated. For example, from (11) we
find

P(x, = white, x, = black | x,, t #r, s)
P(x, = black, x, = white|x,, t #r, 5)

= exp f(W, — B, + B, — W)

where W, and B, are the numbers of white and black neighbors of r excluding
s, and W, and B, analogously for s excluding r. This method was used by
Cross and Jain (1983) to simulate models of image textures (apparently
without considering the neighbours problem). The Markov chain produced is
only irreducible over the set of states with the same marginal distribution.
For example, the proportion of black sites is unchanged. Thus the method
produces a conditional simulation of a Markov random field given the
marginal distribution of colors.

Many of these methods have versions in which the site to be altered is
selected systematically. (In an image made up of an M x M lattice of pixels
one might scan the pixels in a TV-scan.) We no longer have a stationary
Markov chain. Convergence to a Markov random field as equilibrium
distribution can be shown from the theory of nonhomogeneous finite
Markov chains or by direct arguments,

The only evidence for preferring one of these methods to another is
empirical. Folkore generally prefers systematic scans of the sites and the
“Gibbs sampler™.

EXERCISES
4.1. Show by direct calculation that the joint distribution of (V... .. I,) has
pdf n! on O<tv, <vy< <, <1, where V,=S/S,., and

Si=E + -+ E_ E; ~exp(l).
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4.2.

4.3.

44.

4.5.

4.6.

4.7.

Consider various methods to simulate

(i) the interquartile range
(ii) an a-trimmed mean (the mean excluding X,,..., X, and
Xn +1-[na],.... Xn)
(iii) a trimean (a weighted average of the median and upper and lower
a-percentile)
from a Cauchy distribution.

Prove that Bartlett’s decomposition for the Wishart works. [Let Z be
the n x p matrix with row k = Z,. Then V}; is the inner product of
columns i and j of Z. These columns are independent and have a N(0, ])
distribution, so the distribution of Wwill be unchanged by rotations of
the columns in R". We can reduce Z to upper-triangular form by
rotations. Then V' has the required form and the diagonal elements are
the lengths of N(O, I,,,, ;) vectors.]

Simulate a Poisson process on (0, 1) with rate function exp(a + ft) by
several methods and compare them [cf. Lewis and Shedler (1976)].

Use thinning to simulate a Poisson process with rate functions 4, +
a sin wt, using pretesting. [A(t) = 4, — « is obvious but better pretests
are possible.]

Simulate the queueing system of Chapter 1 with one of the disciplines
given there, and customer baulking at queue size 10.

Brownian motion B(t) on [0, o) has C(s, 1) = min(s, t). Brownian bridge
B, on [0,17 is defined as the distribution of B(t) conditional on B(1) = 0.
Show B, has C(s.t) = s(1 — 1) for s < t and that this is also true (up to a
scale factor) of B(r) — tB(1) on (0, 1) as well as the process Y( )defined in
Section 4.5.
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CHAPTER 5

Variance Reduction

Careful design of a simulation experiment can almost always improve its
effectiveness for a given cost, or reduce its cost for prescribed effectiveness.
That is, the cost in computer time, for it is possible for the thought in the
design process to outweigh the savings (as is the case for all the examples of
this chapter). This suggests that we should be looking for variance reductions
of at least a factor of 2 and preferably 10 or more. Another factor to bear in

mind is the ubiquitous 1/\/; law of statistical variation, so to reduce the
standard error of an estimator by a factor of f one needs to increase the size
of the experiment by around f2. This means that large increases in computer
power are needed to produce relative modest increases in precision. Another
consequence is that it is conventional to quote variance reduction, not
standard error reduction, as the cost reduction should be roughly pro-
portional to the variance reduction.

How then can we achieve appreciable variance reductions? Many of the
standard techniques are adaptations of ideas from sampling theory or the
design of experiments. Both these subjects are of interest for simulation and
can help suggest further dodges. Many techniques fall into one of the
following categories.

(a) Importance sampling. This involves using a distribution different from
the one specified in the problem, and is used to place samples where they will
be most beneficial. It is closely related to stratified sampling.

(b) Control and antithetic variates. Both are devices to exploit corre-
lations. Antithetic variates are deliberately induced to have negative corre-
lations, which reduces the variance of their mean over that of independent
samples. Control variates is regression estimation in sampling; the sample
values of the variable under study are regressed on those of other variables of
known mean.

(c) Conditioning. Exploiting the conditional structure of a problem may
help us do some of the averaging analytically. We saw an example from
Andrews et al. (1972) in Chapter 1.

118
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(d) Common variates. This entails reusing the random-number stream
during the experiment and is usually an example of the idea of “blocks” from
the design of experiments.

Simulation has a colorful language, and variance reduction techniques,
especially clever ones, are often known as swindles. Presumably it is nature
that is being swindled, but she frequently gets her own back. Variance
reduction swindles quite frequently do not work, especially when more than
one idea is tried simultaneously. Even when variance reduction is achieved it
may be at the cost of a much more complicated analysis of the resulting
experiment because of the correlations induced. Variance reduction obscures
the essential simplicity of simulation, which may help explain its lack of use.
Despite all these caveats there is a clear responsibility on simulators to think
about variance reduction when conducting a large simulation study.

5.1. MONTE-CARLO INTEGRATION

The object of any simulation study is the estimation of one or more
expectations of the form E@(X). (This may not be obvious at first sight, but
even a cumulative distribution function is a collection of expectations.) Thus
we can regard the problem as evaluating a frequently complex and high-
dimensional integral. It is not then surprising that simulation has been used
to estimate integrals with no mention of a stochastic model. This is known as
Monte-Carlo integration and is one of the most fruitful fields for variance
reduction techniques.
Suppose we wish to evaluate

0= J d(x)f (x)dx ¢y

where x could be multidimensional (but will be scalar in all our examples).
For scalar x the usual way to evaluate 8 will be analytically or via numerical
integration. If xeR?, we can use repeated integration, but this will be
awkward if {f > 0} n {¢ > 0} is a complex shape. In higher dimensions the
problems of applying numerical integration formulas become worse, and
Monte-Carlo integration becomes the preferred method.

In contrast, Monte-Carlo integration is as easy in 10 dimensions as in 1.
Suppose (without real loss of generality) that f is a pdf. Sample X ,,..., X,
independently from f and form

9=n"$¢(xi)
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Then 8 estimates 0, for E0 =n"' Y E¢(X,) = E(X,) = [ ¢ fdx. However,
var(f) = n! f {p(x) — 0} (x)dx

so the precision of B is proportional to 1 /\/;1. This contrasts markedly with
numerical integration, which can use n points to achieve a precision of O(n~#)
or better. Although we cannot alter var(d) = ¢/n, we can try to reduce c.

Example. Let 0 = P(C > 2), where C is a Cauchy deviate. The “obvious”
way to estimate 6 is to let f = t/m(1 + x?), the Cauchy density, and
¢(x) = I(x > 2). This amounts to generating n Cauchy variates and taking 0
as the proportion greater than 2. We know

0=1—-F2)=%1—7""'1an 2z 14.76%

Also nf ~ binomial(n, 0) so var(0) = 6(1 — 0)/n ~ 0.126/n. We will use this as
our reference value for variance reductions.

It is only slightly less obvious to compute 6 = 1P(|C| > 2) by taking
$d(x) = LI(]x| > 2). This gives 2nf ~ binomiai(n, 20), so var(f) ~ 0.052/n, a
variance reduction of 2.4 times.

Another idea is to note that

1 -20= jz f(x)dx = 2j2f(x)dx
-2 4]

and apply Monte-Carlo integration with X; ~ U(0,2) and ¢(x) = 2f(x). This
gives var() ~ 0.028/n. Alternatively, note that for y = 1/x,

o 1 1/2 y_zdy 1/2
0= R E— = _ = d
L n(1+x2)dx JO TR jo Sy

a coincidence! Using X;~ U(0,%), ¢(x)= f(x)/2 gives var(f—)=~
9.3 x 10~ %/n, a variance reduction of 1350.

This gives us four forms of the problem without using any of the general
techniques. Table 5.1 illustrates the variance reductions obtainable. The
largest value corresponds to var(d) ~ 1.1 x 10~ °/n and removes the need for
the experiment. This example is of course rather unrealistic as the answer is
known or could have been found easily by numerical integration. O
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Table 5.1. Variance Reductions Obtainable for 0 = P(C > 2)

0

P(C>2) P(C| > 2) 1-f3s §o%f
Straight 1 2.4 20 1350
Hit-or-miss — — 1.6 —
Importance 1350 — — —
Control variates — — 7400 1.1 x 108

Antithetic variates 2.4 18 24 12

There is an even less efficient version of Monte-Carlo integration known as
“hit-or-miss Monte-Carlo.” Consider a bounded function ¢ on (a, b), with
0 < ¢ <c. Then 8 is the area under the curve, and can be estimated as
¢(b — a) times the proportion under ¢ of [a, b] x [0, c]. Let U ~ U(a, b) and
V ~ U(0, ¢). Then

0 = clb — a)P(V < ¢(U))
Take n independent samples (U;, V;) and let @ be c(b — a) times the proportion
with ¥, < ¢(U;). Then Ef =6 and var(d) = 6[c(b — a) — 6]/n. Table 5.1
shows that in our standard example var(f)) > var(f), and this is true generally.

Theorem 5.1. Suppose 0 = [2p(x)dx with 0 < ¢ < ¢. Then var(f) < var(d)
with equality only if ¢ = ¢, when var(f) = 0.

PROOF.
b
n var(f) = f d(x)*(b — a)dx — 02 taking f uniform on (a, b)
b
< CJ‘ PxXb — a)dx — 02
=c(b — a0 — 0° = nvar(d)

with equality only if ¢ = c. O

This shows hit-or-miss should never be used, although it sometimes is.
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5.2. IMPORTANCE SAMPLING

The idea of importance sampling is related to weighted and stratified
sampling ideas in sampling theory. Suppose we wish to estimate 6 = E¢(X)
for an observation X on a random system. Then some outcomes of X may be
more important that others in determining 8, and we would wish to select
such values more frequently. A simple example is to take € as the probability
of the occurrence of a very rare event. Then the only way to estimate 6 at all
accurately may be to produce the rare events more frequently.

Suppose we simulate a model which gives pdf g to X rather than the
correct pdf f, and both pdfs are known. Then if we let ¢ = ¢ f /g,

Bp=n"'YWX), Xi~g

is an unbiased estimator of 8. This is a weighted mean of the ¢(X;) with
weights inversely proportional to the “selection factor™ g/f. We have

var(@,,) = n’f{'ﬂ(x) — 0} ?g(x)dx =n"! j(d’_f - >29 dx

g

which can be much smaller than var() provided g is chosen to make ¢ f/y
nearly constant. It is easy to show that var(?)g) is minimized by g oc [¢ f|
(Exercise 5.3), but this is impracticable. It does however give us an idea of how
to choose g.

Consider our standard example, 8 = P(C > 2). We select g so that
{g>0}={lof1 >0} ={x>2}. On x>2, f(x) is closely matched by
g(x) = 2/x*. We can easily sample from g by inversion to get X = 2/U. Then

Y(x) = 2f(x)/g(x) = 2x*/n(1 + x?) = 2/a(l + x " ?)

and X 7! ~ U(0, $). Thus importance sampling here reduces to Monte-Carlo
integration of {¢'* f(y)dy.

Example (Siegmund, 1976). Let X,, X,,...be independent identically
distributed random variables with partial sums §, = X, +--- + X,. For
a<0<blet

T =min{n|S, < aor S, > b}
The theory of sequential tests needs probabilities such as 8 = P(Sy = b).

Siegmund showed how importance sampling could be used to estimate 8
more precisely.
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Table 5.2. Results of a Simulation Experiment to Find 0 = P(S; = b) for
T=min{nS, <a or S,=b} with S, =X, +-++X,, X;~N(p, 1) and
a=—-4,b="7

U Directd s.e. 2 s.e. Variance
Reduction
0 0.389 0.0049 0.389 0.0055 1
—0.1 0.149 0.0035 0.147 0.0010 12
-02 0.041 0.0020 0.0412 1.8 x 10°# 110
-03 0.011 0.0010 0.00996 38 x10°° 750
—0.5 0.0005 0.0007 0.000505 23 x 1076 9,600

For simplicity, consider X; ~ N(u, 1). By symmetry we need only consider
u <0 [If u >0, estimate § = 1 — P(S; < a).] Importance sampling should
increase the chance that §; > b, which we ought to achieve by taking a new
mean v > 0. Choosing v = —py gives both algebraic simplicity and a certain
optimality (loc.cit.) Then the ratio of the pdfs is exp(2uS7), so the estimator of
6 under importance sampling is

G=n"'3Y I(Y; = blexp(2uY))

where Y, are independent realizations of S;. The summand is less than
exp(2ub) (remember u < 0), which helps explain its reduced variability. Table
5.2 shows the results of a small experiment witha = —4, b = 7, and n = 10*.
Using importance sampling made negligible difference to the total cost.

Siegmund gives a further idea for a = —b. Then for X; ~ N(—y, 1) both
ISy = b) expRuSy) and I(S; < —b) have mean 6 and they should be
negatively correlated. This suggests

0* = (1 — ISt = blexpuS+) + AI(S; < —b)
with 4 chosen to approximately minimize var(6*). This is similar to the ideas
of Section 5.3. ]
5.3. CONTROL AND ANTITHETIC VARIATES
Both control and antithetic variates aim to reduce the variability of an

estimator by using two quantities that vary together. Suppose we wish to
estimate § = EZ for some Z = ¢(X) observed on a process X. A control
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variate is another observation W = y(X), which we believe varies with Z and
which has a known mean. We can then estimate § by averaging observations
of Z — (W — EW). A simple example is to estimate the mean of a sample
median using the sample mean as contro} variate. Antithetic variates come in
pairs. Suppose Z* has the same distribution as Z but is negatively correlated
with Z. Suppose we estimate 8 by & = 3(Z + Z*). Clearly 8 is unbiased, and

var(f) = [2 var(Z) — 2 cov(Z, Z*)]/4
=4 var(Z) [1 + corr(Z, Z*)]

Thus we will obtain a more precise estimator from » pairs (Z, Z*) than 2n
observations of Z provided corr(Z, Z*) < 0. It might be cheaper to observe
(Z, Z*) than observe Z twice, in which case we gain even more.

Example (Rothery, 1982). Suppose we wish to compare the power functions
of two hypothesis tests S and 7. (Here S and T denote the indicator functions
of the critical regions, so power = ES.) If the power function of T can be
found analytically, we can use T as a control variate. If S and T are
comparable in performance, we will frequently have S =T =0orS=T = 1.
Rothery found variance reduction factors of 2—6 in his example. O

The theory as presented above is straightforward. The problem arises in
identifying suitable variates. Generally we will have more than one candidate
for a control variate, and only know that Z generally varies with each W,.
This suggests

0=2-B,(W, — EW,)— - — B,(W, — EW,)

as an unbiased estimator of 6. The coefficients f are chosen to minimize
var(). Consider first the case p = 1. Then

var(d) = var(Z) — 2B cov(Z, W) + B2 var(W)

so we should take f§ = cov(Z, W)/var(W). It is unlikely that we would know
cov(Z, W) and not E(Z), and we might or might not know var{W). Replacing
cov(Z, W) and var(W) by their sample equivalents amounts to regressing the
observations of Z on the observations of W. The general case is similar and
leads to multiple regression of Z on W,, ..., W,.

This is not a standard regression problem because we have random
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regressors W,. Thus we do not necessarily obtain an unbiased estimator of ¢
or var(f) by standard regression methods. However, if the coefficients j; are
found by a preliminary experiment and are held fixed, we will obtain
unbiased estimators, for if W; = W, — EW,,

=n '[EZ ~ Y fEW))] =0
) = Z—ZBJW;'
var@) =n 'E(Z - Y B;W,)?

EY(Z,— Y BW

so n 2RSS is an unbiased estimator of var(d).

Example. We return to our standard example in the form 0 =1 jo f(x)dx.
Expanding f(x) = 1/a(l + x?) suggests control variates x> and x% A small
regression experiment gave

0=1—[f(X)+0.15X?*—8/3) — 0.025(X* — 32/5)]

and var(d) = 6.3 x 10~ */n. Plotting f(x) and this quartic suggests that we
would do better by including terms in x and x*. Doing so reduces var(d) to
3.8 x 10~ %/n, a variance reduction factor of 7400.

We can also apply control variates to 6 = {{/* f(x)dx. Fitting x* and x* we
find

0= f(X)+0312(X2 — 1/24) — 0.233(X* — 1/160)

which gives var(d) ~ 1.1 x 10~ %/n. In other words, 8 is effectively constant,
and one sample will give an accurate enough approximation to its value.

ad

We can explore further the properties of control variates by assuming joint
normality of (Z, W,,..., W,). Many control variates are sums or averages, so
this may not be an unreasonable assumption. We will also assume that
EW, = 0. How much do we lose by estimating B in a prior experiment? By
joint normality there is an independent variate U and coefficients f8; such that

Z=0+U+)YpW,=0+U+wp
where w = (W,,..., W,). Clearly wp is the optimal control leading to

var(d) = o2/n = var(Z|w)/n
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If B is estimated by B
var(@|p) = n~! var(Z — wi)
=n"" var(U — w(f — B))
=n""'[o} + var(w(p — B))]
by the independence of U and w. Clearly
E@P) =E(Z—-whpl=0—-0B=0
Consider p = 1. Then
var(d) = 62/n + n~ Lok var(f)
Suppose f was estimated from ¢ runs. Then
B=3 (wi—WZ/y (w; — W)
var(fl{w;}) = ab/Y (w; — %)
var(B) = oZE[1/Y. (w; — w)*]
and Y (w; — w)2 ~ of 1l ¢, SO
var(f) = ag/af(t — 3)
var@) = ein '[1 + (t — 3)7']

Now suppose p > 1, and let W be the t x p matrix of observations of w — w
in the preliminary experiment. We find

p=WIw)"'wTz
var(B|W) = aj(W'W)~!
var(B) = o=/t — p — 2)

where I is the covariance matrix of w (using properties of the Wishart
distribution). Thus

var(0) = oin '[1 + EWZ 'wh)/(t — p — 2)]
=opn '[14 p/(t —p—2)]

oyt —2)
Tnt—p-2)

The loss is thus negligible provided ¢ > p.
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Now suppose P is estimated from the n observations of the actual
experiment. That is, we fit

Z;=0+wp
from n observations by a regression. Then
B=n'Y[Z,—wpl=n'Y[U;~w@B-P]+0
sO
E[Bi{w;}]1=10
and
var(f){w;)) = a2(X"X){ !
where the rows of X are (1, w;). Finally,
8 ~ N0, 63(X"X);,') conditional on {w,}
so we can find a conditional (1 — «)-confidence interval by
(0 — t,c64, 0 + t,c6)

where ¢ = /(XTX),,', 62 = RSS/(n — p — 1) and ¢, is the upper (1 — $%)
pointoft,_,_,.Since this is a valid confidence interval conditionally, it is also
a valid unconditional (I — «)-confidence interval. [This argument follows
Cheng (1978b) and Lavenberg et al. (1982).]

How much do we lose by estimating B? We have

var(@]{w;}) = eXX"X);|' = o} [% + W(WTW)‘WT]

> ai/n
so we do lose. Consider first p = 1. Then

var(@{w;}) = ain '[1 + nw ™ /Y (w; — w)?]
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Now ¥ (w; — w)? ~ of 2, independently of W, so
var(0Q = a2n"'[1 + o¥/a(n — 3)]

=oin '[1 + 1/(n - 3)]

(n—2)
nn—3)

=o.lzj
For p > 1 we find

var(@|{w;}) = o B + W(WTW)IWT]

var(@w) = o2n 1[1 + nwZ 'w'/n — p — 2)]
var(®) = o2n"'[1 + p/in — p — 2)]

ot n-—2

—n—n—p—2

using the independence of W and (W'W) and properties of the Wishart
distribution. Thus the loss in estimating P is the factor (n — 2)/(n — p — 2) and
is negligible if n > p.

These calculations are all done assuming joint normality. Without this 8
may be biased, and the use of jacknife and bootstrap techniques (Section 7.1)
has been suggested to reduce the bias. Lavenberg et al. (1982) give some
examples, but prefer the confidence interval based on joint normality.

When X is known we could consider using it in the estimation of 6.
Consider estimating 6 in

Z=0+wp

by maximum likelihood under joint normality. Then the log likelihood is
1
const — WZ(Z —6—wh -4y wE'w])
1

and the maximum likelihood estimators of 6 and f are those given above
when X is unknown. If we insisted on replacing the sample variance of w by =
we would obtain a conditionally biased p and much more complicated
inferences. Cheng (1978b) and Cheng and Feast (1980b) point out that it is
advantageous to use X if var(Z) is to be estimated, but this is of secondary
interest (if any).
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Antithetic Variates

The method of antithetic variates finds two correlated estimators of 8 and
combines them. Suppose X and X* are two outcomes of our model, giving
rise to Z = ¢(X) and Z* = ¢(X*). Then

var[{Z + Z*)] = } var(Z)[1 + corr(Z, Z*)]

so we obtain a smaller variance on averaging Z and Z* rather than two
independent realizations provided corr(Z, Z*) < 0, and a substantial re-
duction if we can achieve large negative correlation.

A standard way to achieve this correlation in simple models is to generate
Z and Z* by inversionas Z = F (U),Z* = F (1 — U). Thencorr(Z,Z*) < 0
by Theorem 5.2.

Theorem 5.2. Suppose ¢ is a monotonic function on (0, 1). Then
corr(g(U), g1 — U)) <0

PROOF. Without loss of generality assume ¢ is increasing. Let § = Eg(U),
and t = l-inf{ulg(u) > 0}. Then

cov(g(U), g(1 — U)) = Eg(U)[g(1 — U) — 0]

= ng(u)[g(l —u) — 6]du
0 >0

1
+ j glwlg(l — u)o— 0)du

t

<g(t)f]g(1~u)—9du=0 0
0

For symmetric distributions we can obtain perfect negative correlation [but
EZ = F7(0.5) = point of symmetry is obvious anyway]. Consider the
Bernoulli distribution with P(Z = 1) =1 — P(Z = 0) = p. Then

— (11—

max[ 4 ’—(__p)] <corr(Z,Z¥)< 1
(1—-p P

for any random variable Z* with the same distribution (Exercise 5.4), so for p

near zero or one only minor variance reduction is possible. Another well-

known example is Z ~ exp(4) for which corr(Z, Z*) =~ —0.645 (Page, 1965).
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The following result (Hoeffding, 1940; Fréchet, 1951; Whitt, 1976) shows that
we do achieve the best possible negative correlation.

Theorem 5.3. Suppose X and Y have a common marginal distribution with
cdf F. Then

max(0, F(x) + F(y) — 1) < P(X < x,Y < y) < F(min(x, y))
with both extremes being attained and giving minimal and maximal values of
corr{X,Y). The upper bound corresponds to Y =X, the lower to
X=FYU),Y=F ({1-U),U~UQ,I.
PROOF. P(X < x,Y € y) < P(X <€ x) < F(x). By symmetry P(X < x,Y <)
< min(F(x), F(y)) = F(min(x, y)), which is clearly attained by X = Y. For the

lower bound

PX<xY<y=PX<x)—PX<x,Y>y)
= F(x)— P(Y > y)= F(x) + F()) — 1

To see that the bound is attained, consider

PF U)K, F (1 =U)sy) =PU<Fx),1-U<F(y)
= P(1 — F(y) < U < F(x)) = max(0, F(x) + F(y)— 1)

Let H(x, y) = P(X < x, Y < y). We will show
cov(X,Y) = Jj [H(x,y) — F(x)F(y)]dxdy

whence the extreme joint cdfs give extreme correlations. Consider independ-
ent pairs (X, Y,), (X,, Y,) with joint cdf H. Then

E[(Xl _XZ)(YI - Yz)] = E[X1Y1 ‘X1Y2 - X,V +X2Y2]
=2EXY—-2EXEY=2cov(X,Y)

The left-hand side is
f [HusX )= Iu< X)) v v < Y,)]dudv

= Jf E[lu< X)) —Iu<X,)WIw< Y)—{(v< Y,)]dudy
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= J‘ [H(u,v) — F(u)F(v) — F(u)F(v) + H(u,v)]dudv
= ZJ‘ [H(u,v) — F(wF(v)]dudv

as required. 0

This theorem rather restricts the applicability of antithetic variates. For
Monte-Carlo integration on (a,b),0 = { ¢ dx, we find

0=y {pla+(b—aU,)+ ¢b—(b—aU)}b—a)2n

with
~ b—al
vard = ——f (W) + Y(1 — w)}?du — 6%/n
4n 0
versus
n 1
var@=n (b — a)f Y)Y du — 0%/n
0

where Y(u) = ¢p(a + (b — a)u). We see that var § will be small if
fy(u) + (1 — w)} is nearly constant, in particular if ¢ and hence ¢ is nearly
linear.

Example. Direct application of antithetic variates to our standard example
merely changes C to —C and so achieves the same variance reduction as
counting |C| > 2. Suppose we generate samples of |C| by tan(nU/2). Here
antithetic variates again counts half the number of events of double
probability and so has var() ~ 0.030/n. For the alternative form
0=4— {3 fdx we find var(f) = 5.9 x 10”%/n, although this requires 2n
evaluations of f and should be compared with earlier formulas evaluated at
2n. For 6 = [§/* f dx we find var(f) ~ 3.8 x 10 °/n. These last two cases give
variance reductions of 24 and 12, reflecting the greater linearity of f over
(0,2) compared with (0, ). O

For Monte-Carlo integration of a smooth function ¢ we can always
obtain approximate linearity by splitting the range of integration into small
parts. Thus we can consider using first stratified sampling to divide up the
range of integration, then antithetic variates on the pieces. This is bound to
lead to large variance reductions at the expense of additional programming,.
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It is, however, beginning to look like a simple numerical integration routine
(the trapezoidal rule) and will still be outclassed by numerical integration.

Antithetic variates are more difficult to apply when less is known about the
problem than in unidimensional Monte-Carlo integration. There are two
problems in its use. First, the method suggested by Theorem 5.2 to induce
negative correlations is inversion. Inversion may be tedious or impracticable,
yet it is very much more difficult to achieve appreciable negative correlation
with other methods of generation. Second, in more complex models such as
queueing systems we do not generate directly the variables of interest (such as
waiting times and queue lengths).

Cheng (1982) takes a novel approach to the use of antithetic variates in
queueing systems. He takes the point of view that what are negatively
correlated in most attempts at antithetic variates are control variates, and
inducing negative correlation between the control variates can induce
positive correlation between their prediction errors. That is, if

Z=0+C+np

then achieving corr(C, C*) < 0 may cause corr(y,#*) > 0. Cheng’s approach
is to construct a simulation that differs as little as possible from X while
replacing C by C*. It is best seen in a simple example. Suppose we have a
queue with exponential service times and are interested in mean waiting time.
We would expect the waiting time to increase with the average service time.
Let S =S; denote the average of the service times. For the antithetic
simulation we construct new service times ¢; and rescale them to have mean
S* = F7(1 — F(S)), where F is the cdf of S. The effect of this should be to
induce negative correlation in the mean waiting times of the two simulations.
The reader is referred to the original paper for further details and extensions.
Note that in almost all cases it is an approximate technique in that the two
simulations do not have exactly the same distribution.

Queueing Systems

There has been a fair amount of attention to the use of control and antithetic
variates in queueing systems. Two obvious choices for control variates are the
mean arrival and mean service times. Other possibilities are considered by
Carson and Law (1980), Iglehart and Lewis (1979), Kleijnen (1974/5),
Lavenberg and Welch (1981), and Lavenberg et al. (1982).

For antithetic variates we can apply the U —» 1 — U transformation to the
arrival times, service times or both. Page (1965) suggested interchanging the
random numbers used for arrival and service times. Mitchell (1973) used an
extended version of Theorem 5.2 to show that when estimating steady-state
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waiting time in a GI/G/1 FIFO queue both interchanging random numbers
and applying antithetic variates to both arrival and service times simulta-
neously reduce the estimation variance. Such results are rare, and often a
pilot experiment is needed to see if an idea for control or antithetic variates is
beneficial.

Example. Consider the GI/G/1 queue with FIFO service. This has a general
cdf G of service times S; and a renewal process of arrivals with interval times
A; of cdf F. There is one server who serves customers in order of arrival. Let
W, denote the wait (excluding service time) experienced by the ith customer to
arrive. Suppose customer 1 arrives at time 0 at an empty queue. Then

W, =0
W, =max(0, W,_, — 4, + S;_,), i=2
which recursively determines the waiting times from (4,,S;). Note that (W)
are not independent.
Suppose we wish to estimate w = EW,4,. One suggestion for a control
variate is defined by
C, =0
Ci=Cioy —Ai+Si-y, iz2
so C;=(sum of service times of past customers — arrival time of ith

customer) and has a known mean. If the queue is usually busy we can expect
W, = C,.

Table 5.3. Estimated Standard Errors of Estimators of
® = EW,,, in a M/M/1 Queue with Traffic Intensity 0.9

Standard Variance Reduction

Error
Straight 5.8//n —
Control variate C, o 4.0/\/; 2.1
Antithetic variates
UieV, 3.0/y/n 3.6
U,-1-U, 59//n <1
Vi-1-—V 6.0//n <1
Both 3.1/ /n 3.5

“n denotes the total number of runs.
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We can generate A; = F~(U,), S; = G (V}). Possible antithetic schemes are
shown in Table 5.3 together with their effect. In this example 4; ~ exp(0.9),
S; ~ exp(l), so @ ~ 6 and P(W,o, = 0) & 12%. In this example most of the
computing cost was in generating the exponential deviates, so the variance
reductions were effectively free and would be worthwhile.

5.4. CONDITIONING

The application of conditioning depends very much on the problem under
study; there is no general theory. We can always say

var(E[Z|W]) = var(Z) — E(var[ Z|W]) < var(Z)

so forming any conditional expectation E[Z|W] analytically will reduce
variability. The problem, of course, is to identify the right W. The example
given in Chapter 1 is of this type. The work of Andrews et al. (1972) was
anticipated by Dixon and Tukey (1968) and Relles (1970), and is expounded
in detail by Gross (1973) and Simon (1976). Almost all these references are
restricted to estimators of location with specific distributions, although
Simon also considers estimators of spread.

Burt and Garman (1971) and Garman (1972) provide an interesting
example from PERT analysis. Consider a network such as Fig. 5.1. The times
of transfer are random and independent; the quantity of interest is the
minimum passage time T from 4 to B by any allowed route. Burt and
Garman note that conditional on T, = t, and T; = t, there are three possible
passage times

L+ T,
L+ T3+t
T+t

Figure 5.1. A simple stochastic PERT network.
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which are independent. Thus T = min(¢, + T,,t, + T3 + ts, 1> + t5) has a
known conditional cdf

Fy() =1 —[1 = Folx —t)J[1 — Falx — t, — t5)][1 = Fa(x — t5)]

where F, is the cdf of T,. Thus conditioning reduces the problem to a
simulation experiment on (T;, T;).

Garman (1972) pointed out that conditional on 7T; =t we have the
equivalent network of Fig. 5.2, and this has a conditional cdf of X which can
be computed analytically by series—parallel reduction. Let T, =
min(T,, Ty + t) whose cdf can be found. Then X = min(T, + ¢, Ty + T5). This
conditioning reduces the problem to a simulation experiment on T;.

The network of Fig. 5.1 is rather simple, but the principle is applicable
quite generally to networks.

We can use conditioning in estimating EW,,, in the GI/G/l queue.
Chapter 1 introduced the concept of a rour between times at which the queue
is totally empty. Each run will provide us with a random number of tours plus
one observation on N, the number of the last customer before the 100th that
arrived at empty queue. Then

w = EW, 50 = E[E(W, g0 »IN)] = ZP(N =r)w,

where w, = E(W,|W, > 0,i = 2,...,r — 1). Thus we can estimate w, from the
tours, and P(N = n) from the runs. The combined estimate will make more
use of the observations than merely recording W),,. and should be more
accurate, particularly at lower traffic intensities. However, it appears to be
very difficult to assess the variability of an estimator that is not an average,
except by repeating the whole experiment.

Carter and Ignall’s (1975) “virtual measures” are conditioning repackaged
for rare events. Their motivating example was the provision of fire-fighting
appliances. The rare events are the inability to supply enough machines of the
right type. One way to overcome this is to simulate the typical behavior of

Ty+t

Figure 5.2. An equivalent network to Fig. 5.1
conditional on T} = 1.
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fighting small fires, and compute analytically the probability of a failure to
cover a large fire given the state of the system, averaging this over the
simulation of the system. This is a case in which var[Z|W] is large, so a large
variance reduction is attainable by conditioning.

The term “conditional Monte Carlo” was coined by Trotter and Tukey
(1957) for a somewhat different idea. Suppose we have a space of outcomes Z
which can be described by the pair (x, y). Conditional Monte Carlo is a way
to evaluate the conditional expectation E[¢(X)|Y = y,] without restricting
sampling to the potentially awkward set {z(x,y,)}. Let Z be a random
variable taking values in #, and let X and Y correspond to Z,s0 Z = z(X, Y).
Let h be the pdf of (X, Y). Then we estimate E[¢(X)|Y = y,] by d(X)w(X, Y),
where

h(X,y,) {(X,Y)
h(X,Y) {(X)fu(yo)

wX,Y)=

and {(x, y) is an arbitrary function with &(x) = jC(x,y)dy # 0. Then
r‘

E[o(XWM(X, Y)] = | ¢(x)w(x, y)h(x, y)dxdy

S0, yo) f }
= y)dy
] { [AOAEC I B

= tb(x)h(x, Vo)l fy(yo)dx

= j H(x)fx(x|Y = yoldx
= E[¢(X)Y = y,]
so the estimator is unbiased. Usually this is written using Z, in which case

JZH(Z,)(2Z)
HZ o (Z)S(X) fy(Yo)

mZ) = Zo = (X.}o)

and h'(2) = Jh(x, y) is the pdf of Z, J the Jacobian of z — (x, y). The function ¢
is available for variance reduction. For fixed x we can use ¢ to reduce the
fluctuations in {(x,y)/h(x,y), so we should take { similar to fy(y|X = x).
Taking ({(x,y) = fy(y|X = x) makes w(x,y) = fy(x]Y = yo)/fx(x), which re-
duces to importance sampling using the simpler unconditional distribution.
The general method avoids calculating f.
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Example. Suppose X,,..., X, is a N(O, 1) sample, and X y,,.... X, are its
order statistics. Let

R=X, — X(l)
S=max(X, — X, Xu-1,— X))

In studying tests of outliers we might want to know
0=PS =5R=r)

We use the fact that R is a scale factor to define Y = R, X =(X,,..., X,)/R
(which has only n — 1 degrees of freedom). Now

hz) = h(x,,....x,) = 2m) " "2 exp(—5 Y x7)
and fx(r) is known. Computing the Jacobian gives
w(Z) = exp{3(1 — 22)I1Z]1*} x 2" UZ)/SX) fr(r)
where 2 = r/R. We take
$(X) = I(S/R = s/r)

Then { is chosen to flatten w as a function of R. Since 2o« R™! and
1 Z]1? oc R?, this suggests {(Z) oc R*" ' exp(— cR?) for some constant ¢ chosen
by experiment. O

This example is a simplified version of the original application of Arnold et
al. (1956).

55. EXPERIMENTAL DESIGN

Many simulation experiments are done to compare conditions, for example
to compare queueing disciplines in a model of a bank (such as that described
in Chapter 1). In such cases we can use all the ideas of the design of
experiments to produce better comparisons between the different conditions.
We aim only to provide an overview of what is possible, referring the reader
to the literature for further details. Box et al. (1978) provide an especially
convincing introduction to the subject.

One of the fundamental ideas in experimental design is the grouping of
experiment units into blocks which are more homogeneous than the total
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pool of experimental units. In a simulation experiment the only difference
between the “units,” the simulation runs, is the stream of random numbers
used. In some circumstances it will make sense to block runs by keeping some
or all of the random numbers constant. For example, in a queueing problem
we have two sets of random variables, the arrival times and the service times.
If these are generated by separate generators we can form blocks by holding
either or both constant. In simulation parlance this is known as the method
of common random numbers.

The classic problem with blocks is that they are perforce small. This does
not apply in simulation, for we can make the blocks as large as we wish and
still maintain complete homogeneity. There is thus no need to use incomplete
block designs.

The literature is confused on the analysis of experiments involving
common random numbers. If there are just two treatments we can take the
difference in the responses and analyze these as independent samples. Let the
responses be Y; and Y,, Then

var(Y; — Y,) = var(Y;) + var(Y,) — 2 cov(Y,, Y;)

Thus we will obtain a more precise estimate of the mean difference if
corr(Y, Y;) > 0. This is likely but need not always follow, as Wright and
Ramsay (1979) demonstrate. This formula also demonstrates that common
random numbers will be most effective when the treatments effect the mean
response but not its variance.

The classic assumption for a randomized block design is that

response = mean + treatment effect + block effect + error

or

yi; = response to treatment i on block j

=pu+1+bi+egy &; ~ N(0,6?)

If this holds, there is no difficulty in analyzing the experiment and producing
estimates of treatment differences (and, more generally, treatment contrasts).
Where blocks are created by common random numbers, this assumption
amounts to assuming that the effect of changing the set of common random
numbers is to change the response equally for all treatments. This appears to
the author to usually be a tenable assumption. [Heikes et al. (1976) thought
otherwise, and point out that a generalized least squares analysis is possible
assuming correlation between the &.; within each block.]
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Two other worthwhile ideas from the design of experiments are factorial
experiments and response-surface methodology. Where two or more factors
may be varied in the design of a facility being studied by simulation, factorial
experiments and particularly fractional factorials can help in producing an
economical design. Where the aim is to minimize some cost, response surface
modeling fits a “convenient” model to the estimated cost as a function of the
variables and uses this to explore around the minimum cost conditions.

Schruben and Margolin (1978) report on a simulation study of a hospital
specialized-care facility using both common random numbers and antithetic
variates. Care is always needed in combining two variance reduction
techniques, since all too often each defeats the other and no overall gain
results. Their experimental design used six random number streams, and was
unusual in that antithetic pairs were used at different points in a 2 x 2 x 2
factorial experiment. The ideas incorporated in that study deserve wider
consideration. Schruben and Margolin give proofs of variance reduction, but
they do depend on inducing correlations of the correct signs, which we are
not usually able to show theoretically.

The considerations of this chapter show that the design of simulation
experiments is no easy matter. There always has to be a balance between the
effort put in and the computer time saved. The author’s experiments have
almost all been sufficiently small but analytically intractable that the greatest
benefits came from the judicious use of common random numbers and
response surface modeling. With large but simple systems much more may be
possible. It does seem that the topics of this chapter are widely ignored in
published simulation studies, and when they are used the variance reductions
gained have been modest, say 2—10. Reducing the cost from $3000 to $300 is
clearly worthwhile; reducing $30 to $3 might not be with any realistic
accounting of the simulator’s time.

EXERCISES

5.1. Experiment with as many variance reduction techniques as you can
think of to apply to the problem of evaluating P(N > 2.5) for
N ~ N(O, 1).

5.2. Hammersley and Handscomb (1964) use the integration of
P(x) = (¢* — 1)/(e — 1) on {0, 1) as a test problem of variance reduction
techniques. Achieve as large a variance reduction as you can.
(Hammersley and Handscomb achieved 4 million.)

5.3. Show that var(9g) is minimized by g x [¢ f] in importance sampling.
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5.4.

5.5.

5.6.

5.7.

538.

5.9.

VARIANCE REDUCTION

Show that for Bernoulli trials with probability p < 1 of success the
minimum achievable correlation is —p/{(1 — p) and that this is
achieved by counting events of probability 2p.

Apply Cheng’s method of antithetic variates to finding EWq, in a
M/M/1 queue, and compare with Table 5.3.

An alternative way to write a control variates regression is
Z,=a+(w,—wp

Show that this gives an orthogonal design matrix, so under joint
normality & and B are independent with

var(®) = o/n

var() = oH(WTW) !

conditional on (w;).
Note that 8 = & + W, so

var(f) = o2 B + W(WTW)~ ‘W7]

as before.

One way to perform antithetic runs is known as seed switching.
Suppose the random number stream is produced by a maximal period
multiplicative generator. Show that replacing the seed X, by M — X,
produces the antithetic stream. (Thus no extra programming is
required.) Is this possible with a mixed generator?

A stronger version of Theorem 5.3 is given by Wilson (1979). Suppose
U,,...,U, have U(0, 1) marginal distributions, and g (u) are functions
of finite variance. Then if t = £{g,(u;), the minimum variance of ¢ is
attained by cdfs in J#. Here a distribution He # is defined by
functions z;: [0, 1] — [0, 1] that are one-one, onto, and have derivative
1 except at a finite number of points. Then H is the cdf of the uniform
distribution on the image of [0, 1] under (z;). Deduce this result for
n = 2 from Theorem 5.3, and prove the general case.

Consider a renewal process N(f). Show that applying antithetic

variates to the lifetimes reduces var(N(r)) averaged over n runs
(George, 1977).
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5.10.

S.11.

Study Schruben and Margolin (1978) and consider how to apply their
ideas to the queueing discipline example of Chapter 1.

An extension of antithetic variates termed rotation sampling for the
simulation of Markov chains was introduced by Fishman (1983a,
1983b). He produces k parallel correlated runs by introducing corre-
lation in the jumps made when the runs are in the same state. Suppose
K runs are in state j. Then the next state is chosen by inversion with
uniforms U, = (U + (r — 1)/K)mod I, r = 1,..., K. This is applied at
each step to each state in turn. Apply this to estimating the mean time
to extinction of a branching process with X, = | and each individual
divides into two with probability p < 4 or dies at each generation.
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CHAPTER 6

Output Analysis

The analysis of simulation experiments that give one observation per run is
relatively straightforward unless, as in Chapter 5, deliberate dependence was
introduced in the experimental design. However, for simulations of systems
evolving through time we may take many correlated observations per run.
Suppose we are interested in the distribution of customer waiting time in a
queueing system. Then the waits of each customer will be relevant data.
Furthermore, we will expect the waiting times of successive arrivals to be
correlated.

These problems arise also with the observation of actual queueing
systems. However, because of the expense of observation, real systems are
usually observed by sparse sampling: (if at all), so the development of
appropriate statistical analyses has been triggered by simulation experiments
relatively recently.

The problems only arise for quantities defined on a system “‘in equilib-
rium” or in ‘‘steady state.” That is, we have a strictly stationary process X, on
(— o0, oo0) or all the integers, and we are interested in aspects of the
distribution of X, for any fixed t. Alternatively, we can consider X, starting at
t = 0 and converging to an equilibrium process as ¢ — co. (The two ideas are
equivalent in most examples, since the equilibrium process must be strictly
stationary, and if a stationary process exists, there is usually a convergence
theorem.) If we are interested in the transient behavior of the process, as in
estimating w = EW,,, in Section 5.3, we will only have one observation per
run. We now confine our attention to steady-state problems.

There are two approaches to simulating a steady-state problem. With n
total observations we can take k runs of length m, where mk ~ n. The
terminating simulation approach takes k large and hence m small. The steady-
state approach takes a few long runs, perhaps only one. The terminating
approach has a large number of independent replications and so is easy to
analyze. Its results may however be biased by the problem of the initial
transient. Only exceptionally are we able to sample a process in equilibrium.
Normally we have to take a starting state at t =0 and hope that the

142
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distribution of X, nears equilibrium well within the length of each run. We
may well allow the process to “warm up” before observation by discarding
data before t = r, > 0. The problem of detecting when a process has reached
equilibrium is considered in Section 6.1.

The steady-state approach looks more promising in that only a small part
of the data will need to be discarded before equilibrium is neared. However, it
will be much more difficult to analyze, and in particular to produce reliable
estimates of the variability of estimators and hence confidence intervals for
parameters. Several different approaches are discussed in Sections 6.2 and 6.3.

Regenerative simulation provides an alternative analysis for either long or
short runs of processes with regeneration points, although it is most
appropriate to long runs. For this restricted class of processes it solves the
problem of the initial transient and points a way to analyze correlated data.
These apparently magical gains are somewhat illusory, for regenerative
simulation will work well only when a large number of rours are observed, in
which case the initial transient will be short and the correlation between
observations will have a short range. Nevertheless it provides an interesting
alternative, discussed in Section 6.4.

There are several instances in output analysis in which theoretical
knowledge of the process can ease the statistical problems. The existence of
regeneration points is one example. Another is the knowledge that the
process is ergodic, without which basing results on one or a small number of
runs is very dangerous. Unless the process is very well understood a
minimum of k = 3 runs is advised to provide some check on estimates of
variability produced internally to each run.

Suppose we are interested in 0 = E[¢(X,)] under the steady-state distri-
bution of X,. Let Y,,Y,.Y;....be a series of observations on (X,), and let
Z; = y(Y;), so § = EZ;. Then most of our methods estimate 0 = Z, but differ
in the way they estimate var(f). The series (Z;) is a stationary time series with
autocorrelation sequence

p,=cori(Z,, Z, )

and variance 6% = var(Z,). Then

var(Z)y =n"?Y cov(Z;,Z))

i

n
2,2
=on’? Y py
=

zaznl[l +2"Zl<1 —%)ps} (1
1
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which will exceed o? if all p,>0 (as is usual). Conversely, let
s? =Y (Z; — Z)*/(n — 1). Then
=mn—-1)"'EY(Z, - 2Z)
=mn—1)"'EY (2} -2Z,Z + Z)*
=(n— )" E[Y.(Z; — p)? — n(Z — )]
=m—1)""[ne?—n varZ]

2 ol s
2
s ()]
so s2/n underestimates o2/n which underestimates var(Z), on average. A
quantity often considered is

n—*oC

12 = lim nvar(Z) = 02|:1 + 2Zps:|
1

Then var(Z) < t*/n if all correlations p, > 0, and the relative difference is
likely to be small for large n. We can also express 72 in terms of the spectral
density f of (Z;). This is a positive function f on [0, r), defined so that

olp, = 2f cos sw f(w)dw
1]
Then
;— Z‘C €OS S
)
nfO)=a* ) py= 62[1 + 2Zps] =1’
—x 1

This formula will be taken up in Section 6.3.
Moran (1975) considers the traditional methods to estimate var(Z). One is
to substitute estimators of p, and ¢ in (1). Hannan (1957) proposed

poo__ n AT
" Tm=hn—1+ l)z‘,(l n>(cs 27
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where

. ZiZi+s
G=2 n—s

and ! is chosen so that p, = 0 for s > . Then Moran shows

A ~ 20%n ! $
EV. = X)——— boy)P
, = var(X) m=Nmn—1+1 SZI < ﬂ) Py

so V, is approximately unbiased if its assumption holds. However, if / is
appreciable compared to n then V, is quite variable. An alternative approach
is to estimate p, parametrically, as discussed in Section 6.3.

The other traditional approach is “batching” or the method of batch
means. The data (Z,,...,Z,) are divided into k batches of fength m with
means (B;), so

Bi=m'[Z, pmer o+ 2]
Then we hope (Bj,..., By) 1s relatively uncorrelated and that

_ 1 -
v, =m2(3f — B)

is a better estimator of var(Z) = var(B). This is discussed in more detail in
Section 6.2. An important side effect is that we may expect the B, to be ncarly
normally distributed. The final advantage of batching is that it reduces the
volume of data to be stored and manipulated. Some simulators and
simulation systems routinely batch all data.

Much of the work on output analysis gives only asymptotic results, as i or
m and/or k tend to infinity, This is no great disadvantage as exact results
would depend heavily on the system under study. The asymptotic results
provide a fairly general approximation. Since (Z,) are dependent we need
limit results for dependent sequences. Many different results are available, of
which some of the most useful appear to be those depending on ¢-mixing
(Billingsley, 1968). Let ¢(n) be a positive sequence decreasing to zero. We will
require that Y ¢(n)''? < . Then (Z,) is p-mixing if

|P(B]4) — P(B)l < ¢(r)

whenever A depends on (Z,....,Z;) and Bon (Z,,,,,....). Mosl qucucing
systems do satisfy this condition, which essentially rules out long-range
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dependence. Let S, = Z, + - + Z,. Then, if [nt] denotes the integer part of
nt,

Wilt) = (Spag — [n0)1/n,  O0<i<1

converges weakly to Brownian motion, W,= W. [This implies that
W,(t) = W(t) for each t, as well as stronger results such as max W, = max W]
The definition of W, includes the unknown 6, so for some purposes we replace
6 by Z, = S,/n, to get

B,(t) = (Spuy — [nt1Z,)/2/n

Note that B,(0) = B,(1) = 0. We can then show that B, = B, the Brownian
bridge process. (See Exercise 4.7.) The process — B, is termed a standardized
time series by Schruben (1982, 1983). These results are used to give
approximate distributions for various test statistics below.

6.1. THE INITIAL TRANSIENT

Throughout this section we assume that X, is fixed, and Z,,Z,,...are
observed, with (Z;) converging in distribution and L, to Z_,s0 8§ = EZ .
Having observed Z,,...,Z, we delete Z,,...,Z, and estimate § by

b=tn—d' Y Z,

i=d+1

We hope that |Ef; — 6| decreases as d increases. However var(d,) may
increase with d, so it is by no means clear that if we are only interested in 6 we
should delete any of the series. It has been suggested in the literature that d be
chosen to minimize the mean square error of 8,. The choice of d will depend
on nand Z, and may be d = 0, as shown by Blomquist (1970) for the average
waiting time in a M/M/1 queue for large n. However, we will be more
interested in a confidence interval for 6, and experience has shown that
deletion leads to possibly wider but much more reliable confidence intervals.

A wide variety of ad hoc tests for “steady state” and algorithms for
deletion have been proposed. Wilson and Pritsker (1978) and Gafarian et al.
(1978) survey some of these proposals. None have been found reliable in
subsequent simulation experiments, and attention has turned to the more
formal tests described later. These are all tests of equality of y;, = EZ,. We
know u; — 6, and we may know that y; increases or decreases, for example, in
certain queueing systems starting up from their empty state. The tests
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implicitly assume var(Z;) = ¢, although this may not be justified. They
would therefore nor detect the initial transient in the AR(1) process

Zi=aZ, 46, >0, Zg=0
since EZ; = 0 but
var(Z,) = a’var(Z;_,) + ¢
)

2 2§
var(Z) =cl(1 +o? + -+ a¥ Y = ﬁil_*:;)
increases to var(Z ).

The simplest procedures are graphical. We can estimate p; by taking r
replications of (Z,...,Z,) and letting ji; be the average of the observations of
Z,. Unless r is very large these estimates will be too variable, but they can be
smoothed before plotting. A simple way to smooth is to use a moving average
of the form

b
B=Cb+ 17" Y iy,

1=-b

with suitable adjustments near 1 and #n. Then b is chosen to obtain a smooth
picture. (More sophisticated smoothers can be used, including monotone
regression if y; is known to be monotone.) The value of d is then chosen as the
point at which j; appears to have converged. Figure 6.1 illustrates the
procedure. Welch (1983) gives other examples. In general, the choice of d is
not easy.

Automatic procedures for detecting and deleting an initial transient are
based on significance tests of u, = y, =~ =p, = 6. The experience of
cusum techniques in quality control suggests that a gradually drifting mean
(such as seen in Fig. 6.1a viewed from right to left) is best detected from
cumulative sums of the form

Sc= Y (Zi—0, k=n—1,...0

i=k+1
Unfortunately,  is unknown, so we substitute f = Z. Then

Sy = —(8, — kZ)
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Figure 6.1. Plots of EW, vs i for the waiting time W; of the ith customer in a M/D/I queue
starting from empty. The queue had unit arrival rate and p = 0.9. Parts («} and (b) show
unsmoothed averages of 1000 and 25 runs, respectively. Part (¢) is (b} smoothed by a moving
average with b = 25. It is clear that the choice of how much to delete is more difficult from (h) or
(¢) than from (a).

so we may as well work with the sums Y (Z; — Z), for which we have a limit
theorem via the B, process. If there is a drift then B, will have large
fluctuations, so we can base a significance test on any statistic indicating large
fluctuations in B, or B,. Analogous problems in other branches of statistics
with the same limit process suggest

1
CM = f B,(t)*dt
0

the Cramér-von Mises statistic favored by Heidelberger and Welch (1983).
Schruben (1982) gives a one-sided test for y; increasing

S = B,(t*)*/t*(1 — %)

where min B,(r) is attained at t*. The weak convergence theory gives
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asymptotic distributions for CM and S. For CM we have 959, and 99%,
points of 0.46 and 0.74, whereas for S, Schruben shows § ~ y3. To apply
either test we need a consistent estimator of ¢ (for which the asymptotic
distribution remains valid); such estimators are discussed in the next two
sections. See also Schruben et al. (1983).

An automatic procedure will apply such a test to a series of deletion points
d. Heidelberger and Welch (1981a, 1983) recommend deleting 0%, 10%, 20%;,
309, 40%, and 50%; in turn, stopping when the remaining series passes the
CM test at the 5% level. If all six tests are failed a longer series is needed, so n
is increased and the process is repeated. When a satisfactorily stationary
series is found the width of a confidence interval for 0 is computed, and # is
increased further if necessary to achieve a width less than a prescribed limit.
(The whole procedure is in fact applied to batches rather than the original
data.)

The multiple use of significance tests in these automatic procedures is
problematical. In general some supervision will be advisable, and knowledge
of the process being studied can be very helpful. It would seem advisable to
delete too much, and produce a safe confidence interval for 6, than to delete
too little and experience bias.

6.2. BATCHING

The use of batches is a time-honored way to cope with correlation within a
series (Z4,..., Z,). Suppose this is divided into k successive batches of length
m with batch means By,..., B,. The correlations between (B;) should be less
than those between (Z;). Now

m

var(B)=m~> ¥ p__ o’

sa=1

e 2]

m

— -2,.2
COV(Bi’Bj)_m o lel(jﬁi)mirlr.\‘l
s

For example, suppose (Z;) is a AR(1) process, so p, = o for |« < 1. Then for
i<j

-2..2

cov(B;,B)) =m™%¢ g o
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so (B;) has a geometrically decaying autocorrelation at rate ™. Let

Vo= (B, - B
kk—1)""

be the batching estimator of var(Z). Then Moran (1975) shows that

. _ 202 ’""n—m n= |
EVZZVar(Z)“m[; m Z <1_*) :l

Thus ¥, will be effectively unbiased provided n is large and p; = 0 for s > m.
For the AR(1) process we obtain

2 2 1 — m 1 — n
EV, = var(Z) - —_“_w[_“_ _ _]
m

with

2 ‘ 2
var(Z) = %li] R —a?(l — oz")]

l —a  n(l —x

and 12 =0%(1 + a)/(l —«). Thus the relative bias is small provided
m~'(1 — «™) is small. Tables 6.1 and 6.2 compare ¥, and V, for the AR(1)
process. Note that

N 2var(Z)?
var(V;) = o1

Table 6.1. The Performance of V, for an AR(1) Process with ¢*> = 1

var(Z) bias(F, ) var(¥,) cv(Vy)

n=100,2 =0.5

=10 298 x 1072 -0.14°, 38 x 107+ 0.64
n = 1000, = 0.5

=10 300 x 1073 —-0.13%, 38 x 1077 0.20
n = 1000,2 = 0.9

=10 1.90 x 102 —37%, 6.4 x 107° 0.21

{ =20 1.90 x 1072 — 139, 19 x 1077 0.26

=50 190 x 1072 —0.56%, 59 x 1077 041
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Table 6.2. Performance of Batching, with k Batches of Length m Each, for an AR(1)
Process with 62 = 1

corr(B,, B;., ,) bias(¥;) var(¥,) ev(Py)

n=100,a =05

k=2 1.37% —2.7% 21 x 1073 1.5

k=35 3.57% —-6.7% 39 x 1074 0.71

k=10 7.67% —13.4Y% 1.6 x 1074 0.48
n = 1000,a = 0.5

k=10 0.68% —-1.3% 19 x 1079 048

k=50 3.57% —6.7% 38 x 1077 0.21
n = 1000, = 0.9

k=35 2.49%, —4.7% 1.9 x 1074 0.76

k=10 5.2%, —-9.5% 6.5x 1073 0.48

A side effect of batching will be that each B; is approximately normally
distributed. [Indeed, the central limit theorem for the W, process will give us
more, asymptotic joint normality of (B,,..., B,) as m ~ oo. Brillinger (1973)
gives a more direct proof of asymptotic normality.] This and independence
gives a y* distribution of ¥, and the stated variance.

There is necessarily a compromise between choosing m large to achieve
negligible correlation between batches and having k large enough to obtain a
precise estimate of v? = var(B,). We will use a (1 — «) confidence interval for 0
of the form

(B — be— 1,08/ I7253'4' ly—1.a [72)

This is valid provided m is large enough to make (B;) approximately
independent and normally distributed. The added variability due to ¥, will be
appreciable for k < 30. [Schmeiser (1982) calculates the effect of choosing k
too small.] Since B = Z independently of k, the choice of k too small gives a
confidence interval that is unnecessarily wide, whereas choosing k too large
causes V, to be biased downward and so gives a confidence interval that is
optimistically short.

The recommendations for chosing k in the literature boil down to testing
for serial dependence in (B;). For example, it has been suggested to test that
the lag-one correlation is less than 0.05. A related test (Fishman, 1978b;
Kleijnen et al., 1982) is von Neumann’s test, which is a test of p, = 0, applied
to (B;). The problem is that large values of k will be necessary to establish
p, # 0! This is another problem in which a priori theoretical knowledge can
be very helpful in deciding on a minimum for m.
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The method of “standardized time series” can be used to produce
estimators of 72 (Schruben, 1983). Whereas V, is based on the between-batch
variation, this method uses the within-batch variability. Consider first
X,,...,X,, the contents of a single batch. This gives rise to a standardized

time series
But) = [(Xy — X) + - + (Xpmg — X))1/m

and B,, = B, as m — oo. We can use the known variability of B, to estimate
72, For example, let

m

A=cym ¥ Bojim = 3. [z (X, - X)}

Then A ~ N(O, t2m(m? — 1)/12) asymptotically, so
1242/m(m? — 1)

estimates t2. If this is applied to block i to obtain A4;, then
N k
Vy = (nk)™'Y A7 x [12/m(m* = 1)]
1

is asymptotically as m— oc, k fixed, an estimator of t?/n, with
Vy x knt™2 ~ yZ. A second measure of the variability of B, is

Bo(t*)2/t*(1 — t%),  By(t*) = max Bol1)

from which we get

2
B=m[i (X,-—X)] /I(m—l)
ji=1

with [ attaining max; ) { (X; — X) and

2

estimates t2/n, with V, x 3nkt ™% ~ x3,.

As m — o both ¥, and ¥, are asymptotically independent of ¥,, so we can
combine both within- and between-batch information. Schruben (1983)
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reports on some experiments with V,, V;, and ¥, and combinations, which
generally favor V,. However, he takes m very large and k small and so biases
the comparison against V,.

Tables 6.1-6.3 report a simulation experiment with V, -V, for an AR(1)
process of unit variance, Points to note are the very small bias of ¥, the need
for m to be quite large for a reasonable bias for V,, and the consistent
underestimation by ¥, and particularly ¥, unless m is very large. Although 7,
has been neglected in the simulation literature, it turned out to be best in this
experiment. This example shows that the compromise between bias and
variance is serious for all estimators. In some case the minimum mean square
error is achieved with 209 or more bias, but this will give severely optimistic
confidence intervals.

For V; we can compute the bias explicitly. We know

EVy = (nk) 'Y EA? x 12/m(m? — 1)
=n"VEA? x 12/m(m?® — 1)

Now

e

.

j=1i

(Xi—)?)=ZX,-<m;_ : —i)

1

Table 6.3. Performance of the Within-Batch Estimators ¥, and ¥, with k Batches for
an AR(1) Process with ¢ = 1

Vs Vs
Mean Variance . Mean Variance
n =100, = 0.5
k=2 2.76 x 1072 85 x 1074 1.6 x 1072 1.3 x 10°%
k=5 241 x 1072 26 x 1074 095 x 1072 33 x 1073
k=10 1.89 x 1072 7.1 x 1073 0.60 x 1072 71 x 10°°
n = 1000, = 0.5
k=10 288 x 1073 1.7 x 10°¢ 19 x 1073 45x 1077
k=150 241 x 1073 29 x 1077 1.1 x 1073 3.5 x 1078
n = 1000,0 = 0.9
k=5 1.63 x 1072 95 x 1073 086 x 1073 25 x 1073

k=10 1.39 x 1072 37x 1073 0.54 x 1073 55%x 107¢
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m+ 1 N/m+1 .
_g;cov(xi,Xj)( 3 —1>< 5 —j>

For an independent sequence

2 2
=Y <m+1 i> =‘1’—2m(m2—1)

showing that V; is unbiased. In general

. gl m+ 1 m+ 1 12
EV,=— —i —J
3= ;jph/< 2 ! 2 ke m{m? — 1)

0-2 m—1

= Z CsPs
n <=0

SO

for constants ¢ (m), that can be computed. The mean values of Table 6.3 were
checked against this formula and confirm the serious bias of ¥, for small m.
For both ¥, and ¥, we appear to need very large batches for the asymptotic
results to be a reasonable approximation, much larger batches than are
necessary for F,, the between-batch estimator.

Our recommendation is to use V. or ¥, with m large enough to achieve
correlation between adjacent batches of less than 5¢

6.3. TIME-SERIES METHODS

We have already seen that under mild conditions we can suppose that
Z ~ N(0,7%/n). Time-series methods provide yet another way to estimate 2.
Rather than estimate (p,) nonparametrically as in ¥, we can fit a model to the
data (Z,..... Z,) and use its value of t2 = 27 /(0). A common cxample is the
AR(p) model [e.g., Fishman (1971)]. Then

Z, —0) = 21(2,,, 0N + ¢, £ ~ N(0,6%)

for which

Slw)=a22r]l =Y aje” 2
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SO

12 =2nf(0) = af/(l —iog)z

Thus an estimate of var(Z) is

~ r\?2
Vs = ag/n<1 —~ Z&J)

1

Standard time-series methods can be used to select p and estimate the
parameters al,...,ocp,af (Priestley, 1981, Section 5.4). If no time-series
package is available, the simplest method is to regress (Z,,,,...,Z,) on
(Zps1-is-+»Zy-y), i=1,...,p. Then the regression coefficients estimate
ay,...,%, and the residual mean square estimates 2. This can be tried for
various values of p and Akaike’s AIC criterion

AIC(p) = nln&3(p) + 2p

minimized by the choice of p.
We can also fit ARM A(p, q) models of the form

(Z, -6 = iaj(ZL,- -6+ i Bj&i-;
0

with

2= a3<1 + i ﬁj>2/<1 - ia‘iy

but these have been used infrequently, since although fewer parameters may
be needed parameter estimation is more difficult computationally.

1t is worth noting that since we are effectively estimating f(0), the method
previously described is one version of autoregressive spectral estimation.
Further methods are described by Priestley (1981, Sections 7.8 and 7.9).

The traditional methods for estimating f(w) are based on smoothing the
periodogram and are described by Priestley (1981, Sections 6.2, 7.4-7.6).
Duket and Pritsker (1978) and Heidelberger and Welch (1981a, 1981b)
discuss the use of these nonparametric methods for the estimation of f(0).
The problem with the usual smoothing methods is that they give a good idea
of shape of f( ) but underestimate peaks and overestimate troughs. Thisisa
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particular problem here since almost all the processes (Z;) of interest will have
f(w) decreasing rapidly for small w, so t? = 27 f(0) will be underestimated.
Heidelberger and Welch propose special smoothing methods and advocate
fitting a local quadratic at w = 0 to In f( ). However, the most promising
idea is to use prewhitening (Priestley, 1981, pp. 556-557). This fits an AR(p)
process for small p, converting (Z,,...,Z,) to (¢,...,&,). Then

flw)

p 2
1 _Z&je-um
1

f((l)) = ‘

and f,(w) should be relatively flat so f,(0) can be estimated reliably from
(€4,...,&,). Then

f0) = f0/1 - &>

It should be clear that time-series methods need a good deal of expertise to
be used. Except for the straight periodogram smoothing methods it is difficult
to estimate var(i®). On the positive side the methods of this section do
genuinely take correlation into account rather than rely on dubious as-
sumptions that it has been circumvented. They are probably the best methods
for estimating 72 for an expert user with access to a good time-series package.

6.4. REGENERATIVE SIMULATION

“Regenerative simulation” is a term coined by Iglehart and his co-workers for
a method of output analysis for regenerative processes. It stems from a
remark of Cox and Smith (1961, p. 136)

In many systems...the process falls naturally into sections of unequal
length, behavior in different sections being independent... . It follows
that the equilibrium properties of the system can be derived from those
of tours, a tour starting with an arrival at an empty system and ending
the next time the system is again empty.

Some early users of this idea were Kabak (1968) and Fishman (1973, 1974),
before it was taken up in a series of papers by Crane and Iglehart (1974a,
1974b, 1975a, 1975b), and Iglehart (1975, 1976, 1977). Crane and Lemoine
(1977) and Iglehart and Shedler(1980) both present the subsequent develop-
ments in published lecture notes.
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It is easiest to explain the analysis by an example. We return to Table 1.3, a
simulation of an M/D/3 queue. Asterisks mark customers who arrived at an
empty queue, so there were seven completed tours and one incomplete one in
the 200 observations. We discard the incomplete tour, giving

Length of Tour Total Wait

] 0
28 4.692
12 1.663

8 0.387
26 5.894
41 15.922
37 22787

We are interested in the mean waiting time in equilibrium, 0. An obvious
estimator of € is the total waiting time divided by the total number of
customers served,

0 = 51.35/153 = 0.3356

(Note this is the total over complete tours; discarding the incomplete tour is
analogous to discarding an initial transient.) This is a ratio of random
quantities, so it will not necessarily be unbiased. To estimate its variance, we
compute

1 .
62 = > (v — Bx;)* = 25.56

n, —1

for the n, tours with totalled observations (x;, y;). Then
se(0) ~ 6/%/n, = 0.087

which will be subsequently justified.
Another way to estimate means and variances is to use the jacknife (Efron,
1982). Let y;, denote the mean of (y;) omitting tour i, and similarly for x;,. Let

0 = y@/Xw- Then

0=nd—(n,— 1)J whered = n” 'Y 0
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is the jacknife estimator of 6, and

- n — 1
3% =

S (- 8,,)?

t

is the jacknife estimator of var(d) or var(0). From Table 1.3 § = 0.3476 and
$=0.096. The jacknife estimates are generally preferred, for reasons
discussed later.

To underpin this analysis some theory has been developed. A regenerative
process has a sequence of regeneration points T, Ts,....that are random
stopping times at which the future of the process is independent of its past.
The tours between regeneration points are then independent, and the
sequence of regeneration points is a renewal process. Let (X,) be the sequence
of tour lengths giving rise to the renewal process N(t), and let Y, be the total
observation on the rth trip. Then (X,, Y,) are independent and identically
distributed. Let

N(t)

Yi) = ; Y,

which is the total observation on observed tours to date. We assume both
EX, < o and E|Y|| < c0. Then

P(Y(t)/t - EYJEX ) = 1
EY()t - EY,JEX,

(Ross, 1970, Theorem 3.16). Some further technicalities give us the same
results for Y'(t), the total observation by time tr. Thus we identify
# = EY,/EX, as the mean observation in equilibrium. Note that this is the
ratio of means, not the mean of the ratio as one might expect.

Now consider A= ¥/X [averaged over N(t) tours]. We know
P(N(t) - o) = 1 from renewal theory, so P(® —60) = 1 by the strong law of
large numbers. Thus  is a strongly consistent estimator of 6, but it will in
general be biased. Let V; = Y, — 0X . Then (V}) are independent with mean
zero, and by the central limit theorem we may assume that V ~ N(0,0?/n,)
approximately, where ¢ = var(V;). Thus

(Y= 0X)/a ~ N(©O, 1)
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SO

V@ = 0)/e/X) ~ N©O, 1)
or
0 ~ N(6, 6%/n,X?), approximately.

This gives the approximate (1 — a)-confidence interval

@ — ky0/X /0,0 + k,0/X/n,)

We estimate a2 = var(Y, — 6X,) by the sample variance of (Y; — 0X)) to get
é2.

This procedure is a standard way to assess the variability of ratio
estimators in sampling theory. It does depend on X being essentially constant
and so needs n, large. An alternative justification would be an analysis
conditional on (X,). If E(Y{X;) ~ 06X, and var(Y;|X;) ~ ¢ then we obtain the
same approximate confidence interval conditionally and hence uncondition-
ally. However, neither assumption is likely to hold, particularly that of the
variance, which we might expect to increase with X;. A more plausible
assumption is var(Y;|X;) = yX,, which gives var() ~ y/X. Applied to our
example we get s.e(f) ~ 0.09, but it is clear that E(Y|X,) = 60X, is also
violated.

The original rationale behind Quenouille’s introduction of the jacknife
was that if ED — 6 = O(n ") then the bias of # would be O(n~2). Efron (1982)
discusses the properties of § and 52, and shows that 32 is usually conservative
in the sense that E3? > var(d). Simulation experiments have shown the
jacknife estimator 5* to generally be more reliable than 6%/n, X as an
estimator of var(d). Thus we would recommend the use of 2. The difference
between 8 and § is almost always small, so the choice between them is not
important. Yet another alternative, the bootstrap, is discussed in Section 7.1.

Each of these analyses is really a large-sample result in the sense of a large
number of tours, for attempts to justify confidence intervals of the form

(0 — 1,50+ 1,3

for t, the (1 — a/2) point of a t distribution have been largely unsuccessful
(Efron, 1982, p. 14). Thus valid inferences depend on 5? being an accurate
estimator and need n, large. A large number of tours implies that the
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correlation of the original process is of short range compared to the length of
observation.

Regenerative simulation has been applied to a wide range of problems in
the references already cited and in Heidelberger and Iglehart (1979), Iglehart
and Lewis (1979), Iglehart and Shedler (1978, 1981, 1983a, 1983b), Iglehart
and Stone (1983), Lavenberg and Sauer (1977), Meketon and Heidelberger
(1982), Seila (1982) and Shedler and Southard (1982). Some of these refer to
identifying the regenerative points or choosing between regenerative points
(as in Markov chains). Others refer to the use of statistical procedures that are
complicated by the random number "of tours. One can also consider an
approximate regenerative analysis as in Crane and Iglehart (1975b) and
Gunter and Wolff (1980).

Meketon and Heidelberger (1982) consider the problem of the incomplete
tour at time t. By the waiting-time paradox this is no ordinary tour but is
likely to be longer than expectation. They show that

ED =0+ c/t +0(1/t%)

for

var X, cov(Y;, X )
c=EY, 5 —
E(X,)* E(X,)E(Y,)
under technical conditions, whereas if observation is continued to the end of
the incomplete tour,

ED =0+ 0(1/1%)

This has a similar empirical performance to jacknifing, with a simpler
analysis but a more costly simulation.

6.5. A CASE STUDY

Queueing systems are normally studied with identical servers. Suppose we
have one slow and one fast server. Are there any circumstances in which it is
preferable to run a single-server queue with just the fast server? We will only
consider first-in —first-out (FIFO) systems for which it is clear that adding an
additional server (however slow) will reduce the waiting time for each
customer. However, this could be balanced by the increased service time for
those customers unfortunate enough to be allocated to the slow server.
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Rubinovitch (1985) considered this problem for mean delay time in queues
with Poisson arrivals of rate /2 and exponential service rates u, > yu,. Then
both one- and two-server queues are Markov processes which can be studied
analytically. Figure 6.2 illustrates Rubinovitch’s results. At high traffic
intensities the slow server is worthwhile unless it is extremely slow. At low
intensities most of the customers find both servers free. If they cannot
distinguish between the servers they will choose one at random, in which case
only slightly slower servers are acceptable. If the servers are labeled the fast
server will be chosen if it i1s free. Then a server up to twice as slow is
acceptable, for if a customer arrives to find the fast server (only) occupied, his
or her expected delay is 1/, if he or she opts for the slow server and 2/y, if he

0.0 Ll | L] L) l T T ¥ T ' ) ) T T T 1 Ll T I 1 T LI L]

1
0.0 0.2 0.4 0.8 0.8 1.0

Figure 6.2. Should we use a slow server? The abscissa is 4/, , the traffic intensity with just the
fast server, and the ordinate is yi,/u; ., the ratio of the service rates. Above the line the mean delay
time is less with two servers, below it is less with just the faster server. The solid line refers to
indistinguishable servers, the dashed line refers to a preference for the fast server when both are
free.
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or she elected to wait for the fast server. (By the memoryless property of the
exponential distribution, the remaining service time of the customer being
served is still exponentially distributed with rate u, )

Simulation can be used to study more general queueing systems. Let (A4;)
be the interarrival times and (S;) the service times in a FIFO single-server
queue. We saw in Section 5.3 that the waiting time W, of the ith customer
satisfies

W, =max(O,W,_, + §;_, — 4;)
Then the delay time D, = W, + §,, so
D; =8, 4+ max(0,D;,_, — A4))

For a two-server queue we can use discrete-event simulation. The next event
is either an arrival or a departure from one of the servers. By keeping track of
the time of each of the three possible next events (possibly + =c if a server is
free), one can simulate the whole queueing system. (A little care is necessary to
handle the event of a customer arriving when at least one server is free.) These
methods work for a completely general arrival process and service-time
distribution. At least 2000 customers could be simulated per CPU second on
a VAX11/782.

We only considered a Poisson arrival process. Without any loss of
generality one can take / = 1 and measure time in minutes. Both queueing
systems regenerate when a customer arrives to find all servers free, and
regeneration is frequent at all but very heavy traffic rates. Figure 6.3 shows
three runs with g, = 1.25, so the mean service time is 0.8 min. Runs are
illustrated with a slow server with y, = 0.625 and 1/15 as well as without the
slow server. [In all cases the service time distribution was gamma (5), suitably
scaled.] With p, = 0.625 there were 278 tours, whereas for y, = 1,15 there
were only 32, the tours being lengthened by the long service times of the slow
server. For exponential service times Rubinovitch gives the probability that a
customer finds the queue empty, illustrated in Fig. 6.4. From this we can find
the mean tour length as the reciprocal, using ergodicity.

In comparing queueing systems it is tempting to use a common arrival
process, as was done in Fig. 6.3. This may complicate the analysis. For
example, when considering whether to use a slow server we have a
regeneration point only when customer i finds the queue empty in both
systems. This reduces the frequency of regeneration points. possibly too much
to allow a regenerative analysis.

Figure 6.5 shows autocorrelation plots for the three runs of Fig. 6.3. The
long delay times with a slow server inflate the variance and reduce the
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autocorrelations. For autocorrelation-based analysis it is the single-server
system that provides the larger problem, in contrast to regenerative simulat-
ion. It is rather difficult to use any of the methods of Section 6.1 to discard an
initial transient. The disparity between the two servers can cause cyclic
oscillations in the delay times from customer to customer. The problem was
circumvented by starting the simulations in a “typical” state from a pilot run.
An alternative would be to rely on analytical results from exponential service
times that show rapid convergence to equilibrium,
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Figure 6.3. Plots of D, vs i for 1000 customers with («) two servers. i, = 135, 1, = 115;(h) two

Servers, i, =

1.25, st = 0.625; and (¢) one server with g = 1.25. In all cases 7 = | with a Poisson

arrival process and gamma (5) service times.

Figure 6.4.

LIRS |

Probability of a customer uarriving to find the queue empty versus s, with

#y = 1.25. The horizontal line is for just the fast server, the solid curve is for indistinguishable
servers and the dashed curve is for a preference for the fast server.
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Figure 6.5. Autocorrelation plots for the data of Figure 6.3.
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Tables 6.4 and 6.5 show some results based on Fig. 6.3. The two measures
considered are mean delay time and the proportion of customers delayed by
more than S min. The value u, = 1/15 was chosen to give virtually identical
mean delay times with or without the slow server under exponential service
times. In almost all cases the standard errors are seriously underestimated if
the results are assumed to be independent. The exception is the long delays in
Fig. 6.3b, which are very rare and so virtually independent. The agreement
between the remaining methods of estimating the standard error is encourag-
ing. These values are themselves not very accurate. For example, in the last
column of Table 6.4 we have 95%, confidence intervals of (0.37, 0.97) for the

Table 6.4. Mean Delay Time and Estimates of its Standard Error for the Data of Fig.
6.3

Fig. 6.3a Fig.6.3b Fig. 6.3¢

Mean 3.27 1.40 3.30
Standard deviation 3.99 0.835 2.75
Standard errors
Under independence 0.126 0.026 0.087
Via 10 replications 0.264 0.038 0.52
Via 12 = 22 f(0) 0.290 0.050 0.58
Via regeneration 0.257 0.049 0.64
Via regeneration,

jacknifed 0.289 0.050 0.73

Table 6.5. Estimates of 0 = Probability that a Customer is Delayed more than S min,
for the Data of Fig. 6.3

Fig. 6.3a Fig. 6.3h Fig. 6.3¢

] 179, 0.2%, 23.4%
s.e()

Under independence 1.29, 0.141Y%, 1.34%;,

Via 10 replications 4.5%, 0.143%, 7.6%

Via regeneration 3.5% 0.137%, 9.7%

Via regeneration,
jacknifed 399 0.139%, 11.0%,
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Figure 6.6. The estimated spectral density for Fig. 6.3¢ on log, , scale. The smoothing window
and a pointwise 95% confidence interval are shown.



EXERCISES 169

replications estimate and (0.49, 0.69) for the spectral density estimate (Fig.
6.6). Note that by using an internal estimate via spectral densities we do as
well from one run as we would do from 70 replications.

These runs were picked from a larger study to illustrate some typical
behavior. Although a run of 1000 customers is cheap, longer runs raise
problems of storing the results and analyzing them by standard packages. As
batches of length 1000 are certainly virtually independent, analyses of the
type illustrated were performed on several batches and averaged. This gave
acceptably accurate estimates of the quantities considered without excessive
work in estimating standard errors. The only variance reduction that seemed
worthwhile was to use a common arrival stream. For mean delay times one
can analyze the differences in delay times for each customer. For the
proportion of long waiting times no variance reduction was attempted, since
the cause of long delays differs in the two systems, and any valid analysis of
the combined system is rather complicated.

EXERCISES

6.1. Consider an AR(1) process of 100 observations. Compute var(Z), t%/n,
and Es?/n. How large need |af be for 12/n not to be a good estimate of var(Z)?

6.2. Derive Moran’s formulas for EV, and EV,.

6.3. Simulate the process X, =10+ o(X,_; — 10) + ¢,¢ ~ N(O, 1) from
Xo = 0 and see how well you can choose how much to discard. [Note that
EX, = 10(1 — a').]

6.4. Suppose var(Y;|X;) = yX,; in the regenerative analysis. Show that

var(f) ~ y/X and that y can be estimated by the variance of (Y; — 0X,)/./X,.

6.5. Estimate the constant ¢ in Meketon and Heidelberger’s formula for the
data of Table 1.3. Hence adjust @ for bias (r = 200 here) and compare with the
jacknife estimate 4.

6.6. If you have access to a discrete-event simulation language or system.
check what assumptions it makes in its output analysis. Are they reasonable?

6.7. The best way to understand output analysis is to try it. Either simulate
the processes of Section 6.5 or a problem from your own field and try several
different output analyses.
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CHAPTER 7

Uses of Simulation

In a sense this whole book is about uses of simulation. What concerns us here
are some of the less obvious uses of simulation, which fall into two broad
categories. The first category is within statistics, to perform statistical
inference. Obvious uses of simulation in statistics are those of randomization
such as randomizing experiments and randomized tests. More tnnovative
uses are Monte-Carlo tests, the bootstrap, and Monte-Carlo confidence
intervals. Often when a distribution is unknown, for example that of a test
statistic, it is tempting to replace it by a distribution estimated from a
simulated sample. Undoubtedly this has been done for many years in an ad
hoc way. Increased computer power has made it possible on a large scale, and
more formal methods such as the bootstrap and Monte-Carlo tests have been
developed. These are the subject of Section 7.1.

Stochastic algorithms have recently proved successful in both cryp-
tography and optimization. Although there is a certain appeal about an
algorithm that will always succeed, in practice we may be able to afford to
solve a much larger problem with a probabilistic algorithm that has only a
high probability of success. Consider, as an example, the problem of finding
whether a large integer is prime or the product of a small number of large
primes. (Small prime factors can be found by conventional means.) There arc
stochastic algorithms that will report correctly if the number is prime, and
find a factor if one exists with probability at least one-half. As these
algorithms are very much cheaper than any that give a definite answer. we
can afford to run the algorithm 20 times. We will then either know a factor or
have odds over a million to one that the number is a prime (Devlin. 1984. pp.
176—178). This will usually suffice! Stochastic algorithms in optimization
usually depend on the space-filling properties of random walks to rcach a
global rather than local optimum. This is considered further in Scction 7.2.

Monte-Carlo integration was used as a test problem for variance re-
duction in Chapter 5. We were unable to escape the precision proportional to
I/\/;_1 law, although the constant could be made small. Dcterministic
methods can do much better in one or two dimensions, and we might give up

170
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independence to try to do as well. Section 7.4 discusses quasi-Monte-Carlo
integration in which the pseudo-random numbers are bent to fit the
particular problem.

7.1. STATISTICAL INFERENCE

An appealing but potentially expensive way to develop statistics would be to
compare the data with samples from the models under consideration. Since
this would have to be done for each parameter value, some analytical aid is
necessary. Yet ideas increasingly along that road are being developed.

Monte-Carlo Tests

Suppose we have a completely specified model and a goodness-of-fit statistic
T for which small values indicate departures from the model. The random
spatial pattern of Chapter 1 provides an example, with T = n(n — 1)d*. To
perform a pure significance test we need to know the distribution of T. This
may be difficult or impossible analytically, but we can always simulate from
the model and produce m samples ¢,,...,t, of T under the null hypothesis.
One way to proceed would be to estimate the cdf of T by the empirical ¢df of
(t(,....t,) or a smoothed version thereof. Essentially we estimate the critical
point at level « as the 100ath percentile of (¢y,...,1,,).

Monte-Carlo tests are a closely related (but not identical) idea. If the null
hypothesis is true we have m + 1 samples from the distribution of T, m by
simulation and one by observation. Thus the probability that T is the kth
smallest or smaller is k/(m + 1) provided we can ignore ties. [For the rest of
this section we assume a continuous distribution for T to avoid such
difficulties; Jockel (1986) shows how they can be resolved.] If we choose k and
m to obtain a conventional significance level (say 1% or 5%,), we have
Barnard’s (1963) Monte-Carlo test. [Dwass (1957) gave a special case earlier
and the idea has been rediscovered since, but Barnard appears to have been
the first to publish it explicitly.] Two-sided tests can be developed in exactly
the same way.

The performance of Monte-Carlo tests has been considered by Hope
(1968), Birnbaum (1974), Marriott (1979), and Jockel (1984, 1986). The
Monte-Carlo test has a random critical point and so “blurs” the critical
region. Let F be the cdf of T under the null hypothesis. Then
U = F(T) ~ U(0,1), and the conventional test rejects H, if U < a. On the
other hand, the Monte-Carlo test rejects H, with probability p(U), where

k-1

pw) = Y ('l —uy""

r=0
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This should be interpreted as the proportion of times the Monte-Carlo test
will reject with T = F ™ (u) as the observation. Marriott (1979) tabulates p(u)
and shows that for smalil k the blurring can be substantial. Note, however,
that the Monte-Carlo and conventional tests only give different decisions a
significant proportion of the time when T corresponds to a p-value near the
significance level a.

An alternative approach is to consider the power function "(«) of the
Monte-Carlo test versus the power fi(x) of the conventional test. We would
expect 8" < f and find this to be the case except when the conventional test is
worse than useless (Foutz, 1980, 1981; Jockel, 1981). The important question
is how large the loss of power can be. Since the Monte-Carlo test rejects if and
only if

1<ty

the power under an alternative, F,, is

"~ x

@ = | HE (U > 0dFy(0)

N x

f x 1
= j bla, m, E)YdEAF y(1)
r JF

(1
1

= FH(Fi(S:))b(a’ m, é)dé

JO

where h(x,m, ") is the pdf of the beta distribution with parameters a(m + 1)
and (1 — a)(m + 1). Since fi(z) = Fy(F (o)) we find

1
pr() = L B&)bla, m, &)dE (1
Jockel (1984, 1986) exploits this formula. For example,

Theorem 7.1.  Suppose i( )is concave on [0, 1]. Then ™(x) T fla) as m — oc.

PROOF. From (1)

]
AT @) — p(a) = J {bla.m + 1,8) — bla,m, &)} B(E)dS

0

There are points &,, ¢, with 0 < &, < &, < 1 such that the integrand is zero at
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these points, positive on (&, ¢,) and negative on (0,&,) and (&5, 1). Let
L&) = B(&y) + [P(E2) — BEDIE — &M, = &)

so L< fon(,¢;)and L = f elsewhere (by concavity). Then
1
B o) — () = f L {bla,m + 1,&) — bla,m, &)jdE = 0
0

as required, since both densities have mean . 1

If /}(- ) is continuous at a, the convergence of ”(x) to f(x) follows directly
from (1) (Hope, 1968; Birnbaum, 1974} by the I? convergence of b(z, m, ") to .
How much do we lose by using a Monte Carlo test? Jockel gives,

Theorem 7.2.  Suppose () is concave on [0, 17, 5(0) = 0 and (1) = 1. Then
m N _ 12
ﬁ(a!)l_bll 1':1~“ %)
flx) 2 2

where Z ~ beta(a(m + 1), (1 — x)(m + 1)).

PROOF.
Bla) — Bm(2) = E[Bl2) — MZ)] < E[Bl=) — f(Z)]

where f(2) is the function linear on [0, ], [x, 1] agreeing with 5 at 10,2, 1}.
Then f is the power of the randomized test

a ', <
¢ = l—g¢a+§—a’ >
1 — o | —«
Then
~ — fB(x) —
ECpo) — f(2)] = E [fof“) 1z -l + %(Z—w]

_ | P2 /3(01 \
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since EZ = o. The approximation comes from the central limit theorem,
approximating Z by a normal variate of mean (1 — «)/m. a

Jbckel (1986) gives other more accurate formulas for the lower bound. For
a = 5% the bound goes from 649, at m = 19 through 837, at m = 99 to 94.5%,
at m = 999.

This formula gives a worst-case bound. For more specific results we have
to consider asymptotic theory. Jockel shows that the local asymptotic relative
Pitman efficiency is

2

Jl H(O ™ (u)blor, m, udu
0
PP (2))

at least in the normal limit case. Again for o = 5%, the efficiency is 819 at
m = 19 and 95.6%, at m = 99. Further details are in Jéckel (1986).

These results generally confirm our heuristic ideas about Monte-Carlo
tests. They provide some reasons to avoid small values of k, which blur the
critical region rather a lot and so lose efficiency and power. Of course, since
(m + 1) = k/a, this implies m large. Unless one takes a very rigid approach to
significance testing, m = 99 is usually sufficient.

In some cases one can make a decision without generating all m samples.
In the spatial randomness example of Chapter 1 we commented that we could
stop if we found one small distance. Analogously we can stop when k samples
t; are smaller than the observed T, for then we know we will not reject.
Similarly but less usefully if m — k + 1 values exceed T, we will certainly reject
and can stop. This device can reduce the labor needed if the fit is good, so Tis
a typical value, but will help little if the true p-value for T'is small.

Efron’s Bootstrap

Efron (1979) introduced an idea analogous to the jacknife that has aroused
considerable interest as a general way to estimate a sampling distribution.
Suppose we have an estimator # of  based on a sample x,,...,x,. The
suggestion is to estimate the bias and variance of 0 by replacing the unknown
distribution of & by the distribution of # under resampling from (x,,...,x,).
That is, we draw a new sample (y,,...,v,) by sampling (with replacement)
from (x,,..., x,) and compute & from the y,’s. This has a distribution from the
random selection of the y;’s, and it is this distribution that is used in bootstrap
methods. It may be possible to compute this resampling distribution
analytically, but it is quick and easy to build up enough of a picture of it by
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simulation. The cost is in computer time, since for each resample we calculate
a complicated estimator # and we will need to do this a large number m times.
The simulation in contrast is trivial.

At first sight this is a preposterous idea, but it has been shown to work well
in a wide variety of problems. Consider the very simple example of ) = X. We
estimate var(0) by var(7), the variance under randomization. Each VRS
independently one of {x,,...,x,}, so var(y;) =Y (x; — X)?/n and

var(y) = ¥ (x; — X)3/n? = [(n — )/nls*/n

so this 1s (up to a factor close to 1) a sensible estimator. In general we will
estimate var(D) by the sample variance of {(y) for a large number of samples.
We can also estimate the bias of § or any other aspect of its distribution from
the resampling distribution. For example, the bootstrap estimate of bias is

EO—0

and the first term will be estimated by the mean of m resamples.

The regenerative simulation example of Section 6.4 provides a more
realistic example. There are seven bivariate observations, (1,0), (28,4.692),
(12, 1.663), (8,0.387), (26,5.894), (41,15.922) and (37,22.787). There  is the
ratio of the sum of the second component to the sum of the first component.
Resampling 1000 times we find the bootstrap estimates of

bias(d) = —0.011
s.e.(D) = 0.087

The standard error agrees with previous estimates and the bias estimate is
very close to that from the jacknife.

The bootstrap principle can only be justified asymptotically as n — = by
showing that the resampling distribution and the true distribution of # have
the same asymptotic behavior. The case of a finite sample space is easiest. We
assume () does not depend on the labeling of the sample. Let the possible
values be {1,...,L}. The distribution of the sample can be described by
{f;=P(x, =j)} and the sample (x;) can be described Aby {_/;:(no. of
x; =j)/n}. Then the quantity of interest, E¢(0) = EQ(f. f), and this is
estimated by EQ(f*, f), where f* refers to the resamples. Both f|f and f*|f
have multinomial distributions, and as n — = both f* — f and f — f have
the same asymptotic normal distribution. Under smoothness conditions on Q
this gives the same asymptotic distribution for Q(f*, f) as Q(f. f). as
required. Later work has extended this result to more general problems.
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Despite this asymptotic justification, bootstrap bias and variance estimates
work well for small samples. [Efron (1982) gives many examples as evidence
for this statement.]

Monte-Carlo Confidence Intervals

Monte-Carlo tests are only defined for a single simple null hypothesis and so
cannot be inverted simply to form a confidence interval. Some pivotal
Guantity is needed. Suppose 8 is a consistent estimator of 6 with cdf F,. Let 0*
be a sample from F,. We want to use the variation of 6* about 0 to infer the
variation of 8 about 6. Consider first a (local) location-family model

B-—0~F, sob*—D~F, (2)

Let L and U be upper and lower La-prediction limits for 0* obtained either
analytically as

L=F; (3w =0+ F; ()

U=F;(1 —40)=0+ Fy(1 ~32)

or via simulation from the empirical cdf of 8*. The conventional (1 — a)-
confidence interval for 8 is

0e(® — F5 (1 — 32),0 — Fg (3)
=(20-U,20-L) (3)
if the model (2) holds exactly. If (2) is only a local approximation, (3) will be an
approximate (1 — «) interval.
Suppose additionalily that F, is symmetric about zero. Then analytically
U-8=0-L
and (3) becomes
fe(L,U) (4)
Efron (1982, Chapter 10) calls (4) a percentile confidence interval, and

Buckland (1983, 1984) calls it a Monte-Carlo confidence interval.
An alternative assumption is a local scale family, particularly for 6,0 > 0.
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Then
/06 ~F,. 0*0~F, (5)

| — o= Py(L/D < 0%/0 < U/D)

= Py(L/0 < ()/() < U/())

0e(0?/U.0%/L) (6)
If In(0/0) has a symmetric distribution we can again swap limits to obtain
Oe(L,U). Efron considers the assumption that there is a monotone increasing
transformation g such that ¢(0)) has a symmetric location family of distribu-

tions with location parameter g(f). This again gives #e(L, U). Suppose,
however, that

gy — gt ~ G

and G was symmetric about m # 0. Let L, U, be percentiles of ¢()*) as
before, giving the confidence interval

gl e 20 — U, L2900y — L,

Using
U, — g0y —m= —(L,— gl) — m)

we obtain

g(())e(LH —=2m. U, — 2m)
Efron considers g = &~ 'I- ¥, the asterisk denoting that this is estimated by
the bootstrap. If we assume g(@) — g(0) is approximately a location family
with point of symmetry m = — @~ ’P*(()) we obtain

(FF 'D(—2m — 22,), FF '®2z, — 2m)) (7

which is termed a “bias-corrected percentile interval.”
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Buckland (1984) claims the validity of (4) under the weaker condition
Fo(0:)=1—Fy,(0)) for all 0,.0,

Suppose ¥ = g{f) is a location family for an increasing transformation g, so
¥ — ¥ ~ G. Then Buckland’s condition becomes

PG(IPSW2_¢1)=PG(1/7>'//1—¢2)

that is, the symmetry of G about zero. Without such a pivotal relation we
cannot conclude that Py(L <86 <U)=1—a for all 0 from Buckland’s
condition.

Suppose that (4) is a valid confidence interval and that L and U arc
estimated as the percentiles from m simulations of 6*. Then the achieved
confidence level is

A=F(U)-Fy(L)=Uy, — U

if the samples were generated by inversion from (U,,....U,) and
jim + DY x 4o, kfim+ 1) * 1 —4a. Then EA = (k —j)/im + 1) = 1 — « and
var A =~ a(l — a)/m. (Note the divisor m + | rather than m.)

The intervals (3) and (6) appear to be new and remove many of the
problems of their symmetrized cousin 6e(L,U). Conversely, one has to
choose an appropriate transformation, but for large samples with 0 near 0
there should be little difference among (3), (4), and (6). Each assumes less than
asymptotic normality.

7.2. STOCHASTIC METHODS IN OPTIMIZATION

Stochastic models arise in optimization in two ways. We may have to
consider maximizing a quantity that is only measurable with error. Once
example is response-surface designs. There we wish to find a combination of
controls maximizing the output of a plant, but we can only estimate the
output from an experiment. Another example is maximizing a likclihood or
minimizing a goodness-of-fit statistic when the appropriate distributions arc
so complex that they must be estimated by simulation. Such ideas are usually
termed stochastic approximation or stochastic optimization.

The other use of randomness is to explore the set over which a function is
to be maximized in an efficient manner. Stochastic methods generally do well
in very complex optimization problems; when enough is known about the
problem deterministic methods will be more efficient. The startling success of
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simulated annealing in combinatorial optimization (see below) suggests that
stochastic methods are under-used at present.

Random Search Algorithms

We assume that a function f is given over a domain D < R". The global
maximum x*e€ D is a point at which f attains its maximum, that is,

f(x*) = sup f(x)

xeD

A local maximum X is a point such that f(x) < f(X) for all xeD with
0 < |lx — x| < 6 for some choice of 4. Deterministic optimization methods
will in general only find a local maximum. However, if D is convex and f is
concave then a local maximum is the global maximum, so it is sufficient to
find a local maximum. Without such additional knowledge global optimiza-
tion methods need to cover the whole of D in some sense. One appealing way
to do so is to use a random walk.

Suppose f is differentiable with gradient (column) vector g. Then two
random search algorithms are:

Algorithm 7.1. Generate a random vector V; unformly distributed on the
surface of the unit sphere S,_;, = R” and move to

Xivy =X + o {[f(x; + V) — fx; — ¢;V)]/2¢; 3V,

Here «; is a step length parameter, and the term {---} represents a finite
difference approximation to g’ V,.

Algorithm 7.2

1. Generate N random vectors V), uniformly on §
2. Choose k to maximize f(x; + ¢; V).
3. Move to

n—1-

Xiv1 = X; +azl[fx +L1V1k /(X )]/CII ik

Again, the term |--+} is a finite-difference approximation to g’ V. Both
algorithms are related to gradient ascent, in which the next step is along g(x;).
Note that for ¢; small enough both algorithms will always ascend and so are
likely to be trapped in a local maximum. Their attraction is that they will not
exhibit the “zigzagging” of gradient ascent.

The most commonly used global optimization algorithm is undoubtedly
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Algorithm 7.3

1. Select N starting points x; & D according to some distribution over D.
2. Run a local optimization algorithm from x; to reach %;.
3. Choose x* as the k; with largest f(X;).

In essence, we find the local maximum nearest each starting point and
choose the highest. Obviously if we have any idea of where the global
maximum is we can reflect this in the choice of distribution over D.

Pincus (1968, 1970) uses a Monte-Carlo approach, based on

Theorem 7.3. Suppose f is continuous with a unique giobal maximum at
x*, and D is compact. Then

f x exp[Af(x)]dx
D

x* = lim

Ao f exp[Af(x)]dx
D

PROOF. Fix ¢ > 0. By compactness and continuity we can find 4 > 0 such
that if N, = {x]|x — x*| < ¢} then f(x) < f(x*) —J for all xe D\N,, and
1 > 0 such that f(x) > f(x*) — /2 for all xe N,. We will show

j Ix — x*lexp Af (x)dx
lim <2 =
im =0

Ao J exp Af(x)dx
D

Let I, and I, denote the numerator and denominator. Then
I P j exp Af(x)dx = vol(N,Jexp A[f(x*) — /2]
Ny
Now
I, = j [x — x*|exp Af (x)dx +J |x — x*lexp Af(x)dx
N DN,
< ely + sup|x — x*|vol(D)exp Af(x*)

xeD

Finally, I,/I, < ¢ + const exp(— 4d/2) which suffices. O
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We can then apply the Markov chain sampling methods of Section 4.6 to the
pdf proportional to

exp[Af(x)]

over D, to which they are ideally suited. Then x* is estimated by the mean of
X, the position of the Markov chain after n steps.

Simulated Annealing

This was introduced by Kirkpatrick et al. (1983) as a device to obtain
improved solutions to combinatorial optimization problems, such as the
wiring between integrated circuits on a printed circuit board and the n-city
traveling salesman problem [see also Bonomi and Luttin (1984)]. These
problems all have a cost U to be minimized by a choice of a large number of
interrelated finite decisions. The traveling salesman problem is to visit n cities
in any order without returning so as to travel the shortest possible distance.
At each city he or she has to decide where to go next. Thus a path is a
sequence of cities contained in {1,...,n}" with not all paths allowed. The cost

U(x) = EZZ dix; (. x;)

The key step is to set up a probability distribution on all paths by
P,(x) = constexp[ — AU(x)] (8)

with forbidden paths having infinite cost. As 4 — oo it is clear that P; will
concentrate on the optimum path(s) x*. This is just the discrete version of
Pincus’ procedure, and we can again apply Markov chain methods.

There is a formal similarity between (8) and the pdf

P(x) oc expl:— % U(x):|

of the Gibbs measure in statistical physics of a configuration of energy U at
temperature T. Annealing is a manufacturing process in which a molten metal
is cooled extremely slowly to produce a stress-free solid. In mathematical
terms this means achieving a configuration of atoms with energy near or at
the minimum of U. This is precisely what we wish to do in the optimization
problem and suggests taking A oc 1/T and so increasing 1 — oo very slowly. If
we are using the Markov chain method of sampling from (8) we will have to
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let this near equilibrium before 4 is changed appreciably, and as 1 — < the
rate of convergence to equilibrium slows dramatically (just as in real
annealing). Geman and Geman (1984) and Gidas (1985) study the choice of
the sequence of T or, equivalently, of 4. Their methods are a detailed study of
nonhomogeneous Markov chains and suggest in general that A oc log(l + 1),
where t is the number of steps of the chain completed.

Unfortunately this is so slow a rate of convegence that there is no
possibility of achieving a sample from a P, that is nearly concentrated on x*.
However, all is not lost, for we can monitor U(X,). The success of simulated
annealing in combinatorial optimization has been to find paths x with U(x)
appreciably below any previously known feasible path. Although P, will not
be concentrated on x*, it will give increased mass to the near-optimum paths
and so there is a good chance that even a rather casual exploration of all
paths by random sampling from P; will come up with a good path. Why not
then just choose a large 4 and sample directly from this (as suggested by
Pincus)? For large A the successive points x, move very slowly in the space of
allowed paths, and starting with a small A allows the process to search around
rapidly for the correct local maximum. Although Gidas’ results guarantee
that the global maximum will be approached eventually, this could take a
very long time. Thus it is helpful to resort to the random start procedure of
Algorithm 7.3.

Image restoration and labeling problems give rise to Gibbs measures very
naturally as posterior distributions. Maximizing the posterior distribution
amounts to estimating by the posterior mode. The optimization problem
involved can be enormous. Consider an image made up of an M x M array
of pixels, for M = 64—512. Each pixel has one of k true colors but is observed
with noise. Figure 7.1 shows a small example with M = 64 and k = 2. [f we
assume as prior distribution the Markov random field with specification

In P(x;; = black|other colors)
In P(x;; = white|other colors)

= f[number of black neighbors — number of white neighbors]

and additive Gaussian white noise of error variance , we find the posterior
distribution

P(x) oc exp[— U(x)]

where

1
UX)=-—= Y (Z;—p,)> —B Y Usamecolor)
2K pixels ncigllabor
pairs
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TEST

‘T

Figure7.1. A 64 x 64 test image for restoration via simulated annealing.

and Z;; is the signal on pixel ij and fip;,, and gy, are the true luminance
levels. This is easily simulated by the methods of Section 4.7. Figure 7.2 shows
the results of 500 scans of the image with 4 = In(I + scan number)/3. No
local optimization method found a value of U within 100 of that for the image
of Fig. 7.2.

Stochastic Optimization

So far we have considered stochastic algorithms for deterministic objective
functions. Now suppose f(x) can only be measured with error as f(x,¢) and
we are interested in solving

max E f(x, £) 9)
xeD

or
Ef(x,e)=0 (10)

Examples of this type of problem are given by Diggle and Gratton (1984) and
Ruppert et al (1984). Both are concerned with parameter estimation in
complex statistical models. For example, in maximum likelihood part of the



184 USES OF SIMULATION

r_ . . - ’ e

(b)

Figure7.2. (a) Restoration with f = 0, that is, no spatial information was used. (h) “Minimum
energy” restoration via simulated annealing with # = 1.

likelihood (such as a normalizing constant) may need to be estimated by
simulation or in a moment-based estimator the theoretical moments could be
found by simulation.

Some care is needed with the maximization problem. Suppose the noise is
additive, f(x,€) = f(x) + ¢ Then any attempt to maximize S{x, &) directly will
have to work with a rough function and will tend to overestimate J(x*),
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possibly appreciably. There are three main approaches, all of which make
some use of the smoothness of f(x).

The first of these approaches is response-surface methodology. An
example is given by Hoel and Mitchell (1971). This was originally a way of
designing a series of experiments to find the point of maximum yield of, say, a
chemical plant (Box et al., 1978, Chapter 15). To solve (9) a local quadratic
surface for ¢(x) = E f(x, &) is assumed, with E[ f(x, &) — ¢(x)]* approximately
constant. This quadratic can then be fitted by least squares and the design
points arranged to close in on the predicted maximum. To solve (10) one
would use a local linear approximation.

Perhaps the best-known approach is stochastic approximation (Wasan,
1969). The original form of Robbins and Monro (1951) solved (10) for
xeR and ¢ increasing. A sequence (x,) is used, defined recursively by

Xp+1 = Xg — anf.(xnsgn)

Chung (1954) showed that (a,) can be chosen so that E(x, — x*)?> = O(n "),
which is the best error rate achievable. Kiefer and Wolfowitz (1952) proposed
solving (9) for concave ¢ by estimating g(x,¢) = ¢f(x,¢)/¢x by

g*(x) =3[ f(x + cp8) — flx = ¢,.8)]/c,

and using the Robbins—Monro procedure for this function g*. In general
Eg*(x) # Eg(x,¢), so ¢,— 0 is necessary for x,— x* If ¢, and &, are
independent then the best achievable rate is E(x, — x*)> = O(n~ %3) (Fabian,
1971). However, in a simulation study we will not need ¢ and ¢ to be
independent and by use of common random variables we can expect a high
correlation between f(x + ¢,,¢) and f(x — ¢,.¢) leading to a much more
stable estimator g*(x). This was exploited by Ruppert et al. (1984). Blum
(1954) gave a multidimensional version of the Kiefer—Wolfowitz procedure.
Other authors, notably Springer (1969), Diggle and Gratton (1984), and
Ruppert et al. (1984) generalize more sophisticated optimization methods,
viewing the Kiefer-Wolfowitz—Blum procedure as a version of steepest
ascent. Diggle and Gratton base their SQ procedure on the Nelder—Mead
simplex algorithm whereas Ruppert et al. use a Newton-type procedure.
(Note that Diggle and Gratton use a response-surface design near their
optimum as a second phase.) Far too little experience is available to comment
in any generality on a preferred procedure. These methods tend to be very
expensive in computer time, so it is well worth tuning a method of stochastic
optimization to the specific problem in hand. However, carcful use of
variance reduction along the lines suggested by Ruppert et al. has great
potential benefits and may enable differences in ¢(x) = Ef(x,¢) to be
estimated sufficiently accurately to use derivative-based methods.
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7.3. SYSTEMS OF LINEAR EQUATIONS
Monte-Carlo methods to solve the n by n system of equations
Ax=b (rn

were proposed about 1950. They are generally inferior to the conventional
methods of numerical analysis (which have been improved considerably
since), but do have some value in specialized problems. Curtiss (1956)
recommended the methods of this section only when a rough estimate of x
was required or one was interested in only a few of the elements of x, for
example in the diagonal elements of 47",

We can rewrite (11) as

x=Hx+b (12)
for H=1 — A and consider solving (12) recursively by
x® D = Hx® 4 p

from which we find

K+ 1) iH’bﬁ- HEH 1 O (13)

r=0

This series will converge to x if p(H) < 1. (The spectral radius, p, is the largest
magnitude of the eigenvalues where these exist) We can ensure this by
rescaling A »cA4 and b — cbh and will assume from now on that (13) is
convergent,

Monte-Carlo methods estimate H" without forming the matrix product.
The method used is analogous to importance sampling. Let P be the
transition matrix of a Markov chain on {1,...,n} with p; > 0 if H; #0.
Suppose we sample X,,..., X, from this Markov chain with X, = i. Let

k
b= ] s

jzlej;l.X‘,'

Then

E(VilXo =i) = Z'”Zhi.ilhh.iz'"hikgl.ikbik = (H"b),

i i

1 k
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Thus if we take x!® =0, X, =i and run the Markov chain for a long run k, we
obtain an approximately unbiased estimator Y § V, of x;. We can use the
strong Markov properiy to obtain some information on x; for each state j
visited; start a product for x; when X, = j.

An alternative procedure is to look at the Markov chain in reverse.
Choose a starting state X, from the distribution w on ! 1,....n! with n; > 0 if
h; # 0, and compute a product from X,. X, ,..... X,. Let

k
W, = by, n I’.\‘,..\', )
Ty, i-1Px; .,

Then. provided p;; > 0 when hy; # 0,

h‘ ‘/1,‘ (5.\‘1\1) = Z v Z I’,-“hi”-“ T I'ikil\ !(5,-“- = (Hkh)i

i
n

For cach run of the Markov chain we obtain approximately unbiased
estimators of cach element of v

The original method of von Neumann and Ulam as published by Forsythe
and Leibler (1950) differs shghtly. Consider a Markov chain on !0.1,....n!
with 0 an absorbing state and 1..... n transient. Then (X)) reaches 0 almost
surcly. Again assume p;; > 0 whenever fi; # 0 and run the chain until it
reaches state zero. Let X* be the last state visited before reaching zero. Let

rhe .
| l—[ 71_\, ,4.\,b>\'*

i-1tPx, L x,
(adjoining ones to h to make a matrix on [0, 1,..., n)). Then
o ] ‘ P(absorbatstepk + 1
E*X, =0 =3 (H*), ( P ):_\'i

Ko Pxi.0
Similarly if

N by, ¢ ll\(,.,\(,

[/L’* 1
71"\-“‘[7 1 p,\', 12X
then
d Plabsorbatsteph + 1
EW*34.,) = Z (Hkb),- (absorbatstepk + 1) .

Ko Px..0
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These give exactly unbiased estimators V* and W*J.,. They are, however,
more variable. (Note that W*4dy., # 0 for only one value of i.) The idea of
averaging over intermediate steps was due to Wasow (1952).

Halton (1962) considered accelerating the convergence of these schemes.
His simplest and most effective idea was that having found a rough initial
estimate X of x one should solve

Ax = (b — AX)

for a correction to %. This will have a much smaller right-hand side and so be
solved more accurately. It is reminiscent of the ideas of iterative refinement in
numerical analysis and of control variates.

All these schemes would be replicated to estimate element(s) of x. Rather
little work has been done on the variances of the resulting estimators, which
clearly depend on the choice of P. The variance need not even be finite and
Halton (1970, pp. 17-23) discusses choosing P to make the variance finite.

One source of interest in Monte-Carlo methods of solving linear equations
has been the field of integral equations, which when discretized give large
systems of linear equations.

Eigenvalues

A related problem is to find eigenvalues of a n x n matrix A, that is, values ~
such that

Ax = Ax

has a solution. Iterative methods of finding eigenvalues only find the most

extreme eigenvalue; once this is found it is eliminated and the next most

extreme found and so on. Suppose we start with an arbitrary vector x'® and

form
XEED gy
Suppose A is diagonalizable. so 4 = CTAC and
X(k) — Akxto) = CTAA'CX(O) - AI\CTX(O)(,

where 4 is the extreme eigenvalue and c¢ is the corresponding eigenvector.
Thus we can estimate

ZIEN R PR
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and guess the sign of A by watching a few iterations. Again Monte-Carlo
methods can be used to estimate x'*,
Another method is to renormalize x** ! by

Moy =Z|Xf-k+”|a PURRI NSV

Suppose ¢ > 0. Then y; ., = 4, for x¥ oc ¢ approximately for large k. We can
construct a stochastic version by taking a recurrent Markov chain on
{1,...,n} with transition matrix Q satisfying g;; > 0 if a;; # 0. Let

©) &
Xx
W, =—"2
Txo i=19x; _,.X;

Ax;x;

Then
E(W,8x,51Xo = i) = (A%);;x{Om;
E(Wbx,;) = (A"x‘o’)j — H1#z"'ﬂkx‘j“
EW) =y e x5 = py

for large enough k. Thus we can estimate 2 by (W,/W,)"/" ™% for m > k.

7.4. QUASI-MONTE-CARLO INTEGRATION

Pseudo-random numbers were defined in Chapter 2 by their pretence to
randomness, and Monte-Carlo integration was defined in Section 5.1
assuming independent random samples, which gave an error of order 1 /\/N
from N samples. Can we do better by giving up any pretence at mimicking
randomness? The answer is that we can, by using quasi-random sequences
and so performing quasi-Monte-Carlo integration.

Consider the one-dimensional integration problem

1
0= J J(x)dx
0
which we estimate by
9N = iz flxy)
N t

for a sequence x,,..., xy from [0, 1]. We would like to choose the sequence to
minimize @y — 0] without needing excessive knowledge of f For a set
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E < [0, 1] let vy(E) be the proportion of the sequence within E. If f were the
indicator function of E we would want Ay(E) = vy(E) — area(E) to be small.
In general, consider the following argument of Koksma (1942):

(1

0u =01 = || Sk ~ f 0 f()dx

1

=11, J(x)dAy(x)

1

=11, Ay ([0, x])df(x)

LY

after integration by parts. This gives two upper bounds. First

|0x — 6] < suplAx([O, x])lj dlf1(x)

the first term being the definition of Dy and the second the total variation of f.
On the other hand, applying Cauchy—Schwartz,

1 12 / 1 172
|0y — 6] < ( J , 1A (00, XJ)Izdx) (L lf ’(x)lde)

< Ty x sup|f'(x)

for a differentiable function f. Both Dy and T}, are known as discrepancies,
with Ty < Dy.
For a random sequence (x,) we have

1
ET} = j E|Ay([0, x])*dx
0

ot =x)
—J N dx = 1/6N

0

So we would expect Ty to be of order 1/\/17 . Let Fy(x) = vy([0,x]) be the
empirical distribution function of the random sequence. Then

Dy = sup|Fy(x) — x|
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is the Kolmogorov —Smirnov test statistic for a uniform distribution, which is

well known to be of order l/ﬁ . We can clearly do better by choosing a
deterministic sequence. A little thought shows that the sequence of odd

multiples of 1/2N is optimal and achieves Dy = 1/2N and Ty = 1/,/12N.

Discovering one should use a uniform grid in one dimension is no great
advance, so we turn attention to d > 2 and the integral of f over I = [0,1]“
There are several analogues of the bounds involving Dy and T,. We can
define Ay(x) = AN(I_I [0,x;]1), Dy = suplAy(x), and Ty = [L Ay(x)*dx].}?
The bounds involve the discrepancies of (x;,...,x,) and all h < d-
dimensional subvectors extracted from (x;). Halton (1970) and Niederreiter
(1978) give full details. A weak form is

0y — 0] < Dy V()
where V(f) is the total variation of f over [ and all its subcubes.

This reduces the problem for rather general functions f to finding sets of
points (x,,...,xy) with small Dy or Ty. A uniform grid in d dimensions has
Dy = O(N ™Y, Ty = O(N ~ /%) which for d > 2 will be worse than a random
sequence. It is known that there are constants such that for any sequence

Dy=Ty,>=CON~ '(InNya 1z
for all d > 2, and sequences are known with
Dy<CY'N '(InN)*!

and

Ty < CPN (ln Ny~ 12
For d =2,

Dy = (N 'InN)/(1321n4)

These results [extracted from Niederreiter (1978)] show that with quasi-
Monte-Carlo integration we can achieve

By — 6] = ON "' (In Ny~ )
for smooth enough functions to satisfy an inequality for T}, and

Ox ~ 6] = O(N~'(In Ny~ 1)
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for functions of bounded total variation. Note that the sequences used
depend on N, as in the one-dimensional case.

These auasi-random sequences seem to have been used only rarely, almost
all reports being in the Russian literature. We can achieve better bounds if we
are prepared to make stronger assumptions about f. Suppose we assume that
f is periodic of period one in each variable x;. Then we consider

0= X A%
NENE N g
for a point ge Z“. By periodicity the summation points can be regarded as

rg—lmodl,...,@modl
N N

We recognize one such sequence with g = (1,a,a%,...,a° " ')7 from d-tuples of
a congruential generator. Let ¢, be the Fourier coefficients of f for he Z%.
Then

Theorem 7.4 (Korobov, 1959). Let r(h) = [| max(1, |h;). Suppose
le,f < Crth)™ for allh # 0 (14)
Then
By — 0] < C Pi(g,N)

where

Pug N) = ) r(h) ™

h#0.h'g=0mad \'!

It is known that there are vectors g such that P,(g, N) = O(N *(In N)*“~1)
but the proofs are nonconstructive. For d =2 we consider g = (1,a). If
N=F, for a Fibonacci number and a=F,_,. we obtain
P,(g, N) = O(N "¥In N), a very much better order than more general methods.
Specifically,

InF,

Pulg F) < 120K 355" forn > 5

a result of Zaremba. For d > 3 less is known but some tables of “good™ g are
available.
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The conditions on Theorem 7.4 look restrictive. First, (14) holds if f is up
to (k — 1) times jointly differentiable in each variable and all the mixed
derivatives of these orders have bounded variation. Thus (14) is a smoothne$s
condition. The periodicity can be removed by a transformation. For example,

SHX X)) =27 % fley (=D x g+ (= 1))

=01

has the same integral as f but extends to a periodic function. Thus Theorem
7.4 provides a powerful multidimensional integration result. In contrast, a
uniform grid of N = n? points achieves

1By — 0] = O(n~*) = O(N )

a very much inferior error bound for large d.

The proofs of the results of this section depend on subtle number-theoretic
arguments and are the province of a small band of specialists. Niederreiter
(1978) gives an extensive bibliography and references for the results quoted
here.

7.5. SHARPENING BUFFON’S NEEDLE

Buffon’s needle experiment for the determination of m will be known to every
reader. Although not a serious application of simulation, we will consider the
long series of attempts to improve Buffon's experiment.

Buffon’s original form was to drop a needle of length / “at random” on a
grid of parallel lines of spacing d. For | < d

P(needle intersects the grid) = 2//nd
To see this, let x be the distance from the center of the needle to the grid line
below and 6 be the angle of the needle to the horizontal. In any reasonable
definition of “at random” x ~ U(0,d).0 ~ U{0,n) and they are independent.
Thus

P = P{needle intersects the grid)

=g ! j P(needle intersects |6 = ¢)dp

[¢)
g f "I sin(¢/d)d
(4}

= 2l/nd
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Let p = l/d, ¢ = 1/ If we drop the needle n times and count R intersections,

=R/n,  varp=p(l —p)/n
bo =020,  vard, = 2pd(1 — 2p)/dpin = $2(1/2p¢ ~ 1)/n

>

s0 ¢, is most accurate when p = 1. Thus if 7, = 1/¢,,
var fty, = n* var ¢, = 5.63/n

Laplace considered replacing the grid of parallel lines by a grid of
rectangles of sides a and b. A similar argument shows that (for / < a,b)

2a + b) — I?

p, = P(needleintersects the grid) =
nab

Again var ¢, is minimized by a =b =1, when p, = 3/7 and var ¢, =
(1 — 3/n)/3nn and var 7, = 0.47/n.

An alternative suggested by Schuster (1974) is to count separately the
number of intersections on the horizontal and vertical grid lines, with
! < a=b.Let X;and Y, be the events that the ith drop intersects a horizontal
and a vertical line respectively. Then Schuster proposed

1 n
p2 2’1;( i 1)

as an unbiased estimator of p, = 2p¢. Now cov(X,, Y;) < 0 since

PX; =D =PY=1=p
PX,=landY,=1)= p%/n=p*¢
cov(X;, Y) = p?¢p — p* = p’p —4p>$* = p*P(1 — 4¢)
We deduce that

var(p,) = ,i”[vaf X+ cov(X,, V)]
1
=5 [l —p) + pi(l — 4¢)]
n

!
=5 [pd +3p7¢ - 4p*¢7]
1
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s0 if ¢, = p2/2p,

-~ 1
g = 1| L4 8o |

which is minimal for p = 1| as before. This gives
var(n,) = 1.76/n

We can also estimate ¢ by counting those needles that hit both sets of lines.
This gives ¢, = count/p*n with

var(¢;) = p2 (1 — p>§)/p*n
which is minimal for p = 1 and gives
var(fry) ~ 21.1/n

Could we have chosen a priori among ¢, ¢, $,, and $,? All are unbiased
estimators and we could attempt to find a minimum variance unbiased
estimator of ¢. Perlman and Wichura (1975) show that in this problem the
number of needles intersecting one or both sets of lines is a complete sufficient
statistic for ¢. Since this is equivalent to the number of needles hitting no
lines, we are led to Laplace’s formulation as the minimum variance unbiased
estimator of ¢. Since 7, is biased there still remains the possibility of a more
efficient estimator of # in this set-up.

Replacing the parallel grid by a square grid is closely related to replacing
the needle by a cross of side / (Hammersley and Morton, 1956). Let X and Y
be indicator random variables of the events that each of the two needles of the
cross intersects a grid line. Clearly for I <d we find EX = EY = 2p¢ as
before. As for the double grid we find cov(X, Y) < 0. The maximum precision
of

- 1
ba =4’72(X.‘ + Y)

is attained for | = d and leads to var 7, ~ 2.42/n. The corr(X,Y) = —0.14 is
not large and we should consider the sufficient statistics in this problem. If the
needles are indistinguishable there are three outcomes corresponding to
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Z=X+Y =01, or 2, with probabilities
PZ=0)=1-2/2¢

P(Z =1) =42 - 1)
P(Z =2) =41 -1/ /2)¢

Let the number of occurrences of Z = i be N, in n drops. Then the likelihood
is proportional to

(1 —2/2¢)"° /2 = D) (1 — 1//29)"2

s0 again Ny or N + N, are sufficient statistics. This gives the estimator

p=Non  dy= z_]fz(" - No)
with
var(¢s) = 0.0112/n
and

var(ns) =~ 1.09/n

which is better than antithetic variates but not as good as a single needle on a
square grid for the same counting effort.

Yet another variation is to allow | > d (Mantel, 1953). In this case we
count the number of intersections of the grid by the needle. For a single grid
the expected number of intersections is still 2//rd; divide the needle into parts
of length less than d and add up. For a square grid the expected number is
4l/md. Let N be the number of intersections. Then

var(N) = var{ E[N|0]} + E{var(N|6)}

The first term is var{p|sin 6]} = p*[$ — 4/x?] for a single grid. Conditional on
0 the number of intersections is either int(p|sin 6]) or int{p|sin6]) + 1 so

var(N|#) = frac(p|sin 0)) — [frac(p|sin 0))]> < %
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and for large p var(N) = p*( — 4/n2). This gives

var(# )~”—4var(N)~”—4 1= 45 231m
°' ™ 4pin Tan\? o) 7

for large p. In the case of a square grid we find

4

n
16p%n

var(t;) = var{ E(N|0)}

and E(N|0) = p|sin 0] + p|cos 0| with variance p%(1 + 2/n — 16/7?) so
var(®t;) = 0.094/n
Mantel suggested an alternative. Let s be the sample variance of N. Then
Es? x~ p*(1 + 2/m — 16/n?)

for large p. Suppose we solve

s?/p? =1+ 2/n — 16/n*
for n to obtain an estimator 7 with
g =(—1+ \/1 + 16¢)/c

where ¢ = | — s%/p%. Since ¢ < 1, we obtain g > 3.123. Conversely, s? is
bounded above by the case in which half the needles are parallel to the grid
and half at 45° to the grid, giving s?/p? < (3 — 2/2)/4 and 71z < 3.175. We
can estimate var(fng) using the large value of [ to assume normality for the
number of intersections, so s* is proportional to a y2_, variate. By the delta
method we obtain

var(g) x (4 x 107 %)

The estimators T, and particularly 7y are the most accurate of those
discussed. Against this we have only considered the limits for a large number
of intersections on each needle, so the work for each drop is much greater
than those of the earlier estimators. Because of the convergence at rate 1 n.
Monte-Carlo methods are of course not a serious way to determine 7 but
their history provides an interesting case of ingenuity in variance reduction.
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7.1.

7.2

7.3.

7.4.

7.5.

7.6.

USES OF SIMULATION

EXERCISES

Formula (1) for the power of a Monte-Carlo test makes sense even
when k = a/(m + 1) is noninteger. Show that this can be interpreted by
a randomized Monte-Carlo test for which (1) holds.

Tabulate p(u) for u = 0.1%, 0.5%, 1%, 5%, 10%, and the common
Monte-Carlo tests (k =1, m=19), (k =5, m=99), (k =1, m = 99),
(k =10, m = 199), and (k = 2, m = 199).

Consider Hy: T ~ N(O,1) versus H,:T ~ N(0,1) for 0>0. For
a = 5% and a = 19, compute the power of the Monte-Carlo test with
n =99 from (1) (by numerical or Monte Carlo integration) and plot
against 0, together with the power of the conventional test and the
lower bound given by Theorem 7.2. [See also Hope (1968).]

Many standard examples in statistical inference are either a location
family or a scale family and so are not a good test of Monte-Carlo
confidence intervals. One problem that is not is based on example (a)
of Chapter 1. Consider n points in the unit square under an inhibition
model that disallows distances less than R apart. Then asymptotically
n(n — 1)(d* — R*) ~ exp(n/2) where d is the minimum - interpoint
distance (Ripley and Silverman, 1978). Apply the Monte-Carlo con-
fidence intervals (3), (4). (6). and (7) to R and compare with the
conventional interval formed from R2

Apply Pincus’ method to f(x)=sin x — x2 on (—m, 7). Try both
selecting the next point of {X,) uniformly on (— =, n) (and so rejecting
quite often) and uniformly on (X, — &, X,, + 8} considered mod 2r, for
small o.

In the example after Theorem 2.14 we wished to invert

23 22 82
1
— 1 -
S5 1 34 106
—-17 6 162

and knew that the inverse has integer elements. Use a Monte-Carlo
method to estimate the inverse sufficiently accurately.
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7.7.  Estimate the largest eigenvalue of

12 6 6
1m 5 8
1 9 14

given that it corresponds to a non-negative eigenvector.

7.8. Show that ((2k — 1)/2N|k = 1,..., N) minimizes both Dy and 7y in one
dimension.

7.9. Use Zaremba’s sequence to estimate
1 1
Hzf f (1 + x? + y?)dydx
-1 J-1

7.10. In Laplace’s version of Buffon’s needle prove analytically or geometri-
cally that p, is maximized by a = b =[.

7.11. Show that N, + N, is a complete sufficient statistic in the “single
needle hitting a square d x d grid” problem even if d # 1.

7.12. The drawback of Mantel’s 7, is that it is consistent only as | — oc as
well as n — c0. Estimate the bias of 73 when ! = 10d. In what direction
will the bias be?
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APPENDIX A

Computer Systems

The examples were computed on a variety of machines ranging from personal
computers to scientific mainframes. The details given below may help in
understanding the timings quoted.

BBC Microcomputer

A personal computer manufactured by Acorn Computers under licence to the
British Broadcasting Corporation and widely used in education in the UK. It
is based on the 6502 8-bit microprocessor running at 2 MHz. The BASIC
interpreter supplied was used. This is an advanced Basic with repeat... until
loops and recursive procedures and functions. The intrinsic RND pseudo-
random function is based on a Tausworthe generator. (See Section 2.3 for a
description.) The real variables are contained in 5 bytes with a 32-bit
precision. Integer variables are 32 bits long with range —23!---231 — 1,

ACT Sirius 1

A business microcomputer, very similar to the Victor 9000 marketed in
North America. It is based on the 8088 8/16-bit microprocessor. The
Microsoft BASIC interpreter and compiler were run under MS-DOS. The
inbuilt (and unspecified) pseudo-random function was used. The real
variables are contained in 4 bytes with 23-bit precision.

Corvus Concept

A workstation based on the 68000 16/32-bit microprocessor running at 8
MHz with wait states. The SVS Fortran77 compiler was used. Real variables
are 4 bytes long with 24-bit precision; double precision variables are 8 bytes
long with 53-bit precision. Both conform to the IEEE standard (Computing,
March 1981). Integer variables are 32 bits long with range —23'-.-231 — 1,
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The congruential generator
X; = (69096X;_, + )mod 2*?
was coded in assembler using only the registers.
DEC VAX 11/782

A dual-processor 32-bit superminicomputer running the VAX/VMS operat-
ing system. Timings quoted are CPU time for programs compiled under the
optimizing Fortran77 compiler, and would be similar for a VAX 11/780. The
congruential generator X; = (69069X;_, + )mod 23? is supplied and was
used. Real variables have 24-bit precision and double precision variables
have 56-bit precision. Integer variables are again 32 bits with range
_931...931 _ 1.

CDC Cyber 174
A 60-bit scientific mainframe with an optimizing Fortran77 compiler used at
full optimization. Timings quoted are CPU time. The pseudo-random
function used was either the intrinsic function RANF(), which implements

X; = 44,485,709,377,909X; _, mod 248
or the function GOSCAF from the NAG library which implements

Xi = 513X,~_1m0d 259

Real variables are 60 bits long with 48-bit precision, whereas double precision

variables have 96-bit accuracy. Integers are stored in 60 bits, but most
operations are restricted to magnitudes less than 248,
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APPENDIX B

Computer Programs

The programs included here are intended to show to avoid some of the
pitfalls in implementing the algorithms of Chapters 2 and 3. They are written
in Fortran77 as the only widely available language with an extended
precision data type. Let maxint be the largest integer such that all integers
with modulus up to and including maxint are represented exactly in double
precision variables.

B.I. FORM a x h mod ¢

This is surprisingly difficult to do with adequate generality. The program
given here is fairly slow, but is useful to check the operation of special-
purpose code, for example, when implementing congruential generators.

The problems stem from the limited range of the integer type, which
typically only represents integers up to 2*! —1, and sometimes 2'° — 1,
Double precision variables will represent larger integers exactly, with
maxint = 233 and 2°° on the Corvus and Vax machines described in
Appendix A. There will be no warning of loss of accuracy when using double
precision variables, so care is needed to ensure that integer terms never
exceed maxint in modulus. If a higher precision type than double precision is
available it can be substituted. There is still a problem, for the INT function
on double precision variables is often restricted to integer parts <23!' — 1, so
this function has to be avoided together with the MOD function.

The function MUL (A, B, C) computes A x B mod C for integers A, B, C,
with 0 < A, B<C < M? where 2M? < maxint and INT(2*M — 1} is
acceptable.

FUNCTION MUL(A. B, C)
C forms A*B MOD C forA, B < C < =2-50
DOUBLE PRECISION A, B. C, MUL, A1. A2, B1, B2, D, M, MM
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set M so that 2«M+M < = maxint
M =2.0D0»+25

MM = M+M

D= (A+B)/C

CALL SPLIT (A, B, A1, A2)
CALL SPLIT (C, D, B1. B2)
MUL=A1-B1 + (A2~ B2)*MM
RETURN

END

SUBROUTINE SPLIT (A, B. C, D)

forms A*B=C +D+MM for0 < =C, D < MM

DOUBLE PRECISION A, B. C. D, A1, A2, B1, B2. M, MM, AC, AD, C1, C2
set M to the same value as in MUL

M =2.0D0++25
MM=MsM
A2=INT(A/M)

Al =INT(A-A2+M)
B2 = INT(B/M)

B1=INT(B -~ B2+M)
AC=A2+B1 +A1+B2
C2 = INT(AC/M)
C1=AC-MsC2
AC=C1+M +A1+B1
AD = INT(AC/MM)
C=AC- AD+MM
D=AD +C2 +A2+B2
RETURN

END

The subroutine SPLIT sets int(A) = Al + A2x M, int(B) = Bl + B2% M,

SO

int(A) ¥ int(B) = Al x Bl + AC*M + A2+ B2« M?

However, 0 < AC < 2M? sowe set AC = Cl + C2+ M, where 0 < Cl < M.

Then

int(A) *int(B) = (A1 *B1 + Cl1 * M) + (A2 B2 4+ C2)« M?

Again, the first term might exceed M?, so we write this as C + AD x M2, to
obtain the decomposition

int(A)*int(B) = C + DxM?

We know A, B < M?% so D < M2,
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The function MUL sets D = (A = B)/C, so at least int(D) will be accurate.
Then SPLIT gives

AxB=Al+ A2%N?

C#int(D) = Bl + B2« M?
so the answer is the difference (A1 — B1) + (A2 — B2)« M2, We know this to
be less than C, so (A2 — B2) is zero or one.
Program B.3 contains a modification of this program with SPLIT forming

nint(A) = nint{B). This forms A*B mod C with the residue in the range
—-C/2...., C/2. (If C is even, which extreme occurs depends on the sign of

B.2. CHECK PRIMITIVE ROOTS

To ascertain whether a is a primitive root modulo M we need to know the
prime factorization

M=y

[Knuth (1981, Section 4.5.4) discusses how to find such factorizations.]

Then we check that ¢ "7 %1 mod M for i=1,.... r. The program
PROOT does this for 2M < maxint,2®'. Useful test cases are
M =23 — 1 = 2147483647 with M — | = 2.32.7.11.31.151.331 for which 7

and 7% = 16807 are primitive roots, and 13 is not.

PROGRAM PROOT
DOUBLE PRECISION A(50). AA, FAC, M, MUL, MULT. PI. PWR
INTEGER I, J, R
PRINT «, "Multiplier. Modulus, No of factors of M- 1"
READ «, MULT, M, R
AA=MULT
A(1)=MULT
DO 101=2, 50
AA=MUL (AA, AA M)
10 Al =AA
DO301=1R
PRINT +, 'Factor’, |
READ «, FAC
PWR=(M-1)/FAC
AA=1.0D0
DO 20 J=50.1, -1
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Pl =2.0D0ss(J = 1)
IF (PWR. GE. PI) THEN

PWR = PWR - PI
AA=MUL (AA, A(J), M)
ENDIF
20 CONTINUE

IF (AA_EQ. 1.0D0) THEN
PRINT =, "FAILED’
ELSE
PRINT =, "OK for this factor'
ENDIF
30 CONTINUE
END

The function MUL is given in B.1. The key identity used is that
abmod M = (¢« mod M)(b mod M)ymod M

[Let a=a'+a’"M, b=b'+b"M. Then ab=da'b'+(d'b"+a’b'+a"b" MM
so ab mod M = a'b’ mod M.] This is used to precompute

A+ 1) = ¢* mod M, i=0,....49

For any integer 1,0 < t < 2%°, its binary representation 1, - - {4 is found, and
dmodM = I: [] (¢* mod M)] mod M
=1

is computed. The restrictions arise from MUL and the need for all
(M — 1)/p; < 2°°.

B.3. LATTICE CONSTANTS FOR CONGRUENTIAL GENERATORS

Suppose X; =(aX,_; +¢) mod M is a congruential generator of full or
maximal period. The subroutine LATT computes the lattice constants r, /,,
and v, discussed in Section 2.4 for dimensions k = 2,..., R.

Double precision variables are used throughout for greatest accuracy. The
rows of X are the basis vectors Me,;. Throughout powers of ¢ are reduced
modulo M to —M/2,...,M/2. Thus initially the length of Me, is at most
I+ (k — 1) x (M/2)* < 2M for k < 8. At all times the length of the vectors is
reduced, so we can guarantee that no element of X will ever exceed 2M in
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magnitude for k < 8. Internal terms in TEST1 and TEST2 are bounded by
four times the bound on an element of X. Thus we are guaranteed accuracy if
integers up to 8M are representable exactly. This is very much a worst case,
extremely unlikely to occur as the elements of X normally reduce in size to

O(ﬂ) after a few steps of TEST1. Warnings are issued if problems might
occur.

The polar basis {e¥} is found by inverting the matrix of {e;} using
Gaussian elimination with partial pivoting. It is possible to update the two
bases simultaneously as illustrated in Section 2.4. However, the elements of
{e¥} can become larger than M and accuracy may be lost.

Entry parameters

Rinteger max dimension < 8
MULT double precision multiplier

M double precision modulus M

One also needs to set M in MUL and SPLIT so that 2M? < maxint, and MX
in TEST1 and TEST2 to maxint.

SUBROUTINE LATT (R, MULT. M)
LOGICAL TEST2, TESTI
INTEGER R. K
DOUBLE PRECISION X(8, 8). LEN(8). MULT, M
DO 20 K=2. R
CALL INIT (X. LEN, K, MULT, M)
10 IF (TEST1(X. LEN, K)) GO TO 10
IF (TEST2(X, LEN, K)) GO TO 10
CALL RES (X. LEN, K. M)
20 CONTINUE
RETURN
END

SUBROUTINE INIT (X. LEN. R, MULT, M)
INTEGER R, I, K
DOUBLE PRECISION X(8, 8), LEN(8), L, MULT, M, A, MUL
IF (R. £Q. 2) THEN
L=10
DO10K=1,8
X(1, K)=L
10 L=MUL(L MULT. M)
DO 201=2.8
DO 20K=1.8
X(I, K)=0.0
IF (1.EQ. K) X(I. K) =M
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20 CONTINUE
ELSE
A=X(1, R)
DO251=1,R-1
26 X(I, R) = MUL(A, X(I. 1), M)
ENDIF
DO 40i=1.R
A=0.0
DO30K=1.R
30 A=A +X(1, K)*X(I. K)
40 LEN()=A
RETURN
END

FUNCTION TEST1 (X. LEN, R)
LOGICAL TEST1
INTEGER R, I, J, K, 11,12, L, NCHNGS
DOUBLE PRECISION X(8. 8), LEN(8), XY, A, B, MX
DATA MX/maxint/
NCHNGS =0
C try each pair |, J in turn
DO401=2R
DO40J=1,1-1
10 XY=00
DO 20K=1,R
20 XY = XY + X(I, K)«X(J. K)
IF (LEN(l). LE. LEN(J)) THEN
11=1
12=J
ELSE
1NM=J
12=1
ENDIF
C round halves towards zero
A=XY/LEN(I1)
L=INT(ABS(A) +0.499999999)
F(A LT.00)L=-L
F (L. EQ. 0) GO TO 40
NCHNGS =NCHNGS +1
A=00
DO 30K=1,R
B L«X(11, K)
F (ABS(B). GT. MX) PRINT «, ‘Accuracy loss’
B X{12, K) - B
X(12, K)=8B
30 A=A +B+B
LEN(I12)=
IF (LEN(I2). LT. LEN(I7)) GO TO 10
40 CONTINUE
TEST1=NCHNGS. GT.0
RETURN
END
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FUNCTION TEST2 (X, LEN, R)

LOGICAL TEST?2

INTEGER I, 11, J, K. L, L1, R, S, S1. T1, CON(3), IN(8), PTR(8)
DOUBLE PRECISION X(8, 8). LEN(8). T(8). A, AL, B. MX
DATA CON/OC, -1, +1/

DATA MX/maxint/

TEST2= FALSE.

IF (R .EQ. 2) RETURN

DO10iI=1.R
10 PTR(I) =1
C PTR is pointer to vectors in length order
DO 30I=1R=-1
L=

AL =LEN(PTR(L))
DO20J=1+1.R
L1 =PTR(J)
IF (LEN(LT) LT. AL) THEN
L=J
AL=LEN(LY)
ENDIF
20 CONTINUE
IF (L NE. 1) THEN
L1 =PTR(L)
PTR(L) = PTR(I)
PTR(l) = L1
ENDIF
30 CONTINUE
C try Minkowski's test
DO 100 1=3. R
11 =PTR()
AL=LEN({I1)-05
IN(I) =1
DO 90 S=1, 3«+(I-1)-1
S1=8
DOBOL=1,1-1
T1=81/3
IN{L)=CON(S1 =3«T1 +1)
50 S1=T1
A=0.0
DO704=1 R
B=00
DO 60 K=1, |
B=B+X(PTR(K). J)*IN(K)
IF (ABS(B) GT MX) PRINT «. 'Possible accuracy loss’

60 CONTINUE
T =8B
70 A=A+B+B

IF (A .GT. AL) GO TO 90
LEN(PTR(I)) = A
DO 80 J=1, R



224 APPENDIX B

80 X1, Jy=T(J)
TEST2 = TRUE.
PRINT », 'TEST2 SUCCESS’
RETURN
90 CONTINUE
100 CONTINUE
RETURN
END

SUBROUTINE RES (X, LEN. R. M)
DOUBLE PRECISION X(8, 8). LEN(8), A(8. 8), M, LL, LU
REAL NU, RATIO, AA, B, UL
INTEGER R, Z(8). I, J
LL=LEN(1)
LU=LL
DO101=2,R
LL=MIN (LL. LEN(}))
10 LU=MAX (LU, LEN()))
RATIO = SQRT(LU/LL)
NU = SQRT(LL)
IF (R .EQ.2) GO TO 50
CALL INV (X, A, R, M)
B = 1.0E20
DO301=1,R
AA=00
DO20J=1,R
20 AA=AA +A(J, )*A 1)
30  B=MIN(AA. B)
NU = SQRT(B)
DO 40i=1R
40 Z(1)=INT(NU*SQRT(LEN(I))/M)
CALL SEARCH(A, R. NU. Z, M)
50 UL=SQRT(LU)/M
PRINT 1000, R, RATIO, UL, NU
1000 FORMAT (' DIM', 12, RATIO ', 1PG10.3. ' LMAX ’, 1PE10.2,
& NU', 1PE10.2)

RETURN

END

SUBROUTINE INV (X, Y. R. M)
C invert X/M to Y by Gaussian elimination
C with partial pivoting

INTEGERR. H. 1. J, K, N
DOUBLE PRECISION X(8, 8), Y(8. 8), M, W(8. 16). S
N=R+R
DO 201=1,R
DO10J=1.R
10 W(l. 3) = X(1. J)/M
DO20J=1,R
IF (I .EQ. J) THEN
W(l, J+R)=10
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ELSE
W(, J+R)=00
ENDIF
20 CONTINUE
DOBOJ=1 R-1
S=ABS(W(J, J))
K=J
DO30H=J+1.R
IF (ABS(W(H. J)) .GT. S) THEN
S=ABS(W(H. J})
K=H
ENDIF
30 CONTINUE
IF (K .NE.J) THEN
DO 401=J. N
S=wW(K, §)
W(K. ) =W(J. 1)
40 W(J, 1)=S
ENDIF
DO 50 K=J+1,R
W(K, J)=W(K, J)/W(J, J)
DO B0 I=J+1. N
50 WK, 1)=W(K. )=W(K, J)*W(J. )
60 CONTINUE
DO Y0 I=R+1. N
W(R, 1) =W(R. I)/W(R. R)
DO80J=R-1,1, -1

S=W(J. 1
DO70K=J+1,R
70 S=S-W(J, K)*W(K, I)
80 W(J, 1} = S/W(J. J)
90  CONTINUE
DO 100 1=1, R
DO100J=1.R
100 Y(. Jy=W(l, J +R)
RETURN
END

SUBROUTINE SEARCH (A, R. NU, Z, M)
INTEGER R, Z(8). T(8). | J. K
REAL NU. AC
DOUBLE PRECISION M, A(8. 8). Y(8). AA
DO101=1.R
Th=0
10
K=R
20 IF (T(K) .EQ. Z(K)) GO TO 80
T(K) = T(K) +1
DO 30 J=1.R
30 Y(J)=Y () +AJK)
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40 K=K+1

IF (K.GT. R) GO TO 60

T(K) = -Z(K)

IF (Z(K) .NE. 0) THEN
DO 50 J=1,R

50 Y(J)=Y ()~ 2+Z(K)*A(J K)

ENDIF

GO TO 40

60 AA=00
DO 70 J=1.R
70 AA=AA+Y(J)*Y(J)

AC=SQRT(AA)

IF (AC .LT. 0.9999+NU) THEN
PRINT +, 'SEARCH SUCCESS'
NU=AC

ENDIF

80 K=K-1

IF (K. GE. 1) GO TO 20

RETURN

END

FUNCTION MUL(A, B, C)
C forms A*B MOD C for A B < C < =2+50

DOUBLE PRECISION A.B.C.MUL,A1 ,A2,B1.82.D.M.MM
C set M so 2+M*M < =maxint

M=2, 0D0+*+25

MM=M+M

D=(A+B)/C

CALL SPLIT (A.B.A1,A2)

CALL SPLIT (C.D,B1,B2)

MUL=A1-B1 + (A2-B2)+MM

RETURN

END

SUBROUNTINE SPLIT (A,B.C.D)
DOUBLE PRECISION A B.C.D.A1,A2,.B1.B2.M,MM.AC,AD,C1,C2
M=2++25

MM=M+M

A2=INT(A/M)
AT=NINT(A-A2+M)
B2=INT(B/M)
B1=NINT(B-B2+*M)

AC=A2+B1 +A1+B2
C2=INT(AC/M)

C1=AC-M=C2

AC=C1+M +A1+B1
AD=INT(AC/MM)
C=AC-AD+MM

D=AD +C2 +A2+B2

RETURN

END
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B4. TESTING GFSR GENERATORS

Theorem 2.9 provides a test of k-distribution for a GFSR generator with L-
bit words (Y;) and kL < p. The subroutine GFSRT takes the p x kL matrix
with rows the bits of (¥,...,Y,,_,), i=1,...,p and reduces to upper
triangular form following the example of Section 2.3.

SUBROUTINE GFSRT (A P.N)
C set pmax as required
INTEGER P.N A(pmax.pmax).EOR.[.J.LLT
DO 60 1=1,N
J=1
IF (A(LLl) .EQ. 0) THEN
10 J=J+1
IF (A(J,1) .GT.0) GO TO 20
IF (J LT.P) GO TO 10
PRINT », 'RANK DEFICIENT’

RETURN
20 DO 30 L=I.N
T=A(J.L)
AJ.L)=A(lL)
30 A(LL)=T
ENDIF
DO 50 J=1+1.P
IF (A(J.l) GT. 0) THEN
DO 40 L=I.N
40 A(J.L)=EOR(A(J.L).A(I.L))
ENDIF
50 CONTINUE
60 CONTINUE
PRINT », ‘FULL RANK'
RETURN
END

FUNCTION EOR(1.J)
INTEGER EOR, 1,J
EOR=MOD(I+J.2)
RETURN

END

Subroutine GFSRS prepares the matrix from Y,,..., Y, _,.

SUBROUTINE GFSRS (Y.L.P.K)
C set pmax as required
INTEGER L.P.KY(P+K-1) A(pmax,pmax).D.11.J1.M.M1
N=K=L
IF (N .GT. P) THEN
PRINT =, ‘'MUST FAIL
RETURN
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ENDIF
M=2s+(L-1)
DO 30 =1.P
11=0
DO 20 J=1K
D=Y(I+J-1)
M1=M
DO 10 J1=1.L
1=41 41
{F (D .GE. M1) THEN
ALI1)=1
D=D-M1
ELSE
ALI1)=0
ENDIF
10 M1=M1/2
20 CONTINUE
30 CONTINUE
CALL GFSRT (A.P.N)
RETURN
END

B.5S. NORMAL VARIATES

APPENDIX B

In the remaining section RND( ) is the pseudo-random number generator.
The polar algorithm 3.5 requires one of its variates to be saved for a

subsequent call.

FUNCTION POLAR ()
REAL AN.E,POLAR.VI.V2,W
SAVE IR.AN
DATA IR/O/

IF (IR.EQ.0) THEN

10 Vi=2 *RND()-10

v2=2 +RND()-1.0
W=V1sV1 4V2eV2
IF (W.GT.1.) GO TO 10
E=SQRT((~2.0-LOG(W))/W)
AN=V1+E
IR=1
POLAR=V2+E

ELSE
IR=0
POLAR=AN

ENDIF

RETURN

END
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The SAVE statement is formally necessary to save IR and AN between
calls. It is not usually necessary and may slow the program dramatically.
Algorithm 3.17, the ratio method, does not have this problem.

FUNCTION NRATIO( )
REAL NRATIO.U.V.X.Z
10 U=RND()
V=0.8578+(2.+RND()-1.)
X=V/U
7=0.25+XsX
IF (Z.LT.1.~U) GO TO 20
IF (Z.GT. (0.259/U+0.35)) GO TO 10
IF (Z.GT. —LOG(U)) GO TO 10
20 NRATIO=X
RETURN
END

Algorithm 3.18, the Marsaglia- Bray composition method, is fast if pseudo-
random numbers are cheap.

FUNCTION NMB()
REAL NMB,AV,G,U,UlLU2 V.W
U=RND()
IF (U.LE.0.8638) THEN
NMB=2.0*(RND( ) +RND( ) +RND()~-1.5)
RETURN
ENDIF
IF (U.LE.0.9745) THEN
NMB=1.5"(RND( ) +RND()~1.0)
RETURN
ENDIF
IF (U.LE.0.9973002039) THEN
10 V=6.0-RND()-3.0
AV=ABS(V)
G=17.49731196+EXP(~0.6+V+V)
IF (AV .LT. 1.0) THEN
G=G-4.73570326+(3.0-VsV)
ELSE
G=G-2.36785163+(3.0~AV)+(3.0-AV)
ENDIF
IF (AV .LT. 1.5) G=G~2.157875+(1 5-AV)
IF (0.358*RND() .GT. G) GO TO 10
NMB=V
RETURN
ENDIF
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20

U1=2.0-RND()-1.0
U2=2.0+RND()-1.0
W=U1+U1+U2-U2
If (W .GE. 1.0) GO TO 20
W=SQRT((9.0-2.0~LOG(W))/W)
IF (ABS(U1+W) .GT. 3.0) THEN
NMB=U1+W
RETURN
ENDIF
IF (ABS(U2+W) .LE. 3.0) GO TO 20
NMB=U2+W
RETURN
END

B.6. EXPONENTIAL VARIATES

Algorithm 3.7 gives

10

20

30

FUNCTION EXPRV()

REAL EXPRV.A U,U0. USTAR
A=0.0

U=RND()

Uo=u

USTAR=RND()

IF (U .LT. USTAR) GO TO 30
U=RND{)

IF (U .LT. USTAR) GO TO 20
A=A+1.0

GOTO10

EXPRV=A+UO

RETURN

END

B.7. GAMMA VARIATES

For shape parameter o < 1 we have Algorithm 3.19:

10

FUNCTION GS (ALPHA)

REAL GS.ALPHA.B.P.X

DATA €/2.71828182/
B=(ALPHA+E)/E

P=B+RND()

IF (P. GT.1.0) GO TO 20
X=Pse(1./ALPHA)

IF (X .GT. ~LOG(RND ())) GO TO 10

APPENDIX B
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GS=X
RETURN

20 X=-LOG((B-P)/ALPHA)
IF (X=+(ALPHA=1.0) .LT. RND()) GO TO 10
GS=X
RETURN
END

The case o = 1 is the exponential dealt with in B.6. For o > 1 we use
Algorithm 3.20.

FUNCTION GCF (ALPHA)

REAL GCF.ALPHA AA,C1.C2.C3.C4,C5.UT,U2 W.X

SAVE APREV,C1.C2,C3.C4.C5

DATA APREV/0.0/

IF (ALPHA .EQ. APREV) GO TO 10

C1=ALPHA-1.0

AA=10/C1

C2=AA+(ALPHA=1.0/(6 0-ALPHA))

C3=2.0-AA

C4=C3+20

IF (ALPHA GT. 2.5) C5=1.0/SQRT(ALPHA)
10 U1=RND()

U2=RND( )

IF (ALPHA LE. 2.5) GO TO 20

UT=U2+C5+(1.0-1.86+U1)

IF (UT.LE.0.0 .OR. U1.GE. 1.0) GO TO 10
20 W=C2+U2/U1

IF (C3+U1 +W+1.0/W LT C4) GO TO 30

IF (C3+LOG(UT)~LOG (W) +W .GE. 1.0) GO TO 10
30 GCF=C1+W

APREV=ALPHA

RETURN

END

B.8. DISCRETE DISTRIBUTIONS

The two main contenders are an indexed search and the alias method.

For the indexed search let P be a table of cumulative probabilities, so
P(M) = 1.0. Subroutine SETIND sets up an index array IND with MI
entries, and DISRYV uses this to generate samples.

SUBROUTINE SETIND (P.M.IND.MI)
REAL P(M).PO

INTEGER IND(MI),M. M| LK

I1=1

DO 20 K=1.MI
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PO=REAL(K-1)/REAL(MI)
10 {F (P(1) .GE. PO) GO TO 20
(=1+1
GO TO 10
20 IND(K)=I
RETURN
END

FUNCTION DISRV(P,M.IND,MI)
REAL P(M).U
INTEGER DISRV. IND(MI),M.MI.|
U=RND()
I=IND(INT(MIeU) +1)

10 IF (P(l) .GE. U) GO TO 20
(=1+1
GO TO 10

20 DISRV=I
RETURN
END

For the alias method we assume P contains the actual probabilities.
Program SETAL forms the alias tables, using an integer workspace W of size
atleast M, and ALRYV produces a sample. Algorithm 3.13B is used in SETAL.

SUBROUTINE SETAL (P.M.A QW)
REAL P(M).Q(M)
INTEGER M A(M)W(M),I,J,NN,NP,S
NN=0
NP=M +1
DO 10 1=1.M
Q(l)y=M=~P(})
[F (Q(l) .LT.1.0) THEN
NN=NN +1
W(NN)=|
ELSE
NP=NP~-1
W(NP)=|
ENDIF
10 CONTINUE
DO 20 S=1.M—-1
I=W(S)
J=W(NP)
A(l)=J
Q)=Q())+Q(H-1.0
IF (Q(J) LT.1.0) NP=NP +1
20 CONTINUE
A(W(M))=W(M)
DO 30 1=1.M
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30

Q) =Q() +t-1
RETURN
END

FUNCTION ALRV (A.Q.M)
INTEGER ALRV.A(M).M.I
REAL Q(M).U
U=M+RND{()
=1 +INT(U)
IF (U .LE. Q(i)) THEN
ALRV=|
ELSE
ALRV=A(I)
ENDIF
RETURN
END

233
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