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Preface 

Investment decisions are of vital importance to all companies, since they determine 

both their potential to succeed and their ultimate cost structure. Investments usually 

entail high initial cash outflows and thus tie up substantial funds. Sound investment 

decisions are important, therefore. Yet, due to a highly complex and rapidly 

changing business environment they remain a challenging management task. 

Effective appraisal methods are valuable tools to support investment decisions. 

They have been the subject of discussion for several decades, particularly in the 

1960s and 1970s. During this period, different approaches were examined, 

developed and refined to support aspects of investment appraisal such as multi-

criteria or simultaneous decision-making and the consideration of uncertainty. In the 

last decade these methods have been advanced further by insights from capital 

market theory, such as options pricing and risk-return models.  

A number of methods are included in this book, some of which – while examined 

in research journals – are not widely known, or at least not widely described in other 

textbooks. Investment appraisal methods are an important part of an academic 

management accounting education, yet they are sometimes neglected in books and 

university curricula. Due to its growing importance for companies, however, this 

rapidly developing area of expertise has become increasingly relevant for potential 

management accountants.  

This book derives from a long-standing tradition in Germany and builds on a 

successful German textbook by one of the authors (Götze, U. 2006. Investitionsrech-

nung. 5 ed. Berlin et al.: Springer). It describes a wide range of investment appraisal 

methods to support capital budgeting decisions and evaluates their use, assumptions 

and limitations using illustrative examples and calculations. 

The authors would like to express their gratitude to several people who made 

valuable contributions to this book: Prof. Jürgen Bloech for his substantial input on 

investments and their assessment; Dr. Fadi Alkaraan (Aleppo University) for his 

contribution to the discussion of strategic analysis tools in Chapter 1; Dr. Necia 

France (Auckland University of Technology) for her careful proofreading; as well as 

Susann Butze, Dietlind Scholz and Anja Wappler (Chemnitz University of 

Technology) for their editorial assistance. 

Chemnitz, Auckland and Schmalkalden, July 2007 Uwe Götze 

Deryl Northcott 

Peter Schuster 



Guided Tour of the Book 

This book is split into five main parts organised into nine chapters. After an 

introductory part about capital budgeting and investment decisions, Part Two 

describes the basic methods of investment appraisal. They can be classified into 

static methods (analysing an average period) and the most widely used discounted

cash flow methods. Part Three then moves beyond the basic techniques to introduce 

compounded cash flow methods and illustrates specific applications of discounted 

and compounded cash flow methods. 

Part Four deals with multi-criteria methods and the application of selected 

methods for simultaneous investment and financing or production decisions.

Methods and models for the consideration of uncertainty form the concluding Part 

Five of the book. These are divided between methods and models applied to single 

investment projects and those useful for investment programmes. 

Each of the sections is organised in the same way, with a sequence consisting of 

the Description of the model or method, an Example providing ample illustration 

and practice in performing the investment appraisal calculation and the Assessment

of the model or method. Additionally, Key Concepts are highlighted throughout the 

text. Finally, end of chapter Exercises are provided to reinforce and extend relevant 

concepts, with Solutions to the exercises given at the end of the book. The suggested 

Further Readings offer additional sources for readers who wish to research a topic in 

greater depth. 

The main target audience for this book is students of management, business and, 

specifically, management accounting. However, the book will also interest business 

practitioners concerned with investment decision-making and students engaged in 

higher professional education. The instructional approach of the book combines the 

delivery of overviews, as bases of understanding, with a detailed description and 

discussion of relevant models and techniques, supported by extensive examples and 

exercises. This combination of features aims to meet the needs of university students 

around the world and provide all readers with a thorough insight into the different 

investment appraisal methods, their uses, assumptions and limitations.  
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Part I

Introduction 





Chapter 1: Capital Budgeting and Investment 
Decisions 

1.1 Characteristics and Classification of Investment Projects 

Investments can be considered from different points of view. According to the cash 

flow oriented perspective an investment project can be characterised by a stream of 

cash flows starting with an initial investment outlay – a cash outflow. The basic task 

for investment decision-making then will be to ascertain whether the future benefits 

from the investment will make the initial outlay worthwhile.  

This approach on the one hand leads to relatively easy solutions through the use of 

calculations that allow the stream of cash flows to be converted into (one or more) 

measures of the investment project’s profitability. On the other hand, it limits the 

analysis of benefits and returns to the effects of cash flows. At this point it is crucial 

to remember that investment projects often show important effects other than those 

easily measurable in cash flows (e.g. research and development activities). Non-

monetary effects are considered and described later in Chapter 6.  

Other ways of looking at investments exist. Connecting investments to the 

company’s balance sheet (since investments transform capital into assets) 

emphasises the tying-up of capital. This capital budgeting perspective implies a 

systematic approach to evaluating an investment as a long-term (or capital) asset. 

The benefit of an investment project is then seen as the monetary value gained by 

the company through acquiring a long-term asset in the form of increased future 

profits and cash flows attributable to that long-term asset. 

The cash flow oriented concept that is used throughout most of the chapters of 

this book has the key advantage that anything that can be measured in cash flow(s) 

can be transformed and combined into target measures for deciding about a project’s 

profitability. In accordance with the definition used, an investment project requires a 

long-term perspective and a long-term capital commitment. The investment 

appraisal methods mainly differ in the way they transform cash flows from different 

years, the target measure(s) they use as the decision criterion, and the assumptions 

they make.  

Following the same line of argument, a financing alternative can be regarded in a 

similar way, i.e. it is a project that starts with an inflow typically followed by 

Key Concept:  

An investment project is a series of cash inflows and outflows, typically starting 

with a cash outflow (the initial investment outlay) followed by cash inflows 

and/or cash outflows in later periods (years). 
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outflows and/or inflows. This reflects the close connection between investment and 

financing alternatives and the methods used for appraising each of them.  

Investment projects can take many forms. One way to classify them is according 

to the type of investment. Financial investments can be either speculative or non-

speculative and include, for example, shareholder deposits, the purchase of invest-

ment certificates and real-estate funds. Investments in assets can be subdivided into 

those concerning physical assets (e.g. goods, machines, equipment) and those con-

cerning ‘intangible’ assets (e.g. education, advertising, research and development).  

The following figure (adapted from KERN, 1974, p. 14) shows a differentiation of 

physical investment projects, classifying them according to possible causes for 

investments:

1. Foundational investment  

2. Current investment 

  a) Replacement investment 

  b) Major repair or general overhaul investment 

3. Supplementary investment 

 a) Expansion investment 

 b) Change investment (e.g. rationalisation, diversification) 

 c) Certainty investment 

Fig. 1-1: Classification of investments 

The distinction between foundational, current and supplementary investments refers 

to the different phases of products or companies. Foundational investments are 

linked with a start-up and they can be either investments in a new company, or in an 

existing company’s new branch at a new location. Current investments are 

replacement, major repair or general overhaul investments: a simple replacement 

investment is characterised by the substitution of equipment without a change in its 

characteristics. Frequently, however, the substitute is an improved, non-identical 

asset. In this case the substitution might also be viewed as a rationalisation and/or 

expansion investment, making its classification potentially ambiguous.  

Supplementary investments refer to investments in equipment in existing 

locations and they can be classified as expansion, change, or certainty investments. 

The first type (expansion) leads to a rise in either the capacity or the potential of a 

company. Change investments are characterised by the modification of certain 

features of the company for varying reasons. Within this category, rationalisation 

investments are primarily driven by a requirement to reduce costs (e.g. caused by 

changed volumes of sales of existing products), while diversification investments 

arise from the need to prepare for changing production programmes. The 

demarcation between expansion and change investments can be problematical, since 
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an increase in capacity is often accompanied by a change in the company’s 

characteristic features.  

Finally, certainty investments are those that aim to reduce risk in a wider sense. 

Examples might include buying shares in suppliers of raw material or in research 

and development companies. 

Another possible classification criterion is the operational area that drives the 

investment. For example, investments can be categorised as being for procurement, 

production, sales, administration, or research and development. This can be a helpful 

classification when investment projects are isolated within one operational area and 

have little or no impact on other areas. However, many investments that are 

instigated by one operational area affect other parts and other decisions of a 

company, especially in regard to the availability of internal financial funds.  

 To illustrate, consider investments in a production plant. The procurement of 

these long-term assets is primarily decided based upon assumptions about future 

production. However, an expansion investment carried out to manufacture a new 

product type (for example) is an interdependent investment project, requiring 

considerable co-ordination of decisions from areas like sales, production, financing, 

human resources and research and development. Since the investment links to the 

company’s environment in many ways, it is not just a production-related decision. In 

such instances, companies should be regarded as open systems and investment 

decisions should pay attention to the diverse effects that an investment can have. 

Sometimes, classifying investment projects by operational area can be counter-

productive in this regard. 

The final, very important, classification criterion is the level of uncertainty an 

investment entails. A situation of perfect certainty in regard to the effects of 

investments rarely exists, since investments generally show long-term future effects. 

However, uncertainty can vary substantially and it is possible to differentiate 

between relatively certain or uncertain investment projects. For example, a financial 

investment in fixed-yield bonds can be regarded as entailing little uncertainty. In 

contrast, investments to manufacture brand-new products usually involve 

considerable uncertainty in regard to sales potential, market success, and production 

processes that are not yet well established. Another example is investments in 

research and development, for which future resource requirements and outcomes (in 

terms of usable results) are extremely uncertain. For such investments, the necessary 

forecasting of uncertain cash flows is both difficult and inexact. 

Although it is common to categorise investment projects as outlined above (based 

on cause, operational area, or level of uncertainty), some other project 

characteristics may be relevant to how they should be appraised. The first of these 

relates to whether the outcomes of the investment are readily quantifiable. The 

investment appraisal methods described in Part Two assume that all effects of an 

investment can be measured in monetary terms (e.g. cash flows or costs and profits) 
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and attributed to both certain periods and certain projects. But, qualitative 

differences can exist between competing projects and therefore need to be 

considered. Projects with substantial qualitative outcomes require different appraisal 

methods to those with exclusively quantitative/financial outcomes. 

Also, time-related differences may exist. A project could involve either a limited 

or an unlimited time horizon (e.g. for a financial investment), which will affect how 

it should be appraised. Other differences can result from whether a project is a stand-

alone investment or links into subsequent projects. Investment projects can have no 

subsequent projects, a limited number, or an unlimited number of subsequent 

projects. These different forms may affect the profitability of the initial project (they 

are described in Chapter 5, Section 5.3). 

In summary, investments exist in multiple forms: single or multi-purpose; certain or 

uncertain; isolated or interdependent; with limited or unlimited time horizons; stand-

alone or connected with subsequent projects. All must be considered using 

appropriate investment appraisal methods. These are applied within a decision-

making and control approach that primarily focuses on projects or programmes, i.e. 

makes decisions about a single investment project or a set of interrelated projects. 

The decision process usually is called capital budgeting and relates to long-term 

capital investment programmes and projects that must be assessed by investment 

appraisal.

1.2 Investment Planning and Investment Decisions

The life cycle of an investment can be regarded as consisting of specific phases. The 

main phases of this life cycle are: planning, implementation and utilisation. Since 

the appraisal of investment projects is part of the planning phase, this book focuses 

on planning rather than issues related to project implementation and utilisation. 

In the following discussion, investment planning will be considered from 

different perspectives, first as part of the management process and second, in more 

detail, as part of the specific capital investment decision-making process. 

Key Concept:  

Investment projects can be categorised in many different ways. As they have 

substantially different characteristics, investment projects may require different 

investment appraisal methods to appropriately assess their impact, value and 

profitability. 
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1.2.1 Investment Planning as Part of the Management Process  

The planning phase involves preparing to make decisions about one or more 

investments, including identifying the types of investment projects necessary to 

achieve the company’s objectives. These projects should be closely linked to the 

company’s strategy. The search for alternative projects and the information 

acquisition that is required to define and assess them form an important part of the 

planning process, which is concluded by the selection of the investment project to be 

undertaken. During the implementation phase, detailed project planning is followed 

by the construction or acquisition of the asset. As soon as this is finalised, utilisation 

can start and the investment project can begin to earn returns for the company. 

The capital budgeting process can be regarded as a specific kind of management 

process within a company. Figure 1-2 (GÖTZE, 2006, p. 16, with further references) 

shows phases of the management process, which typically entails planning and 

control activities.  

Fig. 1-2: Phases of the management process in companies

Planning requires many pieces of information and has multiple aims, including: 

• Identifying risks and uncertainties 

• Incorporating options and increasing flexibility 
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• Reducing complexity 

• Identifying and exploiting synergistic effects 

• Formulating targets 

• Achieving early warning of problems 

• Co-ordinating functional plans and sub-plans 

• Enabling control processes 

• Securing information  

• Motivating employees and collaborators 

Investment planning can be viewed as following the phases of the management 

process shown in Figure 1-2. Goal setting will both influence awareness of the 

problems (and thus the search strategies for solutions) and provide a framework for 

the assessment of possible solutions. Different forms of goals exist. Formal goals

(for instance to increase shareholder value, profits, or employment stability) provide 

the high-level criteria for assessing the consequences of investments. Substantive

goals are derived from these formal goals and relate to the steps required to fulfil the 

formal goals (such as adaptations of the product types and qualities to be produced). 

After the operationalisation of the goals, uncertainty and risk, and especially risk 

attitudes, must be considered.  

Problem identification and analysis forms the next part of the investment 

planning process. The aim here is to assess the present situation, anticipate the 

forecasted future development and identify the deviation between the two, so that 

the benefits of a potential investment can be anticipated. The third phase, the search 

for alternatives, identifies possible investment alternatives that might be suitable 

options to address current problems and future needs.  

Forecasting and assessment and decision-making form the final phases of the 

planning process. They require that information is gathered to forecast the future 

impact of alternative investment projects and that suitable analyses (usually mainly 

financial) are carried out to select the best investment options.

1.2.2 Investment Planning as Part of the Capital Investment Decision-Making 
Process 

This book will present detailed calculative analyses that can be used to support 

capital investment decision-making, and there is no doubt that these sorts of rigorous 

financial analysis tools are important for supporting informed decisions. But, what 

else goes into capital investment decision-making in organisations? As noted in the 

introduction, there is more to planning capital investment projects than financial 

analysis alone.  

A key theme of this chapter is the need for capital investment planning and 

analysis to be supported by an effective decision-making process that fits with, and 

enhances, organisational strategy. The capital investment choices that companies 
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make are shaped by current strategy, but they also play a part in allocating 

substantial resources that will influence future strategy. This chapter will consider 

how investment analysis forms part of a broader, strategic decision-making activity. 

It describes how financial analyses fit into the overall decision-making process and 

what other activities are important in making well informed and effective capital 

investment decisions. In the next chapter, several emergent strategic analysis tools 

are described that have been proposed as useful supplements to existing capital 

investment analysis techniques. The discussion of these topics is motivated by the 

importance of taking a balanced approach to capital investment decision-making in 

practice, synthesising rigorous financial appraisal with good decision-making 

processes and sound strategic analysis.  

The analysis tools presented in this book are used to evaluate the profitability of 

capital investment opportunities. However, before such analysis tools can be 

applied, several other decision-making steps are necessary. Similarly, further steps 

are required after the financial analysis is undertaken, to ensure that a capital 

investment project has a successful outcome. Taking account of all of the necessary 

steps, investment decision-making can be represented as an ordered process, as 

shown in Figure 1-3. The remainder of this section will describe each of the 

decision-making steps and show how financial appraisal methods fit into the overall 

process.

Developing the capital investment strategy 

Capital investments should not be made on an ad hoc basis, but should link into the 

organisation’s existing and planned investment programme. This investment 

programme should in turn be driven by the company’s long-term strategy. Strategy 

will dictate the kinds of products, markets and technologies the organisation wants 

to invest in, and so proposals to invest in projects outside these guidelines are 

unlikely to gain support and commitment or to be approved for funding. Throughout 

this book it will be assumed that the strategic objective of capital investment 

decision-making is to invest in projects that will maximise the company’s wealth (an 

exception is presented in Chapter 6). However, for some organisations, or at some 

stages of an organisation’s life-cycle, other objectives are more appropriate or 

similarly important, such as the continued survival of the company, the 

maximisation of sales, or the provision of services at the lowest cost (for example, in 

public sector organisations). Whatever the organisation’s strategy, it should be 

translated into guidelines and limitations as to what sorts of investment projects are 

likely to be acceptable from a strategic standpoint. These guidelines should be 

clearly communicated to organisational personnel when capital investment policies 

are developed and disseminated.  
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Fig. 1-3: The capital investment decision-making process 

As part of integrating organisational strategy into the capital investment process, an 

investment budget should be planned for each year or preferably for several years to 

come (planning such a budget can be supported by the use of models for 

simultaneous decision-making, as described in Chapter 7). Project ideas should then 

be considered some time in advance of expected investment. For example, there may 

be a June deadline for proposing projects to commence in the year starting the 

following January. Projects that are eventually approved for investment are then 

included in the capital budget, which is a statement of spending intentions, and funds 

are earmarked to pay for budgeted projects. The advantages of this approach are that 

capital expenditure is planned according to agreed strategic aims, and decisions are 

based on direct comparisons between competing projects. Also, funding can be 

arranged in advance and there are fewer surprise expenditures to create cash flow 

problems for the organisation.  
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The disadvantage of this system, however, is that it is fairly inflexible and can 

reduce the organisation’s ability to respond quickly to unplanned investment 

opportunities. If a project idea comes up that was not anticipated in the company’s 

investment strategy or included in the capital budget, it may be delayed or even 

excluded. Indeed, it is often difficult to get funding for such last minute investments, 

since previously approved projects are usually given priority. To avoid this 

disadvantage, capital investment projects could be considered at any time of the 

year, without fixed deadlines for compiling a planned budget. However, this makes 

it difficult to compare projects that are competing for limited funds, since they are 

proposed at different times and decisions are made without knowledge of what 

opportunities might arise next. A balance between the first (planned) system and the 

second (ongoing) approach is usually best. Organisations should aim for a 

systematic approach that fits with strategic goals, while still retaining some 

flexibility and discretionary funds for unplanned investment opportunities that might 

arise during the year.  

Generating investment ideas 

Once the capital investment strategy is developed and budgetary processes are 

established, the rest of the process relies on the generation of good investment ideas 

(step 2 in Figure 1-3). Projects do not just exist simply to be discovered  

– opportunities for investment need to be recognised or created and then exploited. 

In fact, the success of a company’s capital investment programme often depends 

more on its ability to create profitable investment opportunities than on its ability to 

appraise them.  

Ideas for capital investment may come from people throughout the organisation, 

from senior managers to people working in technical or production positions. For 

instance, a plant manager might be able to identify ways in which expanded capacity 

or updated machinery could increase the efficiency of a production process. It is 

important to encourage everyone to communicate their ideas for investment and to 

seek advice on proposed projects from people in relevant areas of expertise.  

A two-stage decision approach can be a good way of encouraging investment 

ideas. First, all organisational personnel are encouraged to put forward any 

preliminary, undeveloped ideas they have. These ideas are then reviewed in the first 

stage and those which do not seem viable are screened out using relatively simple 

decision criteria (see the next decision-making step, described below). The more 

promising ideas continue to stage two, in which thorough financial and strategic 

appraisals are carried out. It is important to recognise that even projects that do not 

come to fruition may generate ideas and information that benefit future investments; 

so unsuccessful projects are not just a waste of time and effort.  
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Defining and presenting potential investment projects 

An investment idea cannot be evaluated until it has been properly defined and 

presented (step 3 in Figure 1-3). Consider an example where defective production 

output has been identified as a problem. Although an opportunity to invest in 

improving performance has been recognised, there is no real ‘investment proposal’ 

until possible solutions are identified, technical specifications collated, costs and 

time-scales ascertained, and likely benefits estimated. 

At this definition stage of the decision-making process, the company must be 

clear about what information is required about a potential investment project and 

what format the proposal needs to take. The company’s capital investment 

procedures manual should set out the requirements for project information and the 

format of the formal proposal. Preferred terminology must be specified and defined, 

and project appraisal methods and criteria should be made clear. Standardised 

proposal documentation should be used where possible to make project comparisons 

easier. However, since the nature and characteristics of projects can vary, project 

proposal forms need to allow for flexibility, for example in the life-span, costs and 

benefits of projects. Too much flexibility will reduce the comparability of proposals 

so a balance must be struck to suit the particular organisation and the types of 

projects it considers. The design of these forms should draw on experiences with a 

range of recent projects.  

The project proposal documentation must contain all the information required to 

carry out a full financial analysis of the project. It should also demonstrate how the 

project links to the organisation’s strategic plans and identify any qualitative benefits 

it might have. Since project proposals may be reviewed by high level managers or 

board members whose expertise lies in areas other than those associated with a 

particular project, it is important that project technical details are summarised and 

presented in a clear and comprehensible way. All facts and figures included in a 

project proposal should be supported by reference to sources of information or 

investigations carried out. Attached working papers should record any calculations 

and assumptions made when putting together the project proposal. These supporting 

papers should be well organised and clear because they may need to be consulted 

when the project is being analysed. The project proposal should identify the ‘critical 

variables’ that will determine the success or failure of the project. For example, the 

success of an expansion project may depend on the price of additional raw materials 

and the market demand for increased output. Once critical variables have been 

identified, the project proposal should indicate worst-case, best-case and most-likely 

scenarios for these variables. These scenarios will form the focus of sensitivity 

analysis to examine the riskiness of the project (for a detailed description of 

sensitivity analysis, see Chapter 8, Section 8.3). Finally, the formal project proposal 

should be signed by the people initiating the project, and should indicate who would 

be responsible for commissioning, installing and running the project.  
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At the project definition and presentation stage, more than one option should be 

considered where possible. In the case of a project to reduce production defects, for 

instance, options might include:  

• Modifying the existing production plant. 

• Replacing the plant with similar technology. 

• Completely overhauling the production technology. 

Each option may have quite different costs and benefits, even though it is directed at 

solving the same problem. It is important that the company’s capital expenditure 

proposal documentation requires the project initiator to identify options that have 

been considered, and to justify why a particular choice is recommended.  

Projects are often divided into categories as part of the definition stage. In 

Section 1.1 it has been outlined how projects might be classified according to their 

purpose (see Figure 1-1), their operational area (e.g. marketing, production, research 

and development etc.), or their level of uncertainty. Other categorisation options 

might focus on investment size, or the extent to which the investment is essential 

(e.g. for legal reasons, or to ensure business sustainability) or elective. In particular, 

the size of a capital project often dictates the organisational level at which it can be 

approved. Smaller projects may not have to be considered by a full capital 

investment committee. For example an organisation may allow a divisional manager 

to authorise expenditure up to 50,000 and a regional manager up to 100,000.

However, larger projects usually require systematic review by a capital investment 

committee with final approval granted at a senior level, such as by the chief financial 

officer, chief executive officer, managing director or board of directors.  

The classification of investment types also has implications for the subsequent 

financial analyses and decision criteria that will be applied to each project. First, the 

emphasis of financial appraisal will differ between project types. For example, 

equipment replacement projects may focus simply on incremental savings expected 

from a new asset. Expansion and strategic projects will need to consider less certain 

information about markets, competition and capacity constraints. The analysis of 

legislatively required projects focuses on finding the least-cost alternative for 

achieving the desired (or required) outcomes. Second, the uniform interest rate used 

(i.e. the required rate of return) for project acceptance can be varied for different 

categories of projects (this may be interpreted as a risk-adjusted analysis, an 

approach that is described in Section 8.2). The main reason for this is the different 

risk profiles of investments. Replacement projects concern activities the organisation 

is familiar with, so they involve relatively little risk. Expansion projects are of 

higher risk, because the inputs, outputs and scale of the project might be hard to 

predict. Strategic projects may be even riskier, because they move away from 

familiar activities towards new areas where the organisation has less knowledge of 

costs and benefits. In many cases, it is demanded that the greater the risk the higher 

should be a project’s expected return to compensate for that risk, so the preliminary 
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categorisation of a project during the definition stage can have a big impact on how 

it is appraised.

 Once the definition and proposal-presentation phase of the decision-making 

process is complete, the company should have a good sense of what investment 

options exist, their scope and impact, and what likely costs and benefits they 

involve. However, they won’t all be good investment prospects. So, the next stage is 

important to ensure that only promising projects, which fit with the company’s 

strategy, proceed further to full financial appraisal.  

Screening investment projects 

The preliminary screening of capital investment proposals (step 4 in Figure 1-3) 

weeds out projects which are clearly not viable and which do not warrant further 

investigation. It is useful, particularly in large organisations, to have a capital 

investment committee that screens all but the smallest capital projects. Members of 

this committee should represent a range of expertise in key areas (such as 

production, marketing, engineering, strategic planning and finance) and be headed 

by a senior financial manager, or perhaps the organisation’s chief executive officer 

or managing director. 

The screening stage is critical to a successful capital investment process, since it 

is here that a first decision is made about which projects will be given serious 

consideration. Although screening criteria can be simple, they should be applied 

systematically to ensure that mistakes are minimised and promising investment 

opportunities are developed and exploited.  

At its most simple level, screening can be based on a qualitative evaluation of a 

proposal. For example, a project idea might be eliminated at the screening stage if it 

is physically impractical, beyond the skills and experience of organisational 

personnel, or not in keeping with overall strategy. Qualitative screening relies on 

common sense and the experience of the capital investment committee. Simple 

financial analyses, such as the static payback period method (see Chapter 2) can be 

carried out in addition to qualitative screening, as a first test of the project’s 

economic viability. Projects that take a long time to recoup their initial cost may be 

considered detrimental to the short to medium term liquidity of the organisation, so 

they may be screened out. Of course, it is dangerous to compare projects on the basis 

of their payback period if some projects are short lived (operating for say 2-5 years) 

while others are inherently very long-term in nature (running for say 10-20 years). 

Long-life projects are highly unlikely to pay back quickly, even though their 

eventual benefits might be substantial. In the screening stage, it is quite easy to spot 

unusually long-term projects and to ensure that they are not inappropriately ruled 

out.

Taking into account both qualitative and financial measures, the following 

questions should be asked when screening projects: 
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• Does the organisation have a choice about whether to invest in the project, or 

is it essential (perhaps for legislative or safety reasons)? 

• Does the project fit within the organisational strategy? 

• Is the idea technically feasible? 

• Are the required resources (money, time and expertise) available to implement 

the project? 

• Has this type of project been successful before, either for this organisation or 

for other organisations? 

• Is the project considered too risky or uncertain? 

• Does the project meet simple financial screening criteria? 

After a project proposal has met preliminary requirements of feasibility and 

economic desirability (as for projects A, D and F in Figure 1-3), it then moves on to 

a more rigorous assessment in the next stages of the capital investment process. 

Formal analysis of projects 

At this stage of the capital investment process (step 5 in Figure 1-3), the company 

would employ a sophisticated financial and risk analysis using the methods outlined 

in this book to evaluate the economic viability of capital investment projects. 

Although accountants usually undertake this financial analysis, they should work in 

conjunction with the capital investment committee for all but the smallest projects, 

to draw on a wide range of expertise in areas such as production, marketing, 

engineering, strategic planning, and finance.  

Before the financial analysis can be carried out, the capital investment committee 

must be satisfied that the formal project proposal contains sufficient information to 

complete a rigorous economic appraisal. Sometimes further information will be 

sought at this stage, or capital investment proposals may be sent back to the initiator 

for re-formulation. The committee should assess how realistic projected proposal 

cash flows are, and check that important variables are picked up in a project’s 

sensitivity analysis. Of course, some types of proposals (for example those which 

are legislatively required) have less stringent information requirements at this stage, 

because the financial analysis results are less likely to determine the ultimate 

decision.

The various tools for financial and risk analysis are, of course, thoroughly 

reviewed in this book so are not discussed here. However, this analysis stage calls 

for a consideration of both financial and non-financial (or strategic) aspects of a 

project, so that a balanced evaluation of its overall costs and benefits can be made 

and it can be ranked against other competing projects. For some projects, for 

example low-risk replacements of existing assets, only financial results may be 

relevant. For projects where both financial and non-financial elements are important, 

there is no easy rule for weighing up these various factors. The final decision must 
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be left to the judgment of the capital investment committee, since there are few hard-

and-fast rules for how to incorporate qualitative aspects of a project into a capital 

investment appraisal (however, see Section 1.2.3 for some suggested approaches). 

Of course, intuition can be helpful at this stage of the decision-making process, 

particularly when it comes from experienced members of the organisation. People 

should be asked to justify and explain their intuitions, however, and intuition should 

complement the results of the financial analysis, not replace them.  

To summarise, the analysis stage of the decision-making process does not begin 

and end with financial analysis. The capital investment committee must also:  

• Review the organisation’s capital investment strategy and how projects fit 

with it. 

• Identify any constraints on the funds available for investment in the current 

period.

• Rank projects in order of desirability. 

• Choose a portfolio of the best projects that can be afforded. 

• For projects that have not been selected, check: 

a) Will there be unacceptable negative effects from rejecting these projects? 

b) Can any be delayed rather than rejected? 

c) Can any be modified to make them more acceptable? 

• Make a final selection of projects to be funded. 

Once the final project choices are decided upon, the planning phase of the capital 

investment activity is complete. However, further decisions and actions remain to 

ensure that capital projects are effective and that the organisation gets the most it can 

from its decision-making efforts.

Implementing capital investment projects 

Even the best capital investment decisions may be ineffective if project 

implementation (step 6 in Figure 1-3) is poorly managed and executed.  

It is the task of a designated project manager to oversee the physical construction 

or installation of a capital asset and to ensure that the project is adequately 

monitored (this is discussed next). The project manager should be someone 

technically skilled in the area, but who can consult with finance and accounting 

staff. Alternatively, some organisations may use implementation teams, where 

people with expertise in a variety of relevant areas contribute to the project’s 

development.

Examples of specific tasks to be performed during implementation include: 

reviewing engineering specifications; finalising the contract price for equipment or 

construction requirements; ensuring that suppliers can meet the needs of the project; 

overseeing the development, commissioning and/or installation of the project; and 

arranging for any necessary re-training of employees. Project implementation also 
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requires setting-up effective information systems that can provide feedback on 

progress, results and critical variables identified in the project proposal. It is useful 

at this stage to design any subsequent post audit of a project, taking into account the 

key variables the review will focus on, the responsibility of personnel for providing 

project information, and the timing of the audit. If post-audit requirements are 

considered from the start, it is much easier to identify and collect relevant 

information on the performance of a capital project. The post audit phase, which 

facilitates feedback and learning, is outlined next.  

Project monitoring and post audit

Project monitoring and post audit provide information for the ‘feedback loop’ in the 

capital investment decision-making process. In some cases, this feedback can help to 

identify projects that are deviating from expectations so that problems can be 

rectified and poor financial outcomes avoided. In other cases, however, the feedback 

may come too late to help the current project, but it can still help the company to 

learn and improve future investment decisions and/or implementations. 

This review process comprises two main stages. The first, project monitoring, is 

more likely to identify a need for intervention in a current project since it is 

conducted while the project is in its early stages of implementation. Project 

monitoring should focus on a combination of physical measures (e.g. early 

indications of production volumes from a new manufacturing installation), and 

financial measures (e.g. how much has been spent). Monitoring systems must be 

able to quickly identify deviations from ‘benchmark’ performance variables or 

timing criteria, and should utilise regular expenditure reports to monitor costs 

against the original, approved investment plan.  

The second stage, project post audit, occurs once a project is well established and 

operating to its expected capability, so that the actual outcomes of the project can be 

assessed. For example, an investment to install a new production line might be 

reviewed after it has been in operation for an entire production cycle. That way, 

implementation costs and on-going performance can be observed and compared with 

initial estimates submitted in the project proposal. Because it occurs after a project is 

up and running, post audit has limited potential to correct problems in current 

projects. However, it does have four important benefits:  

• To check that spending and specifications conform to the plan as approved. 

• To increase the likelihood that capital expenditure proposals are realistic (since 

project initiators will know that the actual outcomes will be compared to their 

proposal).

• To identify factors that can lead to the success or failure of projects. 

• To learn from past experiences and improve the capital investment process. 
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There are many possible sources of post-audit data, including: project files (for 

example: contractors’ or engineers’ reports, implementation log-books, warranty and 

service agreements, requests for specification or funding changes); organisational 

files (for example: accounting records, cost codes which trace expenditures to 

projects; legal/planning documentation); interviews with people involved with 

implementing and running the project; and customer feedback (for example about 

improvements achieved in quality or service).  

While the overall aim of collecting this information is to facilitate feedback and 

learning, project post audit can also refer to particular stages of the capital 

investment decision-making process. For example, a decision audit reviews the 

effectiveness of the steps leading up to the decision to invest, i.e. project 

identification, screening, putting together the formal project proposal, the financial 

analysis, and the ranking and selection process. It checks that laid-down procedures 

were followed and notes any irregularities and their consequences. This type of audit 

can be very useful in improving the organisation’s decision-making processes.  

If, however, a company wishes to review the steps that occur after a decision is 

made to invest, it may choose to conduct an implementation audit. An 

implementation audit seeks to establish whether differences between planned and 

actual project outcomes are due to inaccurate planning or poor commissioning and 

implementation. The information generated can be a useful basis for assessing the 

performance of both the investment decision-makers and the project implementation 

team.  

If a more general, strategic overview of a project’s outcome is desired, a final

audit may be appropriate. This considers how well the project supports the 

organisational strategy and identifies lessons for the future. It usually occurs a long 

time after the project is implemented so that the strategic impact of the project can 

be assessed. The success of the final audit depends on having a clear statement of 

organisational strategy and capital investment objectives, so that actual project 

outcomes can be compared with long-term plans. The sorts of questions that will be 

asked during a final audit include:  

• Does the project fit within the organisational strategy (i) as it existed at the 

time of the investment decision and/or (ii) as it exists now? 

• Have strategic benefits (e.g. increased market share, improved price 

competitiveness, expansion into overseas markets) been obtained? 

• How do qualitative outcomes (e.g. product quality, employee working 

conditions, reduced environmental impact) compare to what was expected? 

• How have changes in the operating environment affected the project? 

• Has top management commitment to the project been appropriate? 

• Has responsibility for mistakes been allocated and actioned? 

Many companies choose to employ a combination of decision, implementation and 

final project post audits, since each provides feedback about different aspects of the 
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decision-making process and outcomes. However, since post audits are time 

consuming and costly it is usually best to make a limited selection of projects to be 

post-audited, perhaps focusing on those that have experienced problems, required 

the greatest expenditure, or are perceived as particularly risky or strategically 

important. It is also helpful to post audit projects that are ‘typical’ for the company, 

since the lessons learnt can be applied to a good number of future projects.  

In general, any post audit exercise should compare a project’s actual financial 

results to the figures produced in the financial analysis stage of the capital 

investment process (e.g., the net present value that was calculated). It should focus 

on those aspects of an investment that were identified as critical to the success of the 

project, rather than necessarily being a comprehensive review of all aspects of the 

investment. For example, did the project really increase production output by 5%, 

reduce labour costs by 10% or increase market share by 15%? If not, then why not? 

Was it because the project was not implemented properly, because changes in 

operating conditions were not adequately anticipated, or because the original project 

proposal was poorly thought out or over-optimistic? If any of these problems are 

identified, the organisation can learn from the post-audit and improve future 

decision-making and implementation.  

Summary: the capital investment decision-making process 

This section has outlined the various stages of the capital investment decision-

making process. The financial analysis models reviewed in this book are crucial to 

the rigorous examination of projects in step 5 of Figure 1-3 (analysis, ranking and 

selection of projects) and the less complex financial analysis methods (such as 

payback period calculations) are often employed at an earlier stage (step 4), when 

projects are screened so that only potentially viable projects are subjected to full 

appraisal.

The key message of this discussion, however, is that sound financial appraisal is 

not the only important part of investment decision-making. The success a company 

has in directing its capital expenditure towards projects that create wealth and 

promote organisational goals depends on the entire decision-making process. This 

means that the generation, definition and screening of project ideas have to be done 

well before thorough financial analyses are completed. Also, project implementation 

has to be well managed so that the potential benefits of an investment are realised. 

Finally, the company needs to review its capital investment processes and outcomes 

so that it learns for the future and continues to improve its investment activities. All 

stages of this decision-making process must be well planned and executed, so that 

good investment ideas are identified, appropriately analysed and effectively 

implemented. Rigorous financial analysis will not help projects that are bad ideas to 

start with, nor does it mean that projects are successfully implemented to achieve 

their maximum contribution to the company. 
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The capital investment decision-making process presented here is tightly coupled 

with the company’s strategic planning. Strategy will shape the choice of investment 

projects and, in turn, the choice of projects will dictate the company’s future 

strategic direction. The decision-making process, from idea generation to project 

post audit, must reflect the strategic goals of the company if capital investment 

projects are to support the achievement of those goals. With this in mind, now some 

emergent analysis tools that can be used to supplement rigorous financial analysis 

with an evaluation of the strategic dimensions of capital investment projects will be 

reviewed.

1.2.3 Strategic Analysis Tools Supporting the Capital Investment Decision-
Making Process 

While important in themselves, even the most rigorous financial analysis tools 

cannot capture all of the strategic dimensions of capital investment projects, since 

many of them are not amenable to quantification. Consequently, researchers have 

looked for other analysis tools that do help decision-makers to incorporate these 

important aspects. 

Broadly, two avenues have emerged for developing alternative strategic 

investment appraisal techniques. The first involves modifying established 

approaches to incorporate neglected ‘strategic’ project benefits. Fuzzy set theory and 

the analytic hierarchy process fit into this category (an approach using these 

methods will be explained later, various methods supporting multi-criteria decision-

making are presented in Chapter 6). The second avenue involves drawing on 

analytical frameworks that are significant departures from conventional financial 

and risk analyses. These latter approaches are usually drawn from outside the 

traditional accounting or finance domains, having emerged in project management, 

strategy and technology fields, for example. Three such approaches that have been 

linked with strategic investment decision-making will be described now.  

The balanced scorecard 

KAPLAN and NORTON (2001) devised the popular ‘balanced scorecard’ as a 

framework for linking financial measures of performance with non-financial 

measures (focused on customers, internal business processes, and innovation and 

learning), to give managers an integrated framework for managing and evaluating 

their businesses. They advocated the balanced scorecard as a strategic management 

and decision-making tool, which suggests that it may be a useful tool for capital 

investment decision-making, too (for a detailed description see KAPLAN and 

NORTON, 2001). 

The balanced scorecard provides a framework within which financial analysis 

tools (such as net present value (NPV), see Section 3.2) can be used alongside non-
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financial considerations of customer/user outcomes, internal business impacts and 

innovation and learning outcomes. Using this approach, established financial 

analysis techniques can be combined with other metrics that evaluate the project’s 

strategic fit. This multi-dimensional appraisal usually requires significantly more 

input from top management than traditional capital investment analysis, thus 

compelling top management to take a broad, strategic view of investment projects 

rather than leaving their assessment to financial experts. This increased involvement 

of senior managers is, in itself, a useful side effect of using this strategic analysis 

tool.

To use a balanced scorecard approach in investment appraisal, it is necessary to 

weigh up various (quantitative and qualitative) aspects of a project and arrive at 

some final project ‘score’ (techniques for multi-criteria making that may be useful to 

calculate this score are described in Chapter 6). This is not an easy process and may 

require long periods of negotiation and deliberation about what the key aims and 

outcomes of a project might be. However, the process of negotiating through these 

issues has some benefits. It forces managers to consider how the capital budget 

aligns to strategic goals, and it requires consensus building that focuses on the entire 

organisation rather than departmental concerns.  

As a framework for aligning financial and strategic project considerations, the 

balanced scorecard appears to have some potential, therefore. The challenge in 

applying it relates to the usual practical considerations of implementing balanced 

scorecards – how to select the key indicators and operationalise the ‘balancing’ that 

must be achieved between them.  

Strategic cost management analysis 

Noting the need to evaluate projects’ strategic issues as well as their cash flows, 

SHANK and GOVINDARAJAN (1992) described strategic cost management (SCM) as 

an appropriate framework for giving strategic issues much more explicit attention in 

the investment decision-making process. SHANK and GOVINDARAJAN’s SCM 

framework comprises three related elements: value chain analysis, cost driver 

analysis and competitive advantage analysis. The first element, value chain analysis, 

is as a useful tool for identifying strategically important, value-creating activities 

and developing appropriate competitive strategies. The ‘value chain’ is “the linked 

set of value-creating activities all the way from basic raw materials through to 

component suppliers, to the ultimate end-use product delivered into the final 

consumers’ hands” (SHANK and GOVINDARAJAN, 1992, p. 40). Its analysis focuses 

on finding opportunities, within the company’s segment of the value chain, to 

enhance customer value or lower costs. Value chain analysis can produce quite 

different investment decisions to those obtained using traditional financial analysis 

techniques, particularly where impacts on upstream and downstream value chain 

linkages are an important aspect of the decision.  
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Strategic cost management blends value chain analysis with cost driver and 

competitive advantage analyses. The first of these requires that cost drivers be 

carefully analysed so that their impact on the company’s cost structure and 

competitive position are understood. In regard to capital investment decisions, 

structural cost drivers (i.e. those that relate to the company’s explicit strategic 

choices) will flow from an investment decision, so their impact on future cash flows 

must be appropriately identified. Competitive advantage analysis completes the 

SCM picture with an evaluation of whether a project’s achievable benefits are 

consistent with the company’s competitive positioning strategy. Using an SCM 

approach to project appraisal requires that the project’s ability to contribute to the 

chosen strategy (such as enhancing differentiation, or lowering costs) is explicitly 

considered. It offers a useful supplement to financial appraisal of investments, 

therefore.  

Technology roadmapping 

Since new technology projects comprise a substantial portion of strategic capital 

investments, developments in technology planning and appraisal offer insights for 

strategic project analysis. One such recent development is ‘technology road-

mapping’, a planning process whereby a team of experts develops a framework for 

organising and presenting the information needed to make technology investment 

decisions. As part of the roadmapping process, this team attempts to project the 

needs of tomorrow’s markets, and produces charts and graphs that identify the links 

between technology and business needs. This process can contribute to the definition 

of technology strategy by assisting managers to identify, select and develop 

technology alternatives to satisfy future service, product or operational needs.

The concept of technology roadmapping has gained widespread recognition, 

particularly in U. S. companies. According to its proponents, technology 

roadmapping: (1) helps an industry to predict the market’s future technology and 

product needs, (2) defines the ‘road’ that industry must take to compete successfully 

in tomorrow’s markets, (3) guides technology research and development decisions, 

(4) increases collaboration, shared knowledge and new partnerships, (5) reduces the 

risk of costly investment in technology, and (6) helps the industry seize future 

marketing opportunities.  

Since a key aim of technology roadmapping is to look within and beyond the 

company to ensure that the right capabilities are in place to achieve strategic 

objectives, it has clear potential application to investment decision-making. The use 

of this approach for strategic investment analysis can help to balance long-term, 

strategic issues alongside near-term financial performance and to ensure that 

projects fit together well to enhance the company’s value. However, the idea of 

using technology roadmapping to support capital investment decision-making is 

very new, so there is a lot to learn about how it works in practice.  



Capital Budgeting and Investment Decisions 23 

Fuzzy set theory and the analytic hierarchy process

The three approaches outlined so far all avoid modifying the numerical calculations 

that support strategic project appraisal. ABDEL-KADER and DUGDALE’s (2001) 

concept is very different. It is a mathematical approach that combines elements of 

the analytic hierarchy process (AHP) framework (which was developed SAATY,

1980 and is described in detail in Section 6.3) with the mathematical concept of 

fuzzy set theory to propose a model for evaluating advanced manufacturing 

technology investments. 

The AHP decision model has been proposed as a means of structuring and 

systematising the evaluation of non-quantifiable project attributes. This approach 

requires that decision-makers formulate a decision problem as a hierarchical 

structure, breaking down the overall objective (of the investment decision) into its 

key criteria and sub-criteria. They must then assign subjective weights to the various 

criteria. Finally, then calculate an overall rating for each project alternative by 

adding up the weighted scores for each of the project’s attributes. This approach 

allows decision-makers to focus on those project attributes most important to 

achieving the organisation’s strategic goals. It cannot eliminate subjectivity from 

decision-making (it is inherent in the identification and weighting of project 

attributes), but it does promote the identification of both financial and non-financial 

project outcomes and provide a structured framework for evaluating and 

communicating their impact.  

Fuzzy set theory allows ambiguous variables to be represented by a range of 

inexact, ‘fuzzy’ numbers (for a description see Section 9.1). Combining it with the 

AHP approach, ABDEL-KADER and DUGDALE propose a model for integrating the 

financial and non-financial elements of strategic project appraisal. A project’s 

expected performance is evaluated in terms of three measures: financial return, 

intangible (strategic) benefits, and risk. While rigorous financial analyses (such as 

with the NPV) are still recommended as appropriate technique for determining 

financial returns, the model uses a fuzzy NPV to take into account that cash flow 

estimates are uncertain. Strategic and risk factors, which cannot be translated into 

cash flows, are given a similar treatment. This permits the assessment of non-

financial and risk factors without the pressure or expectation of being precise. 

However, while the approach provides a mechanism for modelling and comparing 

the financial, strategic and risk attributes of investment projects, it does not provide 

a single measure of project desirability. Rather, the final accept-or-reject decision 

depends on decision-makers’ preferences. So, despite the mathematical complexity 

of the method, subjective judgment remains critical to the decision-making process.  

Summary: strategic analysis tools 

The interpretation of investment planning as part of a (strategic) decision-making 

process, leads to the insight, that the strategic, non-financial aspects of capital 
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investments need to be evaluated alongside financial factors. This book presents a 

range of rigorous financial analysis tools that can be used to evaluate a project’s 

financial dimensions. This chapter has also pointed to some emergent strategic 

analysis tools that have the potential to complement financial analyses. The four 

appraisal approaches outlined above are all thought to have the potential to support 

investment decision-making by bringing together financial and strategic aspects of 

project appraisal. Some have been around in the accounting literature for a while 

now (the balanced scorecard and strategic cost management), whereas others are 

more recent, and relatively unproven, arrivals (technology roadmapping and fuzzy 

set theory combined with analytical hierarchy process).  

While they are generally less well developed than the financial analysis tools, and 

are a lot more subjective in their application, these strategic analysis tools can help 

ensure that appraisals of capital projects are balanced and incorporate factors that are 

difficult to quantify in calculative models. The advantage of using strategic analysis 

tools like these is that they provide a framework for guiding decision-makers’ 

considerations of strategic and non-financial aspects of capital investment projects, 

meaning that these issues are less likely to be overlooked. However, due to their 

inherently subjective nature, there is no clear ‘rule book’ for how these approaches 

should be applied. This makes them less appealing to decision-makers who prefer 

clear decision-making rules, such as those provided by most financial analysis tools. 

However, there is no avoiding the fact that managerial judgement and good strategic 

thinking are critical to the capital investment decision-making process. The tools 

outlined here help to support these skills, but they cannot replace them.  

1.3 Investment Appraisal Methods as Tools for Investment 
Planning 

Investment appraisal methods, as outlined in this book, are relevant to all the 

decisions that form part of the investment planning process. Understanding the 

different investment appraisal methods, their assumptions, limitations and possible 

usages will lead to an increased understanding of investment decision-making and 

an informed choice of methods. This should greatly enhance decision-making in 

regard to both single investment projects and investment programmes.  

The key questions to be answered using investment appraisal methods can differ 

depending on problems identified during the analysis and search for alternatives. 

They are the following: 

Key Decisions:  

Should an investment be undertaken or rejected?  

    ( Absolute profitability of an investment project) 
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In the case of mutually exclusive investment projects, which one should be 

preferred?  

   ( Relative profitability of an investment project) 

For how long should an investment project be utilised?  

    ( Optimum economic life of an investment project) 

When should the investment project be started?  

    ( Optimum investment point in time)

Which of the investment projects should be preferred and carried out when a 

limited financial budget restricts the number that can be undertaken at the 

same time?  

    ( Optimum investment programme)

Which investment and financial projects should be undertaken, in what 

numbers and amounts and at what time?  

    ( Optimum investment and financial programme)

Which investment projects and product types should be pursued and 

manufactured, in what number and at what time?  

    ( Optimum investment and production programme)

It should be pointed out here that the first four questions relate to single investment 

decisions. Suggested solutions for these, using various investment appraisal 

methods, are given in Chapters 2 to 6 and 8 including investment decisions made 

utilising multi-criteria models (presented in Chapter 6). The final three questions 

relate to programme decisions, when several decisions have to be made 

simultaneously. Models for this situation are presented in Chapters 7 and 9.  

The various characteristics of decision models are illustrated in Figure 1-4, which 

highlights the distinction between the different methods described in this book. 

Criterion Characteristics 

Uncertainty 

(Un)Certainty Certainty Unknown 
probabilities 

Estimated 
probabilities 

Fuzziness 

Single project decision 

Alternatives Absolute 
profit-
ability 

Relative 
profit-
ability 

Econo-
mic life 

Date of 
invest-
ment 

Programme decision 

Targets One target Several targets 

Dynamic 

Multi-tier Time Static 
Single-tier 

Inflexible Flexible 

Fig. 1-4: Characteristics of decision models 
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This book is structured in five major Parts: the introductory Chapter (Part 1), the 

basic methods of investment appraisal (Part 2) consisting of the static methods and 

(dynamic) discounted cash flow methods that can be found in most other text books; 

advanced methods and applications of investment appraisal (Part 3); multi-criteria 

methods and models for simultaneous decision-making (Part 4); and methods and 

models that consider uncertainty (Part 5). The structure of the book and its chapters 

is shown in Figure 1-5: 

Fig. 1-5: Structure of the book
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Chapter 2:  Static Methods 

This chapter considers simple ‘static’ analysis methods that assess the profitability of 

an investment for a time span of one (average) period. These methods focus on a 

single financial measure, so other target measures are ignored.  

The term ‘profitability’ is, unless otherwise specified, used throughout this book 

to indicate the achievement of positive (or higher) economic returns from an 

investment project. However, it should not be confused with the concept of 

‘accounting profit’, which includes non-cash items and accounting adjustments and 

is not always consistent with economic, wealth-maximising decision objectives. The 

profitability considered here can be thought of in two ways – in absolute terms or in 

relative terms.  

In using financial analysis to assess an investment’s absolute or relative profitability, 

specific assumptions are made: 

• The model’s data and linkages are known with certainty. 

• All relevant effects can be isolated, allocated to a given investment project, 

and forecasted in the form of revenues and costs or cash inflows and outflows. 

• No relationship exists between the alternative investment projects being 

analysed, apart from their mutual exclusivity. 

• Other decisions, such as financing or production decisions, are made before 

the investment decision. 

• The economic life of the investment projects is specified. 

The last assumption means that time-related decisions, such as those related to the 

project’s economic life or replacement time will not be covered at this point; they 

will be part of Chapter 5. 

Furthermore, in assessing the profitability of alternative investment projects it is 

assumed that the alternatives are comparable in regard to their project type, the 

amount of capital tie-up and their economic lives. Strictly speaking, this requires 

identical amounts of invested capital and identical economic lives for all investment 

alternatives under consideration. If this is not the case, comparability can be 

achieved by additional premises, or by including additional activities to balance 

differences in the capital tie-up and/or economic lives. Such an additional 

assumption may be that all future investments yield at a specific interest rate which 

Key Concept:  

Absolute profitability: making an investment is better than rejecting it.

Relative profitability: investing in project A is better than investing in project B 

(A being the more profitable investment: A and B are mutually exclusive). 
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is used to calculate interest costs so that they do not have to be explicitly considered 

in the calculations.

The analysis models discussed in Part Two can be distinguished by their 

treatment of how time affects the value of future returns achieved from an 

investment project (often referred to as the ‘time value of money’). Chapter 2 

describes (simple) static models that analyse one average period – that is, they ignore 

the passage of time. In Chapter 3, ‘dynamic’ discounted cash flow models will be 

described. These models do take time into account. More advanced models will then 

be presented in Part Three of the book.

Static analysis models explicitly consider only one period (e.g. a year), which is 

assumed to be representative of all such periods (years). The data which characterise 

the average period are derived from data for the whole planning period (i.e. the 

expected life of the investment). The static models described in this book differ in 

regard to their target measures, but all target measures represent profit measures or 

are derived from them (i.e. cost, profit, average rate of return or payback time).  

Each of the methods is explained using the following steps: (1) a description of the 

procedure, (2) key concepts concerning the absolute and the relative profitability 

measure, (3) an illustrative example and (4) an assessment of the method, with 

special emphasis on its underlying assumptions. 

2.1 Cost Comparison Method 

Description of the method 

For the cost comparison method (CCM) the target measure is, as the name suggests, 

the cost(s) of an investment project. It is assumed when using the CCM that the 

revenues of mutually exclusive investment alternatives (and the option to forego the 

investment, if this is a permissible alternative) are identical and that only the costs 

differ. Costs analysed include: personnel expenditures (wages, salaries, social 

expenditure etc.), cost of raw materials, depreciation, interest, taxes and fees, and 

costs of outside services (such as repair or maintenance). The average costs for the 

planning period are determined for each investment alternative. Note that, for 

variable costs, the future production volume is a crucial determinant. Adding up all 

cost components gives a total cost for each alternative investment. 

Accordingly the following methods are differentiated: 

• The cost comparison method 

• The profit comparison method 

• The average rate of return method 

• The static payback method 
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Assessing absolute profitability on the basis of total costs is not meaningful if the 

revenues generated by an investment differ from those that would be generated 

without the investment (i.e. the assumption of identical revenues is violated). This is 

usually the case for foundational or expansion investments. In these cases, absolute 

profitability can be judged only on the basis of profits (i.e. not using the CCM). 

However, for replacement or rationalisation investments, a comparison of total costs 

with the investment and total costs without the investment can be conclusive.

Relative profitability can be determined using the CCM in all situations where the 

projects under comparison have identical revenues. When considering relative 

profitability, it doesn’t matter what the costs would have been without the project, 

since simply costs between the various project options are compared. 

The CCM is illustrated in the following example.

Example 2-1 

To manufacture a new product, a metal-processing company needs a special 

component. This can be produced in the factory or bought in. To start production of 

the component, an investment is required for which the (mutually exclusive) projects 

A and B (representing different production processes) are available. The option to 

buy in from another company represents alternative C. The investment projects are 

characterised by the data given in Tab. 2-1. Please note that in this book interest 

rates always refer to a period of one year. 

Data Project A Project B

Initial investment outlay ( ) 240,000 600,000

Economic life (years) 6 6

Liquidation value ( ) 0 60,000

Capacity (units per year) 8,000 10,000

Salaries (  per year) 50,000 50,000

Other fixed costs (  per year) 40,000 160,000

Wages (  per year) 220,000 80,000

Costs of materials (  per year) 400,000 450,000

Other variable costs (  per year) 30,000 30,000

Rate of interest (% per year) 8 8

Tab. 2-1: Data for the investment projects A and B (CCM) 

Key Concept:  

Absolute profitability is achieved if the total cost of making an investment is 

lower than the total cost of rejecting it.

Relative profitability is achieved if making an investment results in a total cost 

that is lower than that of the alternative investment project(s) under consideration. 
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The buying in price of the component (alternative C) is 125 per unit.

Some of the specified cost components are variable and depend linearly on the 

production volume. The amounts stated for these components refer to the costs 

incurred at maximum production capacity.  

The task now is to use the CCM to determine the cost of the three projects for a 

yearly production volume of 8,000 units. To find the solution, a distinction between 

fixed and variable costs is required. It is assumed here that the costs of materials and 

wages represent variable costs. In regard to wages, this can be justified by the 

assumption that employees can be shifted to other production departments, or that 

other appropriate uses of the personnel capacity are possible.  

First, the average annual variable and fixed costs of the investment projects are 

identified. Investment project A’s variable costs are taken from the sum of the given 

costs of materials, wages and other variable costs. The initial data are valid for a 

production volume of 8,000 units per year, which is identical to the production 

capacity of A. The variable costs of A (CvA) therefore amount to:

CvA = 650,000 per year 

The given data for investment project B refer to a capacity of 10,000 units per year 

and therefore a conversion to the production volume (x) of 8,000 has to be made. 

Variable costs of B (CvB) are calculated as follows:

CvB (x = 10,000 units) = 560,000 per year, 

CvB (x = 8,000 units) 
units10,000

units8,000ear560,000/y
 = 448,000 per year. 

The fixed costs consist of salaries, depreciation, interest and other fixed costs. 

Depreciation and interest have to be calculated from the given data. The average 

annual depreciation can be calculated by dividing the difference between the initial 

investment outlay and the liquidation value by the years of the economic life. The 

initial investment outlay comprises the purchase price paid and additional related 

costs like carriage costs etc. The liquidation value is the amount receivable when 

reselling the investment project, less any additional costs such as demolition costs 

etc. (there are none in this example). 

The average depreciation therefore is: 

years)(inlifeEconomic

n valueLiquidatiooutlayinvestmentInitial
 (2.1) 

Investment project A:  yearper40,000
years6

240,000
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Investment project B:  yearper90,000
years6

60,000-600,000

The approach taken here corresponds to the straight-line depreciation method. 

Changing to a regressive (or ‘diminishing value’) depreciation method would not 

affect the amount of average depreciation, as the total amount written off would be 

the same. However, the chosen depreciation method does influence the average 

amount of capital tie-up and thus affects interest costs. 

Interest costs must be included in the CCM if the competing projects differ in 

their initial investment outlays and therefore in the average amount of capital tie-up. 

Interest is calculated to achieve comparability concerning this capital tie-up. It is 

assumed as a rule that capital can be procured or reinvested at a given rate of 

interest. Interest cost is calculated by multiplying the average capital tie-up by the 

rate of interest. To determine the average capital tie-up, different approaches can be 

applied. A simple procedure assumes a steady decrease between the initial 

investment outlay at the beginning and the liquidation value at the end. Based on this 

assumption the capital tie-up during the life of project A is depicted in the following 

figure.  

Fig. 2-1: Capital tie-up for investment project A (with zero liquidation value) 

Assuming continuous capital reduction, the average capital tie-up can be determined 

computationally as the average of (i) the capital invested at beginning and (ii) the 

liquidation value at the end of the planning period (i.e. project life):   

2

n valueLiquidatiooutlayinvestmentInitial
up- tiecapitalAverage  (2.2) 

Figure 2-1 shows that average capital tie-up is half of initial investment outlay if no 

liquidation value exists. This can be shown graphically (both of the marked triangles 

have the same sizes) or computationally (the average between the initial investment 
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outlay and the liquidation value of zero). The average capital tie-up for project A 

therefore is: 

120,000
2

240,000
.

The annual average interest (assuming an annual interest rate of 8%) for this project 

amounts to: 

120,000  0.08 = 9,600

Project B shows a slightly different pattern of capital tie-up due to the positive 

liquidation value (see Figure 2-2). 

Fig. 2-2: Capital tie-up for investment project B (with positive liquidation value) 

Thus, the average capital tie-up exceeds half of the initial investment outlay if a 

liquidation value exists. The average capital tie-up for project B in accordance with 

the general formula is: 

330,000
2

60,000600,000

The annual average interest (assuming an annual interest rate of 8%) for this project 

amounts to: 

330,000 · 0.08 = 26,400

Now that interest costs have been calculated, the total average fixed costs can be 

determined as:  

Salaries  +  Other fixed costs  +  Depreciation  +  Interest costs (2.3) 

T

ACT

0

I
0

= Initial investment outlay

ACT =

L = Liquidation value

T =

L

0

Average capital tie-up

Economic life

Time

Capital
tie-up

I

T

ACT

0

I
0

= Initial investment outlay

ACT =

L = Liquidation value

T =

L

0

Average capital tie-up

Economic life

Time

Capital
tie-up

I



Static Methods 37

Investment project A:  

50,000/year + 40,000/year + 40,000/year + 9,600/year   = 139,600/year 

Investment project B:  

50,000/year + 160,000/year + 90,000/year + 26,400/year = 326,400/year 

The total average costs of all three projects, given a production volume of 8,000 

units per year, amount to: 

Project A:  650,000/year + 139,600/year = 789,600/year 

Project B:  448,000/year + 326,400/year = 774,400/year 

Project C (assuming that only the component purchase price is relevant):

 8,000 units/year · 125/unit = 1,000,000/year 

The comparison of the average total costs shows that the investment project B is the 

cost minimising (and thus most profitable) alternative and therefore should be 

preferred. However, such a decision should be examined in light of the model’s 

assumptions and the significance of any deviations from those assumptions. 

Assessment of the method 

The cost comparison method requires relatively simple calculations. Making 

predictions from the data can be difficult and time consuming and, despite the 

assumption of certainty, many elements of the data will be unreliably estimated. This 

is a general problem of investment appraisal methods and applies to all of the 

approaches described in this book. 

The suitability of the calculated results for supporting decision-making depends 

on both the quality of the data and the validity of the model’s assumptions. There-

fore, the model’s assumptions need to be evaluated. For example, the limitations of 

analysing only one target measure (and ignoring other factors) must be assessed in 

terms of their likely importance to the decision-making process.  

The static perspective of the CCM (and other models described in this chapter) is 

also a weakness, since static models look at one ‘average’ period only. Differences 

in the timing of costs cannot be assessed, therefore. Such differences can result from 

changes in prices and/or consumption over the time for each cost category. They will 

usually arise in regard to interest costs. As an illustration, consider the interest costs 

in the example shown above (comparing projects A, B and C). Capital tie-up for 

projects A and B is relatively high at the beginning of the planning period and lower 

at the end (see Figure 2-1 and 2-2). This will result in higher interest at the beginning 

and lower interest towards the end of the investment. When using average data this 

is not considered. 
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Furthermore, the assumptions relating to the capital tie-up warrant more detailed 

discussion. Two concerns arise: the assumption of a continuous and steady decline 

of the capital tie-up, and the assumption that the total decrease of the capital tie-up 

equals the difference between initial investment outlay and liquidation value. The 

actual decrease in the capital tie-up, which can be interpreted as amortisation or pay 

back, will normally depend on the revenues (here assumed to be identical for all 

alternatives and, therefore, neglected) as well as on the resulting costs and the 

average profit (P). If these measures are equal to cash flows, apart from depreciation 

(D), and if no additional cash flow that is not affecting the operating result is gained, 

then the sum of depreciation and profit represents the total amount amortised or paid 

back (PB). 

P + D = PB 

In the case of positive (negative) average profits, this amount paid back will be 

higher (lower) than the difference between initial investment outlay and liquidation 

value. Besides, the total amounts amortised will usually differ between project 

alternatives, which is inconsistent with the assumption that the revenues are identical 

in all alternatives. Finally, interest charges depend on capital tie-up for each 

alternative and can affect the amounts available to reduce the capital tie-up. 

A uniform interest rate, at which money can be borrowed and reinvestments made 

at any time (i.e. a perfect capital market), is also assumed. This is related to the 

assumption that differences in capital tie-up can be equalised between projects by 

(fictitious) additional investments that yield interest at the same given rate or by 

financing objects with this interest rate. This assumption is often invalid in practice, 

as is the assumption that all the investment projects under consideration have 

identical economic lives. Both of these ‘idealistic’ assumptions, and the 

determination of an appropriate rate of interest, will be discussed in Chapter 3. 

Making a comparison of projects by simply analysing their total costs neglects the 

issue of capacity utilisation as well as the composition of the costs. Idle capacity and 

differences in the composition of total costs (i.e. between fixed and variable costs) 

can be extremely important for a company. Neglecting their analysis can have 

serious effects, therefore. 

It should also be reiterated that the assumption of (data) certainty is usually 

unrealistic. For example, production volumes, which are crucial to decision-making, 

are often uncertain. If deviations occur between forecasted production volume and 

the actual units of production, relative profitability can be seriously affected. The 

dependence of profitability results on production volumes can be shown with the use 

of sensitivity analysis (described in Section 8.3).  

Finally, it should be emphasised that the CCM model ignores any consideration 

of project revenues. Consequently, the assessment of absolute profitability is not 

possible for all investment projects, which is a significant limitation of this analysis 

method, as it requires that the products’ qualities and quantities produced with the 
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different investment projects must be equivalent. A method that does incorporate 

project revenue data is discussed next. 

2.2 Profit Comparison Method 

Description of the method 

As the name suggests, the profit comparison method (PCM) differs from the cost 

comparison method because it considers both the cost and revenues of investment 

projects. The target measure is the average profit, which is determined as the 

difference between revenues and costs. Apart from this difference, all of the other 

assumptions made in the CCM continue to apply for PCM. 

Example 2-2 

The PCM is illustrated in the following example. A company has the choice between 

the following two investment projects A and B: 

Data  Project A  Project B

Initial investment outlay ( ) 180,000 200,000

Freight charges ( ) 15,000 25,000

Set-up charges ( ) 2,000 2,000

Economic life (years) 5 5

Liquidation value at the end of the 
economic life ( )

12,000 17,000 

Other fixed costs (  per year) 4,000 20,000

Production and sales volume  
(units per year) 

9,000 12,000

Sales price (  per unit) 10 10

Variable costs (  per unit) 2 1.90

Rate of interest (% per year) 6 6

Tab. 2-2: Data for the investment projects A and B (PCM)

Key Concept:  

Absolute profitability is achieved if an investment project leads to a profit greater 

than zero.

Relative profitability is achieved if an investment project leads to a higher profit 

than the alternative investment project(s). 
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To assess the absolute and relative profitability of the two investment projects, the 

projects’ average revenues and costs must be determined. The annual revenues of 

projects A (RA) and B (RB) amount to: 

RA = 9,000 units/year 10/unit =  90,000 per year and 

RB = 12,000 units/year 10/unit = 120,000 per year. 

The average cost can be determined in the same way as for the CCM approach 

described in Section 2.1. The amounts for each cost category, as well as the average 

total costs of projects A (CA) and B (CB), are shown in the following table: 

Cost category 
 (each in € per year)

 Project A  Project B

Depreciation 37,000 42,000

Interest 6,270 7,320

Other fixed costs 4,000 20,000

Variable costs 18,000 22,800

Total costs 65,270 92,120

Tab. 2-3: Cost categories for the investment projects A and B (PCM)

The average profits for alternatives A (PA) and B (PB) amount to: 

PA = RA – CA = 90,000/year - 65,270/year  = 24,730 per year 

PB = RB – CB = 120,000/year - 92,120/year  = 27,880 per year 

Both investment projects achieve absolute profitability, since they earn a positive 

profit. Project B achieves relative profitability because of its higher average profit. 

Assessment of the method 

The PCM acknowledges the fact that different investment opportunities (projects) 

lead to different revenues. Thus, the method has a wider range of use than the CCM. 

However, its application may be restricted by the fact that it is impossible to allocate 

revenues to some investment projects; in these cases the CCM has to be used. Apart 

from this difference, both methods have broadly the same strengths and weaknesses. 

Therefore the corresponding earlier assessment of the CCM applies equally to the 

PCM.

The next section introduces an analysis method that differs from the CCM and 

PCM in regard to the assumptions it makes about differences in capital tie-ups 

between competing investment projects. 



Static Methods 41

2.3 Average Rate of Return Method 

Description of the method 

The average rate of return (ARR) method differs from the PCM in regard to its target 

measure. The ARR method combines a profit measure with a capital measure to 

focus on the return (expressed as a rate of interest) earned on the capital invested. 

Both the profit measure and the capital measure can be defined differently. Average 

capital tie-up can be used as the capital measure, while the profit measure can be 

determined by adding average profit and average interest. This leads to the following 

formula: 

up- tiecapitalAverage

interestsAverageprofitAverage
returnofrateAverage  (2.4) 

The average interest is derived by applying a given interest rate to the average tie-up 

capital. When using the PCM (Section 2.2), this interest is subtracted from revenues 

as a component of cost. For the ARR method this step is reversed by adding the 

interest amount back to the profit calculated using the PCM. The sum of average 

profit and average interest represents a surplus, which is compared to the average 

capital tie-up to determine the ARR method profitability measure. 

The ARR method enables an assessment to be made of both absolute and relative 

profitability. 

The determination of a target average rate of return is at the decision-maker’s 

discretion and depends on existing investment and financing opportunities. If it can 

be assumed that internal funds should be used and an alternative investment 

opportunity exists, which could earn a given rate of interest, then this rate is suitable 

as a target for investment options. If this rate equals that used by the PCM, both 

methods will produce the same result in regard to absolute profitability. Different 

results are possible in regard to relative profitability. The determination and 

interpretation of the average rate of return will be illustrated by the following 

example. 

Key Concept:  

Absolute profitability is achieved if an investment project leads to an average rate 

of return higher than a given percentage.

Relative profitability is achieved if an investment project leads to a higher average 

rate of return than the alternative investment project(s). 
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Example 2-3 

In this example, Example 2-2 is considered again. The absolute and relative 

profitabilities are determined for the alternative investment projects. Assume that the 

relevant interest rate is 6% per year. The ARR method requires the determination of 

average profit, interest and capital tie-up for each project. 

Relevant measures Project A Project B

Profit (  per year) 24,730 27,880

Interest (  per year) 6,270 7,320

Average capital tie-up ( ) 104,500 122,000

Tab. 2-4: Relevant measures for the investment projects A and B (ARR method)

The average rates of return for projects A (ARRA) and B (ARRB) can be determined 

according to the formula given above, as follows:  

%)29.67(orr0.2967/yea
104,500

6,270/yearar24,730/ye
ARRA  and 

%)28.85(orr0.2885/yea
122,000

7,320/year,880/year72
ARR B .

It is obvious that both projects achieve absolute profitability, since the rate of return 

they generate exceeds the relevant interest rate of 6%. Investment project A achieves 

relative profitability due to its higher rate of return. This example illustrates that 

investment recommendations can be inconsistent between the PCM and the ARR 

method analyses if the considered alternatives require different capital tie-ups. An 

absolutely profitable investment project with lower capital tie-ups usually appears 

more attractive when using the ARR method than it does using the PCM. 

Assessment of the method 

In most respects, the ARR method resembles the CCM and the PCM. Therefore, the 

previous assessments of these models apply also to the ARR method. The PCM in 

particular has the same range of application and thus is competing. However, the 

following aspects should be noted. As for the PCM, the revenues of the investment 

alternatives are explicitly considered in the ARR method, but a different target 

measure is utilised.  

Therefore, different investment assumptions are made about the balance of 

differences in capital tie-up. Using the PCM, it is assumed – as described above – 

that lower levels of capital tie-up are compensated by other investment(s) that yield 

the given uniform rate of interest used in the calculation (or a financing project with 

this interest rate). With the ARR method, however, it is implicitly assumed that 
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smaller capital tie-up is balanced by a further (hypothetical) investment that earns 

the same rate of return as the project under consideration with the smaller capital tie-

up. The reason for this is as follows: a comparison of average rates of return can only 

be meaningful, if the capital bases to which the rates refer are equal. This is not the 

case when differences exist in capital tie-up, so an adjustment is necessary which is 

achieved by assuming that the investment with the smaller capital tie-up is 

supplemented by a fictitious investment. In the case of the projects considered in the 

example above, A has to be supplemented by an investment yielding 29.67% with a 

capital tie-up of 17.500 (= 122.000 – 104.500).

If the project with the highest capital tie-up also yields the highest rate of return, then 

the compensation assumption made for the ARR method is not problematic because 

the hypothetical investment project has no influence on the profitability. But, if this 

is not the case (i.e. the highest rate of profitability is earned by an alternative project 

with a lower capital tie-up), then this can affect the profitabilities and it becomes 

important whether the above assumption is justified. That is, it has to be questioned 

whether the capital tie-up differences can be balanced by another investment or 

financial project that yields a return close to that of the project with the lower capital 

tie-up. The answer to this question will determine whether it is better to use the ARR 

method or the PCM. It should be noted here that the rate of interest used should 

reflect alternative investment and financing opportunities. If, in the example 1.3 

above, the differences in capital tie-up are balanced by projects yielding 29.67%, a 

question arises as to why the given rate of interest is assumed to be only 6%. The 

changing orders of the relative profitability (between the PCM and the ARR method) 

can also be explained by the big differences in assumed interest rates.
If several investment opportunities exist with comparable rates of return, which 

are similar to that of the investment project with the lower capital tie-up and if the 

projects are competing for limited resources, the use of the ARR method may be 

appropriate. However, this can be considered as a special case. In reality, the 

profitability of the investment project under consideration will rarely correspond 

with the interest rate of investment or financing projects that are used to balance 

differences in capital tie-up. Besides this, an inconsistency of assumptions arises if 

several projects are included at the same time whose profitabilities drop with 

increasing capital tie-ups as in this case different assumptions are made during the 

selection process.

These problems are avoided by using the PCM. Additionally, the determination of 

the rate of interest used by the PCM should reflect and approximate the interest rate 

of the relevant investments and financing objects that balance the differences in 

capital tie-up. Thus, the assumptions underlying the PCM are closer to reality, 

making it a more suitable method. Further, if the interest rate of the balancing 

investment or financing objects is as high as is assumed in the average rate of return 

method, (e.g. alternative investments exist that yield a rate of about 30%, as in the 
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example above), then the rate of interest should be adjusted towards this rate, and the 

result of the profit comparison method then becomes identical to that of the average 

rate of return method.

2.4 Static Payback Period Method 

Description of the method 

The target measure used for the static payback period (SPP) method is the time it 

takes to recover the capital invested in the project. It can be calculated based on 

average figures or on total figures. Average figures are used here.  

The SPP method offers a measure of the risk connected with an investment. Judging 

the absolute and the relative profitability of investment projects based only on the 

SPP method is not a suitable analysis, because any costs and revenues occurring 

after the payback period will be completely ignored. Thus the SPP method is only 

useful as a supplementary appraisal method. Notwithstanding this, the general 

decision rules offered by the SPP method can be expressed as follows:  

The SPP can be determined by dividing the capital tie-up by the average cash flow 

surpluses:

surplusesflowcashAverage

up- tieCapital
periodPayback     (2.5) 

The capital tie-up corresponds with the initial investment outlay. If the project has an 

expected liquidation value that can be estimated with some certainty, it may be 

useful to subtract it from the initial investment outlay, since the SPP is often viewed 

as a measure of project risk. Another option is to distribute it according to the 

average cash flow surpluses over the years of the project’s economic life. Both 

options will be neglected here.  

Key Concept:  

The payback period of an investment project is the period after which the capital 

invested is regained from the average cash flow surpluses generated by the 

project.

Key Concept:  

Absolute profitability is achieved if an investment project’s payback period is 

shorter than a target length of time (usually expressed in years).

Relative profitability is achieved if an investment project has a shorter payback 

period than the alternative investment project(s). 
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A project’s average net cash flows are the key measures when using the SPP 

method. Average cash flow is not the same as average profit. While profit is defined 

as the difference between revenues and costs, cash flow represents the net balance of 

cash inflows and outflows. A number of differences exist between revenues and cash 

inflows and between costs and cash outflows. For investment appraisal, depreciation 

is the most relevant of these differences, since it is considered as a cost (thus 

influencing profit) but is not a cash outflow. Average net cash flow can be derived 

by adding the depreciation cost back into the average profit figure. Note that, since 

the SPP method relates a project’s average net cash flow to the capital tie-up, using 

the average profit (including depreciation) instead of the average net cash flow 

would result in double counting. 

The way in which interest costs are dealt with also warrants discussion. Interest 

costs are included in the calculation of profit, just as depreciation costs are. But, the 

inclusion of interest in a project’s cash flows depends on whether it represents a 

relevant cash outflow (i.e. the project is financed by debt) or not (i.e. the project is 

financed using internal funds). The first case is assumed here. So, interest represents 

a cost (in the calculation of profit) as well as a cash outflow and, unlike for 

depreciation, there is no adjustment required to convert profit to net cash flow.

To sum up, a project’s average net cash flow can be expressed as follows: 

Average net cash flow  =  Average profit  +  Depreciation (2.6) 

Example 2-4 

The determination of the SPP method is illustrated with the help of an example. The 

data is taken from Example 2-2. Assume the company has decided that its 

investment projects must pay back their initial investment outlay within four years. 

The relevant information is: 

Relevant measures Project A Project B

Profit (  per year) 24,730 27,880

Depreciation (  per year) 37,000 42,000

Capital tie-up ( ) 197,000 227,000

Tab. 2-5: Relevant measures for the investment projects A and B (SPP method)

The static payback periods of the two projects A (PPA) and B (PPB) are calculated as 

follows:

years19.3
r37,000/yeaar24,730/ye

197,000
PPA
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years25.3
,000/year42ar27,880/ye

227,000
PPB

These two projects, as shown, have similar payback periods. While project A is the 

relatively more profitable project, both are absolutely profitable because their 

payback periods are less than the required four years. 

Assessment of the method 

The comments made in regard to the previous three methods also apply to the SPP 

method, including the possible inconsistency between the assumptions concerning 

the capital tie-up when determining interest costs (see Figure 2.1) and the average 

cash flow surpluses which are available for amortisation according to the SPP 

method. It must be emphasised that the SPP should not be used as an exclusive 

decision criterion because it fails to incorporate any profits or cash flows occurring 

after the payback period. However, it is a useful supplementary investment appraisal 

tool since it provides some indication of the risk connected with an investment 

project. In this context the payback period can be interpreted as a critical factor in 

considering a project’s economic life and, therefore, as a result of a sensitivity 

analysis. 

All the methods described in this chapter omit any consideration of the time value of 

money, as they use average measures rather than tracking cash flows over time. The 

methods described in the following chapter will allow more meaningful analyses by 

discounting cash flows to one point in time (making them comparable) and by 

analysing different cash flows from different periods. This will enrich the investment 

appraisal process since the analysis of average indicators limits the usefulness of the 

results. 
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Assessment Material Chapter 2 

Exercise 2-1 (Cost Comparison Method) 

A car manufacturer wants to use the cost comparison method to assess whether he 

should continue to buy in a special component or manufacture it in-house instead. 

Two companies are offering different types of equipment to produce the part, giving 

the following data: 

Data Machine A Machine B

Initial investment outlay ( ) 120,000 80,000

Economic life (years) 10 10

Liquidation value ( ) 10,000 0

Method of depreciation straight-line straight-line

Capacity (units per year) 12,000 10,000

Wages (  per year) 24,000 28,000

Salaries (  per year) 8,000 6,000

Materials (  per year) 23,000 23,000

Other fixed costs (  per year) 19,000 14,000

Other variable costs (  per year) 8,000 9,000

Rate of interest (% per year) 5 5

Tab. 2-6: Data for the two machines A and B

The variable costs are in proportion to the volume produced; the above data relate to 

the capacity being fully utilised. The unit buying in price for the parts is 10.

a) Which of the alternatives (machine A, machine B or buying in (alternative C)) 

would you recommend if the number of these special components required each 

year was 6,000 units? 

b) Which machine would you select if the required volume was 10,000 units per 

year? 

c) Which assumptions have you used in question a) in respect of the amount of 

capital tied up? What other assumptions has the cost comparison been based on? 

d) Describe the changes in average depreciation and interest that occur if, instead 

of straight-line depreciation, the declining balance method of depreciation for 

machine B is used, whereby 

d1) The rate of depreciation is 30% followed by a switch to the straight-line 

method to reach the liquidation value of 0.

d2) Depreciation is carried out until there is a liquidation value of 10,000.

It is not necessary to calculate the results; just discuss the general impact on the 

project appraisal. 



48 Basic Methods of Investment Appraisal 

Exercise 2-2 (Cost Comparison Method) 

The cost comparison method is to be applied in assessing two alternative investment 

projects, A and B, as well as alternative C (buying in from outside). The following 

data are available:  

Data Alternative A Alternative B

Initial investment outlay ( ) 13,000 12,000

Liquidation value ( ) 4,000 2,000

Economic life (years) 6 6

Capacity (units per year) 10,000 8,000

Rate of interest (% per year) 10 10 

Variable costs (  per year)

(x = Production volume)
1.7xx

100,000

8 2 0.8x

Other fixed costs (  per year) 50 600

Tab. 2-7: Data for the investment projects A and B

The items can be bought in at a unit price of 1.50 for volumes of up to 10,000 units.

a) Ascertain the cost functions CA, CB and CC for the various alternatives.

b) Which alternative is preferred when the production volume is 

b1) 4,000 units? 

b2) 8,000 units? 

b3) 10,000 units? 

What costs arise with this alternative? 
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Exercise 2-3 (Profit Comparison, Average Rate of Return and 
Payback Method)  

A company is planning to undertake an investment project. The following data have 

been calculated for two alternatives, A and B: 

Data Alternative A Alternative B

Economic life (years) 8 8

Sales volume (units per year) 20,000 24,000

Sales price (  per unit) 8 8

Initial investment outlay ( ) 200,000 240,000

Construction costs ( ) 18,000 28,000

Freight costs ( ) 2,000 2,000

Liquidation value at the end of the period ( ) 16,000 16,000

Fixed operating costs (  per year) 6,000 22,000

Variable unit costs (  per unit) 4.60 4.40

Rate of interest (% per year) 6 6

Tab. 2-8: Data for the alternatives A and B

Ascertain the preferred project using 

a) The profit comparison method. 

b) The average rate of return method. 

c) The static payback method. 





Chapter 3: Discounted Cash Flow Methods

3.1 Introduction 

The discounted cash flow methods described in this chapter are classified as 

dynamic investment appraisal methods, which, unlike the static methods described 

in Chapter 2, explicitly consider more than one time period and acknowledge the 

time value of money. Investment projects can be described as streams of (expected) 

cash inflows and outflows over the whole course of their economic life, i.e. over 

different periods. An assumption made here is that all relevant effects of the 

alternative investment projects are depicted by these cash inflows and outflows, and 

that no other effects need to be considered. Therefore, the target criterion used to 

evaluate investments takes only (discounted) cash flows into account. Additionally, 

it is assumed that all cash flows can be forecasted and allocated to defined periods of 

identical lengths (usually years) – more precisely to the beginning or the end of these 

periods as the representative points in time. 

Common characteristics of the methods described in this and the following 

chapter include most of the assumptions referred to in Chapter 2. The explicit 

recognition of the time value of money, as the essential distinction between the 

discounted cash flow methods and the static methods, is discussed next.  

The time value of money 

Comparing cash flows from different periods can be achieved only by incorporating 

the time value of money. The values of the cash flows depend on the time at which 

they take place. Therefore transformations need to be carried out either by 

discounting or compounding cash flows to compare them at specific points in time. 

Using discounting, all future cash flows are converted to their equivalent value as at 

the beginning of the investment project. Using compounding, the cash flows are 

converted to their equivalent value as at the end of the investment project. The 

comparison can be made by multiplying the cash flows by: 

• The discounting factor: (1 + i)-t

• The compounding factor: (1 + i)t .

Where t represents the number of time periods for which the cash flows are 

discounted or compounded. The interest or ‘discount rate’ (i) plays a major role in 

dynamic investment appraisal methods and will be further examined later on.  

A simple example illustrates the logic behind the computation. With discounting, 

the value of a cash flow is determined for a certain point in time, regularly assumed 

to be the ‘point in time 0’ (which is the same as ‘the beginning of year 1’). The value 

at point in time 0, the so called present value, is then calculated as the net cash flow 
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divided by (1 + i)t. If an interest rate (i) of 10% (remaining unchanged throughout 

the observed years) is assumed, a net cash flow of 10,000 that occurs at the end of 

the third year (t = 3) has a present value (PV) of:  

ti)(1

flowcashNet
PV (3.1)

3.1551,7
1.1

000,10
PV

3

Remember that 10,000 represents a future cash inflow from an investment project. 

It has been shown that 7,513.15 ‘today’ has the same value as 10,000 in three 

years’ time. Thus, cash flows at two different times have been made comparable.

The same logic can be applied to compounding cash flows. A cash flow of 

10,000 received now (point in time 0) can be regarded as identical in value to the 

future value (FV) of 12,597.12 received in 3 years, if an interest rate of 8% is 

assumed, since: 

ti)(1flowcashNetFV (3.2)

FV = 10,000  1.083 = 12,597.12

If the interest rate changes from year to year, however, separate discounting or 

compounding factors are determined for every period (up to the last period T). In the 

case of the compounding factor this can be described generally as:  

))i(1...)i(1)i(1(flowcash NetFV T21 . (3.3) 

Recalculating the above example, but now assuming that the relevant annual interest 

rates are i1 = 10%, i2 = 12% and i3 = 15%, the future value becomes:  

14,168.00))15.0(1)12.0(1)1.0(1(000,10FV

Sometimes, the monetary value of an investment results from a stream of identical 

cash flows over several years (i.e. an annuity). In order to calculate the present value 

(as at time 0) of a stream of identical cash flows (annuity) the capital recovery factor 

(or annuity factor) can be used: 

ii)(1

1i)(1
AnnuityPV

t

t
(3.4)

An annuity of 10,000, occurring for three years and with an interest rate (discount 

rate) of 10%, has a present value of: 

52.868,24
0.10.1)(1

10.1)(1
10,000PV

3

3



Discounted Cash Flow Methods 53

In a comparable way, a single cash flow received in time period 0 can be 

transformed into an annuity. This can be calculated by the use of the annuity factor,

which is the inverse value of the above capital recovery factor: 

1i)(1

ii)(1
PVAnnuity

t

t
(3.5)

For example, 10,000 received at time 0 (with i = 10% and t = 3 years) is equivalent 

to an annuity of: 

15.021,4
1)1.01(

1.0)1.01(
000,10Annuity

3

3

This means that receiving 4,021.15 at the end of each of three years has the same 

value as receiving 10,000 today, if the interest rate is 10%. 

Summarising, it can be said that discounting and compounding calculations capture 

and reflect time preferences – that is, they are an expression of the preference an 

investor shows for receiving income, or consuming resources, at particular times.  

The key concept relevant to investment appraisal is that an investment project is 

characterised by a series of cash inflows and outflows over several time periods, 

typically starting with a cash outflow (the initial investment outlay) at time 0, 

followed by inflows and/or outflows in later years. These multi-period cash flows 

will now be assessed using different investment appraisal methods. The methods 

described in this chapter are characterised by a uniform discount rate and (usually) 

by relating all future cash flows to the beginning of the project by discounting them 

to t = 0. Other investment appraisal methods, described in Chapter 4, will use 

differing debt and credit interest rates, and will compound values to the end of the 

investment project’s life. 

Figure 3-1 shows the investment appraisal methods described in this chapter. 

Fig. 3-1: Dynamic investment appraisal methods 

Dynamic investment appraisal methods

Uniform discount rate Differing debt and credit interest rates

- Net present value method 
(Section 3.2)

- Annuity method 
(Section 3.3)

- Internal rate of return method
(Section 3.4)

- Dynamic payback period method           
(Section 3.5)

(Described in Chapter 4)

Dynamic investment appraisal methods

Uniform discount rate Differing debt and credit interest rates

- Net present value method 
(Section 3.2)

- Annuity method 
(Section 3.3)

- Internal rate of return method
(Section 3.4)

- Dynamic payback period method           
(Section 3.5)

(Described in Chapter 4)
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3.2 Net Present Value Method 

Description of the method 

The net present value method focuses on selecting projects that maximise the ‘net 

present value’ (NPV) generated for the company: 

Using the NPV method, all future cash flows related to an investment project are 

discounted back to time 0 (i.e. t = 0), taken to represent the start of the investment 

project. The NPV represents a specific kind of PV. While it is possible to discount 

and compound all the cash flows to a later point in time, for example to the end of 

the investment project, it is more common to use t = 0 as this is the time at which the 

decision to invest (or not to invest) has to be made. It will be explained later that 

other methods relate cash flows to other points in time, e.g. to the end of the 

investment project. 

The most rigid assumptions of the NPV method relate to the existence of a perfect 

(unrestricted) capital market. The single, or uniform, interest rate for this market 

represents the rate at which it is possible to borrow or invest without limits. 

Therefore this rate is used for discounting or compounding cash flows to any point in 

time.  

Using the NPV method, the profitability of investment projects is assessed as 

follows:

For the following examples it is assumed that the uniform discount rate (i) remains 

unchanged over the life of the investment. In that case, a project’s NPV at t = 0 can 

be determined using the following equation:

T

0t

t
tt q)COF(CIFNPV  (3.6) 

Where:

t  = Time index 

T  = The last year when cash flows take place 

Key Concept:  

Net present value is the net monetary gain (or loss) from a project, computed by 

discounting all present and future cash inflows and outflows related to the project.

Key Concept:  

Absolute profitability is achieved if an investment project’s NPV is greater than 

zero.

Relative profitability: An investment project is preferred if it has a higher NPV 

than the alternative investment project(s). 
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CIFt  = Cash inflows in t 

COFt = Cash outflows in t 

tq  = Discounting factor in t 
tt

t

i)(1

1

q

1
q

The difference between cash inflows and cash outflows (CIFt - COFt) is the net cash 

flow (NCFt). As shown in the following figure, all net cash flows after t = 0 are 

discounted back to this point in time. 

Fig. 3-2: Discounting net cash flows for the net present value method

The equation indicated above must be detailed if components of the net cash flows 

are to be considered in a differentiated way. A project’s cash flows can be 

subdivided into: initial investment outlay, liquidation value(s), cash inflows (e.g. 

from sales) and cash outflows (e.g. from expenses). In addition, the following 

assumptions may be made when using the NPV method: 

• Taxes and transfer payments can be ignored. 

• Only one type of product is manufactured with the investment project. 

• Production volume equals sales volume (i.e. no inventory produced). 

• The cash flows are assigned to the following points in time: 

- Initial investment outlay: beginning of the first period (t = 0). 

- Cash inflows and outflows: end of each relevant period (t). 

- Liquidation value: end of the project’s economic life (t = T). 

The following formula for the NPV then can be derived: 

T

1t

Tt
fttvtt0 qLqCOFx)ofc(pINPV  (3.7) 

Where: 

t  = Time index 

T  =  The last year when cash flows take place (end of the project) 

I0  =  Initial investment outlay 

pt  =  Sales price in period t 

 t = 0  t = 1  t = 2  t = T-1

Period 1 Period 2 Period T

NCF1 NCF2 NCFT-1NCF0

…
…

 Time 

NCFT

 t = T
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cofvt  =  Production/sales dependent (variable) cash outflows per unit in period t 

xt  =  Production/sales volume in period t 

COFft =  Production/sales independent (fixed) cash outflows in period t 

q  =  (1 + i) 

L  =  Liquidation value 

In concluding this discussion, it should be noted that the calculation of the NPV can 

be simplified when cash flows remain constant throughout the economic life of a 

project. In this case, the NPV of the cash flows at t = 0 can be determined by 

multiplying the cash flow by the annuity factor (described at the beginning of this 

chapter). The NPV is then the sum of the net present values of initial investment 

outlay, net cash flows and liquidation value. 

An interesting feature of the NPV method is the potential use of differential cash 

flow analysis. This approach helps to simplify comparisons between competing 

projects, since the identical aspects of the projects can be omitted and less project 

data is required. For example, if two competing project options are both expected to 

generate the same revenue streams (but with different costs), the revenue streams 

can be omitted from the analysis since they are the same for both projects and 

therefore, don’t need to be compared, provided absolute profitabilities exist. Only 

the costs need to be compared, because they differ between the projects. 

When comparing two alternative projects, the critical point is the differences 

between their cash flows – i.e. the differential cash flows, which can also be 

interpreted as the cash flows of a fictitious ‘differential investment’. By calculating 

the NPV of these differential cash flows (i.e. NPVdiff), the difference between the 

NPVs of the two projects under consideration is determined as a measure of relative 

profitability is determined.  

I.e. for two investment projects A and B it can be shown that: 

BA

T

0t

t
tBtB

t
T

0t
tAtA

t
T

0t
tBtBtAtAdiff

NPVNPV

q)COFCIF(q)COFCIF(

q)COFCIF()COFCIF(NPV

 (3.8) 

If the net present value of NPVdiff is positive, then investment project A has a higher 

NPV than investment project B and is, therefore, relatively more profitable. This 

approach can be used to compare more than two competing projects, as long as care 

is taken to exclude only those cash flows from the analysis that are identical across 

all the project options. This can get complicated, so it is sometimes easier just to 

calculate the NPV for each project in its entirety and choose the project with the 

highest NPV. Note that absolute profitability cannot be assessed by calculating 

NPVdiff. To evaluate absolute profitability, the NPV calculation must include all the 
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cash flows from a project. However, it may be useful to calculate NPVdiff to find the 

best project option, before calculating the NPV of this project (i.e. including all of its 

cash flows) to determine its absolute profitability. 

A major assumption of the NPV method is that any net cash inflow that is not 

needed to cover a cash outflow will be reinvested at the relevant discount rate (i). 

This crucial assumption is further explained using an illustrative example. 

Example 3-1 

A company is considering an investment to expand their business. The necessary 

data for the two available investment options are listed in the following table: 

Data Investment project A Investment project B

Initial investment outlay ( )   100,000   60,000

Economic life (years)   5   4

Liquidation value ( )   5,000   0

Net cash flows ( )

t = 1   28,000   22,000

t = 2   30,000   26,000

t = 3   35,000   28,000

t = 4   32,000   28,000

t = 5   30,000  -

Relevant discount rate (%)   8   8

Tab. 3-1: Data for investment projects A and B (NPV method)

It is required to determine the absolute and relative profitability of the two projects 

by using the NPV method. 

For investment project A the net present value (NPVA) can be calculated as follows: 

NPVA =  – 100,000 + 28,000  1.08-1 + 30,000  1.08-2 + 35,000  1.08-3 +

32,000  1.08-4 + 30,000  1.08-5 + 5,000  1.08-5

NPVA = 26,771.59

This result is interpreted as follows. Since NPVA is positive it can be deduced that 

investment project A is profitable in absolute terms. The NPV of 26,771.59 is the 

net monetary gain achieved if investment project A is undertaken. This assumes a 

discount rate of 8% for the interest (payments). This result would be achieved 

regardless of the source of finance: from internal funds, debt financing or any 

combination of these.  

The investor could choose to use this monetary gain (NPVA) right now (t = 0) by 

taking out a loan of 26,771.59 for consumption purposes. Such a ‘consumption 
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loan’, together with interest charges, could be paid back from the cash flow 

surpluses of the investment project. The project’s cash flow surpluses would also 

cover the loan repayments (including interest) on the capital employed for the 

investment ( 100,000 for project A). 

This is illustrated by a financial budget and redemption plan that contains the cash 

flows and net monetary values associated with the above investment, assuming that: 

• A 100% debt financing is used, i.e. 26,771.59 to be consumed at the 

beginning of the planning period plus 100,000 for the initial investment 

outlay. 

• At the end of every period, interest is paid at the discount rate (8%) on the 

debt remaining. 

• Net cash surpluses are used for immediate loan repayments. 

Point 
in time

Net project cash 
flow ( )

(excluding initial 
investment outlay)

Interest paid
( )

(cash outflow)

Net cash surplus
( )

(used to repay the 
loan)

Net monetary value
( )

(amount of loan 
outstanding)

t Nt It (= i  Vt-1) Vt (= Nt + It) Vt (= Vt-1 + Vt)

0 0 0 0 –126,771.59

1 28,000 –10,141.73 17,858.27 –108,913.32

2 30,000 –8,713.07 21,286.93 –87,626.39

3 35,000 –7,010.11 27,989.89 –59,636.50

4 32,000 –4,770.92 27,229.08 –32,407.42

5 35,000 –2,592.59 32,407.41 –0.01

Tab. 3-2: Financial budget and redemption plan with 100% debt financing 

The financial budget and redemption plan shows that the initial loan of 126,771.59

is fully regained by the cash flow surpluses from investment project A.

The level of the NPV and, therefore, of the net monetary gain is the same 

regardless of the combination of internal funds and debt financing employed. This is 

a major outcome of the ‘perfect capital market’ assumption. To demonstrate this 

concept further, the financial budget plan is now given for a case where is financed 

by internal funds at 100%, in contrast to the 100% debt financing depicted above. In 

this case, the cash flow surpluses from the investment project are used for financial 

investments that – in accordance with the reinvestment assumption – are made in the 

capital market, and yield the relevant discount rate (8%). 
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Point 
in time

Net cash flow
( )

(without initial 
investment outlay)

Interest received
( )

(cash inflow) 

Net cash surplus
( )

(increase in 
internal funds)

Net monetary value
( )

(total internal funds)

t NCFt It (= i  Vt-1) Vt (= NCFt + It) Vt (= Vt-1 + Vt)

0 0 0 0  0

1 28,000.00 0 28,000.00 28,000.00

2 30,000.00 2,240.00 32,240.00 60,240.00

3 35,000.00 4,819.20 39,819.20 100,059.20

4 32,000.00 8,004.74 40,004.74 140,063.94

5 35,000.00 11,205.12 46,205.12 186,269.06

Tab. 3-3: Financial budget plan with 100% financing by internal funds 

As the financial budget plan shows, the investor has internal funds of 186,269.06 at 

the end of the investment project’s life. This amount cannot be compared directly to 

the outlay of 100,000, however, since the amounts occur at different points in time. 

Yet it can be shown that the end value, discounted back to t = 0 at the interest rate of 

8%, equals the sum of NPV and initial investment outlay: 

186,269.06 · 1.08-5 = 126,771.59

The difference between this amount and the capital employed ( 100,000)

corresponds to NPVA ( 26,771.59). Provided reinvestment at the discount rate is 

assumed, it can be seen that the internal funds-financed investment project yields the 

same net monetary gain of 26,771.59 as the debt-financed investment. This can also 

be shown by calculating the end value that an investor would hold if he or she 

invested capital of 100,000 over the economic life of the investment at an interest 

rate of 8%. The end value (EV) in this case is: 

EV = 100,000 · 1.085 = 146,932.81

The difference between the end value of investment project A ( 189,269.06) and the 

financial investment of 100,000 at the 8% discount rate ( 146,932.81) is 

39,336.25. If this amount is discounted back to t = 0 the difference becomes 

26,771.59 which equals the project’s NPV: 

39,336.25 · 1.08-5 = 26,771.59

These examples illustrate the fact that an absolute profitability assessment made 

using the net present value model implies the operation of a uniform discount rate in 

a perfect capital market. This, is the alternative investment when an actual 

investment project is rejected. 



Basic Methods of Investment Appraisal 60

Another interpretation of NPV is based on the possibility of investing in the 

capital market as an alternative to the investment project. The price of project A 

consists of the initial investment outlay. The alternative price is the financial invest-

ment amount required at the beginning of the planning period (t = 0) in order to 

generate the same expected cash flow surpluses (CIFt – COFt) in the future. This 

financial investment amount is the sum of separate investment amounts each arising 

from the cash flow surplus at time t discounted by the uniform discount factor:  

t
tt i)(1)COF(CIF (3.9)

Altogether the sum of all separate financial investments and with it the price of the 

future payment surpluses amounts to:

T

0t

t
tt i)(1)COF(CIF (3.10)

Then the net present value represents the difference between this price and the initial 

investment outlay of the investment project under consideration:

0

T

0t

t
tt Ii)(1)COF(CIFNPV  (3.11) 

Or in the example: 

NPV = 126,771.59 – 100.000 = 26,771.59

Because the difference is positive, the investment project under consideration is 

superior to a financial investment in the capital market. Thus, it is absolutely 

profitable.

For the assessment of relative profitability the net present value of the alternative 

project B (NPVB) must also be calculated. It amounts to: 

NPVB = 25,469.32

As NPVB is positive, investment project B is absolutely profitable. However, 

because NPVA ( 26,771.59) is greater, investment project A appears to be relatively 

more profitable. Where both projects are mutually exclusive, investment project A 

will be preferred, provided net present value is the decision criterion. 

As described above, the relative profitability of two investment projects can also 

be determined by calculating the NPV of the differential cash flows or a fictitious 

differential investment (NPVdiff = NPVA – NPVB). This amounts in the example to: 

NPVdiff  = – 40,000 + 6,000 · 1.08-1 + 4,000 · 1.08-2 + 7,000 · 1.08-3

 + 4,000 · 1.08-4 + 35,000 · 1.08-5
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NPVdiff  = 1,302.27

This implies that project A’s net monetary gain exceeds the net monetary gain from 

investment project B by 1,302.27. Project A therefore is relatively profitable. 

However, it should be noted that the capital tie-up of investment project B is 

considerably lower (initial outlay is 60,000 compared to 100,000 for project A). 

Moreover, the economic life of project B is shorter by one year and, therefore, 

subsequent investments may be realised at an earlier time.  

This raises the important question: to what extent are the net cash flow profiles 

used to calculate investment projects’ NPVs suitable for the assessment of relative 

profitability if differences exist in regard to: 

• The capital tie-up at the beginning (i.e. different initial investment outlays)? 

• The capital tie-up during the course of the investment (i.e. from different net 

cash flows over the life of the project)? 

• The projects’ economic lives? 

Needless to say, if none of these differences exist the investment projects under 

consideration can be regarded as equivalent, since the analysis is limited to the 

comparison of cash flow profiles regardless of the nature of the actual project (e.g. a 

machine). If differences in capital-tie up and/or economic life are not explicitly 

included in the analysis, however, they need to be balanced by additional 

investments (or by financing alternatives). 

Differences in projects’ capital tie-up are easy to consider if perfect capital market 

conditions are assumed. This implies that the differences between projects’ initial 

outlays can be balanced by assuming that a financial investment is made at the 

relevant uniform discount rate (or by the corresponding assumption that a financing 

alternative with this interest rate is achieved). The following example illustrates the 

use of such a financial investment (NPVF) (a fictitious investment project) to 

balance the initial capital tie-up difference between projects A and B for one period:  

NPVF = – 40,000 + ( 40,000 · 1.08) · 1.08-1 = 0

The NPV of this balancing financial investment is zero. Accordingly, the differences 

in capital tie-up do not need to be analysed explicitly for competing investments. 

They can be ignored if perfect capital market conditions are assumed. A similar 

argument can be applied to differences in economic life. Subsequent investments 

that may be undertaken at different points in time because of different economic 

lives, have no influence on the profitability of alternatives if it is assumed that all 

future investments yield the relevant uniform discount rate and therefore have an 

NPV of zero. Under the assumed perfect capital market conditions it is not necessary 

to consider supplementary investments explicitly. The NPVs of projects under 

comparison determined on the basis of the cash flow profiles are sufficient for the 
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assessment of relative profitability. In spite of differences in capital tie-up and/or 

economic life, competing investments can be treated as comparable alternative 

projects.

But what if it is unrealistic to assume current and future (re-)investment at the 

uniform discount rate? A modified application of the NPV method can be used if 

specific information exists for other current and future investment projects that may 

be used to balance differences in capital-tie up and/or economic life, whose interest 

rates deviate from the expected uniform discount rate. This might be the case if, for 

example, subsequent projects are pursued at the end of the initial project’s economic 

life. They constitute so-called chains of investments might consist of identical or 

non-identical projects, and refer to limited or unlimited time horizons. In such 

situations, the NPVs of the investment chains may be used to assess relative 

profitability. This is described in Chapter 5. It is important to note that the 

profitability of investment projects also depends on subsequent projects: in 

calculating an isolated net present value this fact is overlooked. Unless the 

investment project under consideration is the final project for the company – i.e. 

truly is an isolated project – the decision conditions assumed may be not realistic. 

Companies usually envisage an unlimited or, at least, a long term planning horizon, 

which limits the simplistic use of NPVs in investment decision-making. 

Assessment of the method 

The NPV method is one of the most widely known and used methods in both theory 

and company practice. To assess its usefulness (as for all the alternative methods) its 

computational ease, data collection requirements and, most important of all, model 

assumptions must be considered. 

The computational effort is low, as simple arithmetical calculations are sufficient. 

The data collection, however, may cause problems because, as a rule, several 

forecasts are necessary. The NPV model requires forecasts of the initial investment 

outlay, all future cash flows, the project’s economic life, the liquidation value at the 

end of the economic life and the relevant discount rate. Nevertheless, this challenge 

applies to all investment appraisal models. 

The NPV model makes more realistic assumptions compared to the static models 

described in Chapter 2 because all years of the investment project’s economic life 

are explicitly included. Thus, as the required computational effort is only slightly 

greater, the methods described in this chapter are more appropriate for real-world 

company practice. Yet the net present value model does make some assumptions, the 

potential effects of which should be evaluated against the real situation. The model’s 

assumptions include the following: 

a) A single target measure (the NPV) is considered adequate. 

b) The economic life is pre-determined and appropriate. 
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c) Other associated decisions (such as financing and production decisions) are 

made before the investment decision in order to be able to forecast cash flows 

for separate investment projects. 

d) The data is certain. 

e) The cash flows can be allocated to specified time periods and points in time. 

f) All current and future investments not explicitly considered (financial 

investments due to cash inflow surpluses and investments to balance up the 

different capital tie-up and/or economic life of investments) will yield at the 

relevant uniform discount rate. 

g) A perfect capital market exists.  

The profitability of investment projects often depends on several performance 

targets. In such cases a single target measure (assumption a) may be insufficient for 

decision-making and other methods should be used, e.g. multi-criteria methods 

(described in Chapter 6). 

The economic life must be known before applying the NPV method (assumption 

b). In order to gain this information, models may be used to determine the optimum 

economic life as described in Section 5.3. These models may be based on the NPV 

model.

Decisions about other investment projects, as well as actions of other company 

divisions and/or functional areas (e.g. production, sales and financing), can influence 

the cash flows associated with the project under consideration and, therefore, the 

profitability of this project. In the model described above, it is assumed the NPV is 

calculated after these decisions are taken (assumption c). In reality, the two are 

interdependent since these other decisions rely on information about the investment 

project currently under consideration. Such interdependencies mean that investment 

decisions cannot normally be allocated unambiguously to a single investment 

project, as assumed here. Models for simultaneous decision-making that can lead to 

overall optimum solutions are described in Chapter 7. 

It is highly unlikely that all necessary present and future data will be known with 

100% certainty (assumption d). Therefore, an additional analysis of the effects of 

uncertainty on the forecasted data should be made simultaneously with the 

determination of NPVs – at least for more important investment projects. Methods 

and models that take account of uncertainty are described in Chapter 8. 

The models described in this chapter assume that all cash flows can be allocated 

to a specified point in time – usually the beginning or end of a year (assumption e). 

In reality cash flows will occur more often and several will take place over a year. 

This may be accommodated in the NPV model easily by increasing the number of 

periods monitored and adjusting the interest rate from yearly to for example monthly 

or daily. This will improve the accuracy of forecasts but increases computational 

efforts. As an alternative, a continuous yield and constant cash flows can be 

assumed.
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The implications of assumed yields at the relevant discount rate (assumption f) 

have been discussed for the above example. Generally speaking, this assumption is 

unrealistic. The significance of deviations from the assumed yield, and the 

availability of information required to include supplementary investment projects, 

should be discussed during the decision-making process. The assumption that future 

investments will yield interest at the relevant discount rate implies that more 

profitable subsequent investment projects will not be made (unless their 

consequences are already captured within the cash flow profile of the investment 

project under consideration, as discussed in Section 5.3).

Additionally, the impact that one current investment project may have on the 

feasibility and profitability of future investment projects can be disregarded provided 

assumption (f) holds true. In this case, the NPV of future investments is zero, and 

ignoring these investments has neither negative nor positive financial consequences. 

However, in reality, uncertainty exists about future investment possibilities. Among 

other things, technological advancements may result in future projects earning 

positive NPVs. Under such circumstances, the question arises as to whether a current 

investment project with a positive NPV should be undertaken now or renounced in 

favour of future investment projects. This can be answered by the explicit inclusion 

of future investment projects in the investment decision-making process as described 

in Section 5.3. 

Also problematic is the assumption of a perfect capital market (assumption g) 

under which loans can be taken and financial investments made at any time and in 

any amount, all yielding the relevant uniform discount rate. Only in a perfect capital 

market can investment and finance decisions be made independently without 

endangering their optimality. Additionally, only in a perfect capital market can an 

investor at any point in time transfer funds generated by an investment project to 

different points in time using a financial investment, yielding the uniform discount 

rate, without affecting the original value of the investment project. This leads to the 

fact that the temporal distribution of income can be chosen at will and, thus, 

investment, withdrawal or consumption decisions are independent. Such a perfect 

capital market simply does not exist in reality. Among other things, interest rates 

differ between those receivable for financial investments and those payable for 

loans. Moreover, it is impossible to determine one uniform discount rate that 

simultaneously fulfils all these different purposes. This consideration becomes 

important where the level of the assumed uniform discount rate is a key determinant 

of the NPV. The identification of a suitable discount rate is discussed in a separate 

section (3.6) below. But first, other approaches to investment appraisal are 

discussed, starting with the annuity method. 
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3.3 Annuity Method 

Description of the method 

The annuity method (AM) uses the same discounted cash flow model as the NPV 

method. The only change is a different target measure, the annuity: 

The annuity can be regarded as an amount that an investor can withdraw in every 

period when undertaking the investment project. The annuity of an investment 

project is equivalent to the NPV of that project, i.e. it is possible to equate both 

measures mathematically. 

A limitation of this approach is that the annuity method is not (completely) 

suitable for the assessment of relative profitability. This will be further outlined 

below. Setting this issue aside for now, however, the following profitability criteria 

can be applied: 

When calculating an annuity, the cash flows are normally allocated to the end of 

each period (deferred cash flows) and this is assumed in the following notes. 

Initially, the time span used is the economic life of the project.

The annuity (ANN) of an investment project can be determined by multiplying 

the net present value (NPV) by the capital recovery factor (see Section 3.1). This is 

dependent on the uniform discount rate (i) and the economic life (T). The annuity is 

calculated as follows: 

1i)(1

ii)(1
NPVANN

T

T
(3.12)

As can be deduced from the formula, the annuity method leads to the same 

assessment of absolute profitability as the NPV method. Since any meaningful i and 

T are higher than zero, the capital recovery factor is higher than zero as well. Thus, a 

positive (negative) annuity is achieved as the result of a positive (negative) NPV. 

Similar reasoning applies to relative profitability assessments where the projects 

under comparison have identical economic life spans, as the recovery factors are 

Key Concept:  

An annuity is a series of cash flows of equal amounts in each period of the total 

planning period. 

Key Concept:  

Absolute profitability is achieved if an investment project’s annuity is greater than 

zero.

Relative profitability: An investment project is preferred if it has a higher annuity 

than the alternative investment project(s). 
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identical. If this is not the case, and the assumptions of the NPV model are applied to 

subsequent projects used for balancing economic life differences, then the annuity 

method should be applied in modified form, e.g. using identical time spans. Then the 

assessment of profitability is again identical to that obtained by the NPV method. 

However, the annuity method can also be applied if a different assumption is made 

in regard to subsequent projects. This is illustrated in the following example. 

Example 3-2 

Here Example 3-1 is reconsidered using the annuity method. Investment project A’s 

annuity can be calculated as: 

15.705,6
11.08

08.01.08
59.771,26ANN

5

5

A

For project B a different capital recovery factor arises on account of its different 

economic life. The annuity amounts to: 

72.689,7
11.08

08.01.08
32,469.25ANN

4

4

B

Both projects have a positive annuity and, thus, are profitable in absolute terms. For 

the assessment of relative profitability it should be noted that the annuities refer to 

different time spans – due to different economic lives – and therefore encompass 

different numbers of cash flows. The annuity of project B is higher, but it runs for a 

shorter time span. If the assumptions of the NPV method are maintained (in 

particular, that future investments yield at the uniform discount rate) then the annuity 

method should be replaced by the NPV method or, alternatively, the annuity method 

should be applied in a modified form, relating only to project annuities for the same 

number of periods. If the annuity of project B is recalculated for 5 years it becomes: 

96.378,6
11.08

08.01.08
32,469.25ANN

5

5

B

Now, as might be expected, project A regains relative profitability. The obvious 

question of why the annuity method is used despite the results for absolute and 

relative profitability being identical, is taken up later.  

If assumptions are modified so that a repetition of the investment project will 

follow, then a problem can arise with the NPV method. In particular, where a project 

will have unlimited, identical repetitions the annuity method should be used since, 

owing to the unlimited time horizon, no NPV can be determined. Using the annuity 

method, the NPV of an unlimited chain of identical projects can be calculated as 

follows:

rateInterest 

Annuity
luepresent vaNet  (3.13) 
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In the example it amounts to: 

00.814,83
0.08

6,705.12
NPVA

50.121,96
0.08

7,689.72
NPVB

In this situation, investment project B is relatively profitable on account of the higher 

NPV of the continuously repeated project: an effect due to the shorter economic life.

This argument and the calculation of limited and unlimited chains of investment 

projects are explored in more detail in Section 5.3. 

Assessment of the method 

The assessment of the annuity method is similar to that of the NPV method, since 

identical model assumptions and data requirements exist. The calculation of the 

annuity is only slightly more difficult than that of the NPV. 

However, use of the annuity method is unnecessary in many situations. In the 

analysis of absolute profitability, the NPV method leads to identical results. When 

the economic lives of the projects under consideration are identical, or when the 

calculations are modified in the ways described, the assessments of relative 

profitability are identical as well. Also, annuities, in contrast to NPVs, can be 

calculated only approximately if the uniform discount rates change during the course 

of the project’s life. Only two arguments remain after these reservations: annuities 

are needed to calculate the NPV of an unlimited identical investment chain; and the 

target measure for the annuity method can be interpreted more easily (esp. by the 

inexperienced user). As an annuity is a measure related to a period, it represents a 

specific form of ‘average profit’ and, thus, can be interpreted more easily than a 

NPV result. 

3.4 Internal Rate of Return Method 

Description of the method 

The internal rate of return (IRR) method, considered next, is largely analogous to the 

NPV method. Only two assumptions are modified – concerning the reinvestment of 

free cash flow surpluses and the balancing of capital tie-up and economic life 

differences. Also, a different target measure is considered: the internal rate of return.  

Key Concept:  

The internal rate of return is the rate that leads to a NPV of zero when applied as 

the uniform discount rate.
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The internal rate of return represents the interest earned on the capital employed at 

specific points in time by the investment project under consideration. The following 

profitability criteria are applied in the IRR method, although it should be recognised 

at this point that the method is not applicable to all decision contexts: 

Accordingly, in assessing absolute profitability a comparison is made between the 

project’s rate of interest and the cost of capital or the interest earned by an alternative 

financial investment, as represented by the uniform discount rate i. An investment 

project should be undertaken when its rate of interest is higher than the cost of 

capital and/or the interest that could be earned on alternative financial investments. 

The meaningfulness of internal rates of return (and profitability assessments 

based on them) compared with that of the NPV or annuity methods depends on the 

cash flow profiles and, thus, on the type of investment. The following discussion 

concentrates on isolated investment projects. Such projects are characterised by the 

fact that the cash flow surpluses of the whole planning period only cover interest 

charges (at the internal rate of return) and repayment of the capital employed. That 

is, no reinvestment is made using the project’s cash flow surpluses during the 

project’s economic life. The investment is said to be ‘isolated’, and the internal rate 

of return is then independent of the interest rates that possible reinvestments might 

earn.

An isolated investment project has a project-specific cash flow balance that is 

negative for every period of its economic life if it is determined on the basis of the 

internal rate of return. This condition is fulfilled if: 

• The sum of all net cash flows in the economic life is higher than or equal to 

zero:  

T

0t
t 0NCF   (3.14) 

And:

• For all periods t = 0,...,t*, with t* signifying the period in which the last cash 

outflow surplus appears, the cumulative net cash flows are smaller than or 

equal to zero:  

*t0,...,tfor0NCF
t

0

  (3.15) 

Key Concept:  

Absolute profitability is achieved if an investment project’s internal rate of return 

is higher than the uniform discount rate.

Relative profitability: An investment project is preferred if it has a higher internal 

rate of return than the alternative investment project(s). 
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These conditions are in any case fulfilled with a ‘normal’ investment, i.e. an 

investment with a cash flow profile, where, only once, does a change in algebraic 

sign take place (one or more initial investment outlays in the beginning followed by 

cash inflows only in the subsequent periods). Thus, the normal investment is a 

special case of an isolated investment. 

Fig. 3-3: The NPV of isolated investment projects as a function of the uniform 

discount rate

Figure 3-3 depicts the NPV of two isolated investment projects A (IPA) and B (IPB)

as a function of the uniform discount rate. With this type of investment (isolated 

investments), the results of the NPV and IRR methods are the same in regard to 

absolute profitability because the NPV is always positive when the IRR is greater 

than the uniform discount rate. The profitability comparison of mutually exclusive 

projects, however, can lead to contradictory results from the NPV and IRR methods, 

as also shown in Figure 3-3. In this case, the NPV method assesses project A as 

superior, since NPVA > NPVB (at the uniform discount rate i), whereas the IRR 

method favours project B, since rB > rA. The question of how to choose between 

mutually exclusive investments in such cases is taken up below.  

From Figure 3-3 it can be deduced that, for an isolated investment project, only 

one positive internal rate of return exists, provided the sum of the cash inflows is 

greater than the sum of the outflows. For non-isolated (i.e. ‘linked’) investment 

projects, several internal rates of return may exist. The maximum number of these 

interest rates corresponds to the number of algebraic sign changes in accordance 
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with DESCARTES’ convention. It is also possible that no economically relevant 

internal rate of return exists.  

Moreover, in the case of a linked investment project, a reinvestment assumption 

must be made. In contrast to the NPV model, the IRR method implicitly assumes 

that cash flows surpluses generated from a project (after covering interest charges 

and the repayment of the capital employed) can be used to make a financial 

investment that earns the internal rate of return. In general, this assumption is 

unrealistic and, thus, becomes a major disadvantage of the method. The application 

of the IRR method is therefore not meaningful for non-isolated investments – at least 

not without considering a specific supplementary investment or modifying the 

reinvestment assumption. 

The internal rate of return (r) was defined above as the interest rate at which the 

NPV becomes zero. Therefore: 

0r)(1)COF(CIFNPV
T

0t

t
tt  (3.16) 

Only in special cases can the IRR be isolated from the above formula and 

determined accurately. This is possible with an acceptable effort when the time span 

encloses only one or two periods or, in the case of a longer time span, if only two 

cash flows take place or all the future cash flows are identical.  

For projects spanning three or more periods, where none of the other special cases 

apply, approximation procedures should be applied to the determination of the IRR. 

Such approaches include the NEWTON's procedure and a method developed by 

BOULDING (1936). Spreadsheet software usually also has programme functions that 

can be used to determine the IRR for multi-period projects. 

In the following discussion an interpolation or extrapolation procedure is 

described for approximating the IRR of isolated investment projects.

For this procedure the net present value (NPV1) is determined for a discount rate 

(i1). If this is positive (negative), then a higher (lower) discount rate (i2) is selected 

and the net present value is re-calculated (NPV2). Then the two discount rates and 

their associated NPVs can be used to approximate the project’s IRR. A linear 

interpolation (where a positive and a negative NPV have been determined) or an 

extrapolation (if both NPVs show the same algebraic sign) is executed. A formula 

supporting both the described interpolation and extrapolation can be derived with the 

help of the following figure. 
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Fig. 3-4: Interpolation to determine the internal rate of return

In Figure 3-4 the IRR is represented by the point at which the NPV function and the 

abscissa intersect. This point can be approximated by drawing a straight line 

between the two determined NPV points (1 and 2 in Figure 3-4) and finding its 

intersection with the abscissa (r*). The interpolation formula is derived based on the 

theorem on intersecting lines.  
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The exactness of the approximation depends on how big the differences are between 

the discount or interest rates i1 and i2, and between their associated net present 

values NPV1 and NPV2. This determines the deviation of the approximating straight 

line from the course of the true NPV function. For a ‘good’ approximation it might 

be necessary to use several discount rates and to calculate their associated NPVs in 

order to identify two discount rates suitable for the interpolation. Two discount rates 

are suitable when their difference is relatively small, and the range of their 

associated NPVs around zero is also small. It may be helpful to apply an 
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approximated IRR solution as a uniform discount rate and then use it for further 

interpolations. Thus, with an appropriate number of iterations, a reasonably accurate 

result can be reached for the IRR. 

Example 3-3 

For this example, the data from Example 3-1 is used again and the interpolation 

procedure is applied first to alternative A. 

The NPV of project A with a uniform discount rate i1 = 8% is already known 

(NPVA1 = 26,771.59). For a second chosen uniform discount rate i2 = 18% the 

NPVA2 can be re-calculated as - 1,619.51.

Because the difference between i1 and i2 is relatively large and, thus, the 

exactness of the approximation would be poor, the NPV is re-calculated for another 

interest rate i1* = 17% to give an NPVA1
* = 740.69. Now, the differences between 

the two discount rates and between the resulting NPVs are quite small.  

Using the interest rates i1* (17% or 0.17) and i2 (18% or 0.18) together with their 

associated NPVs, the following interpolation result is obtained: 

0.17)-(0.18
1)(- 1,619.5-740.69

740.69
17.0rA

%17.31or1731.0rA

The IRR for project A is approximately 17.31%. Because this lies above the uniform 

discount rate of 8%, the project is profitable in absolute terms.

The fact that the IRR represents the interest on an investment project across 

different periods, based on the capital tie-up (remaining loan) in each period, can be 

illustrated by means of a finance and redemption plan. Such a plan is presented in 

the following table, which assumes the use of full debt financing at an interest rate of 

17.31%.

Point 
in time

Net cash flow ( )
(without initial 

investment outlay)

Interest paid ( )
 (cash outflow)

Change in capital 
 tie-up ( )

(redemption) 

Capital tie-up ( )
(remaining loan)

t NCFt It (= i  Vt-1) Vt (= NCFt + It) Vt (= Vt-1 + Vt)

0  0  0.00  0.00  –100,000.00 

1  28,000  –17,310.00  10,690.00  –89,310.00 

2  30,000  –15,459.56  14,540.44  –74,769.56 

3  35,000  –12,942.61  22,057.39  –52,712.17 

4  32,000  –9,124.48  22,875.52  –29,836.65 

5  35,000  –5,164.72  29,835.28  –1.37 

Tab. 3-4: Financial budget and redemption plan (IRR method)
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At each period’s end, the cash flow surpluses are used first to pay the interest on the 

capital tie-up at the beginning of the period. The remaining amount is available for 

the immediate redemption of capital. The net cash flows from the investment project 

enable the exact recovery of the capital and the payment of interest on capital 

employed at the internal rate of return (small rounding errors can be ignored). 

Correspondingly, the IRR equals the interests earned on the capital employed; this 

rate can also be interpreted as an upper limit for the cost of capital for the investment 

project. Since the amount of capital employed depends on the IRR, both must be 

determined simultaneously.  

The results for project B are approximated in the same way. For discount rates of 

25% and 26% the approximation of the internal rate of return is: 25.04%. Thus 

investment project B is also assessed as absolutely profitable. 

However, in contrast to the NPV method, project B now appears to be relatively 

profitable owing to its higher IRR. This is because the IRR method uses the rate of 

interest earned on the capital that is tied-up as the target measure. Project B starts 

with a considerably lower initial investment outlay and, thus, its relative profitability 

increases. Absolutely profitable projects with lower capital tie-up often win in an 

IRR comparison of relative profitability, in contrast to the same comparison made 

using the NPV method.  

Where competing projects differ in their capital tie-up or their economic life, the 

IRR method is of dubious suitability for assessing relative profitability. As with the 

NPV model, an implicit assumption is made in balancing such differences. It is 

assumed that a financial investment is made (or, alternatively, a corresponding 

financing alternative is realised), which yields an interest rate equal to the IRR of the 

investment project with the shorter economic life, or the smaller amount of capital 

tie-up. Among other things, this implies that financial investments yielding the IRR 

can be made without limit. This assumption is often unrealistic, because the IRR 

reflects the cash flows of the investment under consideration and not the 

opportunities in the capital market. Moreover, if in a comparison of two investment 

projects the capital tie-up is higher initially for one project and later, during the 

course of the economic life, for the other project, then it has to be assumed that the 

interest rate used to balance the capital tie-up changes with the IRRs. Finally, in any 

comparison of three or more different projects made by comparing two at a time, the 

inconsistency will be obvious as, in that situation, different rates will be used in the 

same decision process. In summary, the IRR method is not suitable for the 

assessment of (relative) profitability amongst two or more projects, since the 

assumption made for balancing capital tie-up and economic life differences at this 

very rate is unrealistic.

However, the IRR method can be used for the assessment of relative profitability 

when the IRRs are not taken from the investment projects themselves, but from 

differential investments (described in Section 3.2). An assumption in this case is that 

the differential investment is an isolated investment project. 
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The IRR of this differential investment corresponds to the discount rate that, used 

as a uniform discount rate, equalises the NPVs of the two projects under 

consideration (intersection IS of the NPV functions of projects A and B in 

Figure 3-4). This rate rD is always higher than the uniform discount rate (i) if the 

project with the higher initial investment outlay has the higher NPV (project A in 

Figure 3-4). Accordingly, the IRR leads to assessments of relative profitability 

identical to the NPV method if the following rule is applied to the comparison of 

two investment projects A and B with A having the higher initial investment outlay: 

If the differential investment does not have a positive IRR, investment project B is 

relatively profitable for all positive uniform discount rates. 

Assessment of the method 

For the assessment of the IRR method the reader is referred to the corresponding 

statements about the NPV method. Both methods require the same data. The 

calculation of an approximated IRR is slightly more difficult than the NPV 

calculation but, as shown above, these approximations lead to satisfactory results.  

The underlying assumptions are largely the same for both models. The only 

exceptions are the assumptions regarding the financial investments of free cash flow 

surpluses (i.e. the reinvestment assumption) and those pertaining to how capital 

tie-up and economic life differences are balanced when comparing projects. The IRR 

model assumes that free surplus cash flows yielded by an investment project can be 

reinvested to earn exactly the IRR rate, which is – in general – unlikely. 

Therefore, the IRR method should not be used to assess the absolute profitability 

of linked (non-isolated) investment projects unless (i) explicit consideration is given 

to supplementary investments, or (ii) the reinvestment assumption is modified. As an 

additional problem, it is possible that several economically meaningful IRRs exist 

for non-isolated projects. This makes it difficult to interpret the results of the IRR 

analysis.

Similarly, assessments of relative profitability should not be made by comparing 

project IRRs, because of the unrealistic balancing assumption noted above. Instead, 

differential investments should be analysed. If they are isolated investment projects, 

their IRRs may be compared to the uniform discount rate to achieve a meaningful 

profitability comparison. If a differential investment is a linked (non-isolated) 

investment project, then using the IRR method does not make sense.  

The applicability of the IRR method is not limited to the assessment of 

investment projects. The method is also suitable for calculating the effective interest 

Key Concept:  

An investment project A is relatively profitable compared to a project B if the 

IRR of the differential investment is higher than the uniform discount rate. 
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rate of financial projects like loans. The IRR of the cash flow profile of a financial 

project indicates its effective rate of interest. In this case, the application of the IRR 

method for the comparison of projects is less problematic. The projects under 

consideration are typically similar in amount, in the structure of their interest and 

redemption payments, and in their general terms; balancing differences is seldom 

required. Thus, assessments of relative profitability will regularly not deviate from 

those of the net present value method.

As with the annuity method, the IRR method shows some advantages over the 

NPV method when it comes to interpreting the results. A project’s IRR can be seen 

as representing the interest earned on the capital employed – an intuitive approach 

that makes the IRR method popular in company practice.  

Additionally, another relationship between the NPV and IRR methods can be 

pointed out. The IRR is the uniform discount rate at which a project’s NPV equals 

zero. If the NPV method is used and the ‘certainty of data’ assumption is discarded, 

the IRR can be interpreted as a critical rate of return which must not be surpassed by 

the real cost of capital if the investment project is to remain favourable. 

3.5 Dynamic Payback Period Method

Description of the method 

The dynamic payback period method (DPP) combines the basic approach of the 

static payback period method (see Section 2.4) with the discounting cash flow used 

in the NPV model. The key measure is: 

The static payback period method has already been discussed in Section 2.4, and the 

statements made there can largely be transferred to the dynamic payback period 

(DPP) method. As is true also for the static version, the DPP calculation should not 

be the sole criterion used to assess investment projects, but it can act as a supplement 

to other approaches. For the DPP approach:  

Key Concept:  

The dynamic payback period is the period after which the capital invested has 

been recovered by the discounted net cash inflows from the project. 

Key Concept:  

Absolute profitability is achieved, if the payback period of an investment project 

is shorter than a designated time limit. 

Relative profitability: An investment project is preferred if it has a shorter 

payback time than the alternative investment project(s). 
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The DPP method does not necessarily lead to the same results for absolute or 

relative profitability as the NPV method. Whether results differ for absolute 

profitability depends on the designated time limit as well as on the cash flows for the 

last period(s). Identical results are obtained if the designated time limit is assumed to 

be the project’s economic life. Differences in comparing relative profitability, 

however, can result from cash flows that occur after the payback period has been 

achieved, as the DPP method does not systematically account for these subsequent 

cash flows. 

The determination of the DPP involves calculating the NPV of the project as at 

the end of every period of its economic life. As long as this value remains negative, 

the payback period is not yet reached. When this value reaches zero (or becomes 

positive for the first time), the payback period is achieved (or exceeded). If the first 

non-negative value exceeds zero, then payback is achieved somewhere within that 

last period to be considered. The part of that period (year) which must pass before 

payback is achieved can be approximated by interpolation. 

Example 3-4 

The determination of the DPP is illustrated for the investment example discussed in 

the previous sections. The following table illustrates the calculations: 

Point 
in time

Net cash flows ( ) Present values of dis-
counted net cash flows ( )

Cumulative net 
present values ( )

t NCFt NCFt  q-t NCFt  q-t

0  –100,000  –100,000.00  –100,000.00

1  28,000  25,925.93  –74,074.07

2  30,000  25,720.17  –48,353.90

3  35,000  27,784.13  –20,569.77

4  32,000  23,520.96  +2,951.19

Tab. 3-5: Determination of the DPP 

The table lists the net cash flows for each period, the present value of the discounted 

net cash flows and the cumulative NPVs. The DPP is exceeded in this example after 

four periods, because the cumulative NPV becomes positive. So, the DPP is 

achieved at a point in time somewhere between 3 and 4 years after the start of the 

project. To approximate the actual DPP, the following linear interpolation formula 

may be used. Here t* indicates the period of the last cumulated negative net present 

value:

1t*t*

t*

NPVNPV

NPV
*tDPP  (3.20) 
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When using this interpolation it is assumed that cash flows occur in a linear fashion, 

i.e. evenly throughout each year. In the example above, a proportion (but not all) of 

year 4’s discounted cash flow of 23,520.96 is required before payback is achieved. 

The amount required is 20,569.77 (i.e. the amount outstanding at the end of year 3). 

It may be assumed that this proportion of the year 4 cash flow corresponds to an 

equivalent proportion of time elapsed during year 4. Using this assumption, the DPP 

of the investment project A (DPPA) is approximated as: 

years87.3
96.520,23

77.569,20
years3DPPA

For project B (see Example 3-1) the DPP may be determined in the same way. It 

amounts to approximately 2.78 years. In contrast to the results of the NPV 

calculation, project B appears to be relatively profitable. Absolute profitability 

depends on the designated time limit. If 4 years is used, for example, then both 

projects are absolutely profitable. If the time limit was set at 3 years instead, then 

only project B would be judged absolutely profitable using the DPP criterion.  

Assessment of the method 

The DPP method has characteristics that are common to both the NPV and the SPP 

methods. The underlying assumptions (concerning the discounting of project cash 

flows) are the same as for the NPV model and so the same issues and problems of 

data collection apply (see the discussion of the NPV method).

Compared to the SPP method, the dynamic model has the advantage of using 

discounted cash flows. But, it still shares some of the limitations of the static model. 

A crucial problem is the omission of all cash flows occurring in periods after the 

DPP is achieved, which may be substantial for some long-running projects. Because 

of this limitation the DPP, like the SPP model, mainly serves as a measure of the risk 

connected with an investment project (in terms of the time needed to recover the 

investment outlay), but it is unsuitable as an exclusive decision criterion. However, 

it should be pointed out that the payback period represents a critical value of the 

economic life in the NPV model (this will be discussed further in Section 8.3). 

3.6 Data Collection 

As described above, the initial investment outlay, the future cash inflows and 

outflows, the economic life, the liquidation value and the discount rate all go into 

determining net present values for investment appraisal. Issues related to the 

collection of these data are discussed here. Also, an approach to the special problem 

of dealing with inflation is analysed. Although the following hints in this section 

refer to NPV examples, they also apply to other methods described in this book.
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It is important to remember that NPV calculations involve a comparison between 

undertaking and rejecting an investment project. Therefore, a project’s cash flow 

profile should indicate changes in the cash inflows and outflows that are a direct 

result of undertaking the project, i.e. the difference between the additional cash 

flows created and eliminated by the project. The intended subsequent activities and 

their consequences should be included as relevant data as well, e.g. the net cash 

flows of a known subsequent investment project. Finally, the cash flow effects may 

be influenced by various company decisions such as scheduling, project, cost or cash 

management decisions. Where known, these impacts should also be incorporated 

into the project appraisal. 

Initial investment outlay  

The initial investment outlay for an investment project is a cash outflow resulting 

from the acquisition of the project, and/or the company-wide activities necessary for 

its provision and establishment (i.e. any set-up costs). The purchase price should 

reflect any discounts received, but must also include any costs associated with 

procurement, for example freight and customs/import duties. Cash flows resulting 

from the in-company production of an investment project can be derived from the 

cost accounting system, as a calculation of production costs. However, any 

discrepancy between recorded costs and cash outflows should be scrutinised, as it 

might require adjustments to the data.  

It is often difficult to work out the cash flows caused by additional in-company 

activities associated with the acquisition or production of an investment project, 

particularly where there are ‘indirect cash flows’ caused by the joint use of 

indivisible assets (staff, capital assets etc.) by several projects. This is comparable to 

the problem of indirect costs and revenues in cost accounting systems. 

Investment projects can result in changes to current assets (e.g. increased invent-

ories) or the initiation of projects needed to improve company-wide infrastructure, 

which themselves represent an investment by the company. Outflows caused by such 

‘subsequent investment projects’ should also be included and considered as part of 

the investment analysis. The same applies to governmental or other institutional 

financial investment incentives, and to the cash inflows and/or outflows resulting 

from the directly associated release of other assets (particularly liquidation revenues 

from replaced projects, or outflows following their sale and disposal). 

Current net cash flows

Current cash inflows and outflows, or current net cash flows, are the central 

components of the cash flow profile and must be explicitly forecasted for all periods 

of the project’s economic life. Current cash inflows often result primarily from the 

sales of products produced as an outcome of the investment project. These cash 

inflows are calculated as the additional production volume multiplied by the unit 
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sales price. Forecasting this data can be difficult. The forecasts need to be supported 

by detailed sales planning and control activities, differentiated by product 

types/markets served etc., and based on estimates of the additional production 

capacity that will be achieved as a result of undertaking the investment project. 

Additionally, in contrast with the previously discussed assumption (c) (see 

Section 3.2), the cash inflows resulting from a particular investment project might 

not be determinable because they cannot be attributed to a single project (for 

example when several investment projects jointly increase the amount of saleable 

production by increasing the capacity of a production process). Such investment 

projects should be assessed using simultaneous investment and production decision 

models, as described in Section 7.3. The net cash flow effects resulting from invest-

ments in areas not directly related to the products and customers (e.g. investments in 

improving infrastructure or enhancing operational readiness), are even more difficult 

to estimate, making the identification of relevant net cash inflows very challenging 

for projects of this type. 

The current cash outflows of a company can be either increased or reduced by 

investment projects. For example, a rationalisation investment can reduce current 

costs (cash outflows) and thus increase net cash flows. Such changes can impact on 

any production factors and in all company areas. Therefore, precise forecasts of 

relevant cash outflows may require a detailed analysis of effects across all of the 

company’s areas and divisions and for all production factors. As with initial invest-

ment outlays and cash inflows, a frequent problem is the difficulty in isolating 

additional cash outflows caused by an investment project. Cost accounting data can 

provide some of the information needed, but usually not all of it. For planning 

consistency, estimated cash outflows should build on the same assumptions used for 

cash inflows, i.e. on factors like sales and production volumes, price levels, etc. If 

relevant, tax-related effects can also be included in the analysis of relevant cash 

inflows and outflows, as described in Section 5.1. 

It is worth mentioning that, although cash inflows and outflows might appear to 

be equivalent to revenues and costs, the use of this (and other) data from the 

company’s accounting system is not always appropriate for investment appraisal 

purposes. As mentioned above concerning the initial investment outlay, discrep-

ancies between recorded costs and cash outflows (e.g. resulting from depreciation) 

should be identified and corresponding adjustments made to convert accounting data 

into cash flow information. The amount of adjustment work needed will depend on 

how divergent the accounting and cash flow measures are, and how aggregated the 

accounting data is. Theoretically, it can also be shown that investment appraisal 

decisions based on cash flow analysis are, under certain assumptions, identical to 

those based on traditional accounting measures (e.g. the LÜCKE and PREINREICH

theorem (LÜCKE, 1955, LÜCKE 1991, PREINREICH, 1937). In practice, however, 

accounting data usually needs careful adjustments if it is to be used as a basis for 

capital investment decision-making.
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Liquidation or residual value 

Another part of an investment project’s cash flows is the liquidation or residual 

value at the end of the project’s economic life or planning period. Forecasts of 

liquidation value must include any cash inflows from the sale of the project or its 

components, together with any cash outflows resulting from its dismantling, sale or 

disposal. Therefore the liquidation value can be negative when there is an excess 

cash outflow. Forecasting liquidation cash flows is particularly difficult because they 

occur well into the future. The cash flows will depend on future prices that potential 

buyers will be willing to pay for the investment project and their planned utilisation 

of it. For some marketable projects, however, data or market prices exist that support 

the said forecast. 

A simplified variation of the model can be constructed by setting the planning 

period shorter than the economic life of the investment project and summarising the 

remaining project cash flows as a residual value. That is, the cash flows expected 

after the designated planning period are discounted back to the end of the planning 

period and aggregated into a single ‘residual value’. This approach simplifies the 

forecasting activity. For example, a constant cash flow surplus can be assumed for 

the period beyond the planning horizon. However, this approach is by no means 

uncomplicated since the data (cash flows generated after the planning period, the 

number of periods for which they will occur, and the relevant interest rate) are 

difficult to estimate beyond the designated planning period. Thus, both approaches 

are characterised by a high degree of uncertainty in regard to the liquidation or 

residual value. Moreover, defining the planning period also presents a decision 

problem for the model construction.

Relevant uniform rate of discount

The choice of a relevant discount rate is an important consideration for every net 

present value calculation. Choosing this discount rate presents challenges in itself. 

The discount rate must fulfil two functions: on the one hand it should permit 

comparability between alternative investments, and on the other hand it should 

reflect both current and future investment opportunities. 

To compare alternatives, the cost of financing an investment (i.e. the ‘cost of 

capital’) needs to be considered. This cost is not included within the project’s cash 

flows – instead, it must be reflected in the discount rate used in the NPV calculation. 

One way to determine the relevant discount rate is to derive it directly from 

financing costs. Where internal funds are used to finance a project, the relevant ‘cost 

of capital’ is the rate of return that could have been earned on the next best 

alternative investment. For example, if it has to be decided whether to invest in 

project A, and the best alternative use for the funds is to invest them in project B, 

then the (internal) rate of return that project B would earn should be used as the cost 

of capital for analysing project A. 
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With debt financing, the rate of interest is readily known (from the interest paid 

on the borrowed capital). Or, if a project is to be funded from a mix of internal funds 

and debt financing, a ‘weighted average cost of capital’ can be calculated by taking a 

proportion of the financing cost for each source (debt and internal funds).

However, deriving the relevant discount rate from financing costs brings certain 

problems:

• The forms of capital by which separate investment projects are financed are 

often not known (the company may have a combined ‘pool’ of debt and 

internal funds, from which several projects might be funded). 

• It is hard to determine alternative return(s) that could be earned on internal 

funding. 

• Interest payments for future investment opportunities will not always 

correspond with current financing costs. 

An alternative approach is to consider opportunity costs. Here, it is assumed that a 

project’s financing cost (or discount rate) is the rate of return that have been given up 

by not investing this money in an alternative project. However, it is often not known 

which investment project is crowded out by the investment under consideration and, 

thus, which represents the relevant alternative. Simultaneous planning models can 

help here (see Sections 7.1 and 7.2 later in the book). From their optimum solution, a 

uniform discount rate can be derived, based on the interest of the best ‘crowded out’ 

investment project: the so-called ‘endogenous uniform discount rate’. However, this 

can be known only after the relative profitability of alternative investment projects 

has been assessed. 

The second function of the uniform discount rate lies in balancing capital tie-up 

and economic life differences. Here, again the interest rate of the ‘best crowded out’ 

investment opportunity can be applied to fictitious current or future projects that 

‘balance out’ differences in projects that are being compared.  

Time-span dependent discount rates 

Until this point, it has been assumed that the uniform discount rate is independent of 

the time-span between the occurrence of a cash flow (time t) and the beginning of 

the planning period (t = 0), i.e. a ‘flat’ interest curve exists. However, in reality, 

interest from bonds depends on their length: typically rates rise with increasing 

lengths of the bond. So, if the capital market is to be viewed as an alternative 

investment possibility, it is useful to fix uniform discount rates relative to time 

spans. To do this, interest rates from zero bonds that start in the planning period can 

be used. A zero bond is a loan that leads to only one cash inflow (CIFt) at the end of 

its life span (a period lasting from t = 0 to point in time t). The rate of interest is 

derived from the difference between this cash inflow and the cash outflow (I0) at the 
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beginning of the period. For a period of length t, the rate of interest iZBt can be 

described by:  

1
I

CIF
i t

0

t
ZBt (3.21)

The NPV of an investment can then be determined by discounting (to the beginning 

of the planning period) the cash flows of any given point in time by the interest rate 

payable for a current loan up to that point in time: 

T

0t

t
ZBttt )i(1)COF(CIFNPV  (3.22) 

Where zero bonds are traded only intermittently, i.e. interest rates are not available 

for all relevant periods, rates for other bonds or warrants can be used. Additionally, 

interest rates on zero bonds might in some cases correlate with the interest rates (iT )

for all annual financial investments that jointly cover the same time span, according 

to the following relationship: 

t

1

1
T

t
ZBt )i(1)i(1   (3.23) 

Using this approach, the result is identical to the one for the NPV calculation 

described above, if the annual interest rates are applied to the discount rates for each 

period up to t: 

t

1

1
T

T

0t
tt )i(1)COF(CIFNPV  (3.24) 

Whether time-span-specific interest rates are applied or not, a ‘correct’ uniform 

discount rate which fulfils the described functions (comparability as well as 

representing current and future investment opportunities) can be achieved only under 

the simplistic assumption of a perfect capital market. Therefore, practical 

applications of the NPV method must aim to find a uniform discount rate that leads 

to an approximate fulfilment of both functions.  

Besides these considerations, the problem of determining a uniform discount rate 

can be reduced by finding an upper and a lower limit for the rate of interest and 

using both for NPV calculations. A minimum rate, for instance, could be the interest 

rate on risk-free securities, while an upper limit could be the maximum interest 

obtainable for the best alternative investment or the most expensive loan. It is then 

reasonable to assume that investment projects will show absolute profitability if they 

achieve a positive NPV using the upper limit discount rate. Conversely, if a negative 

NPV is obtained using the minimum discount rate, the project will normally be 

unprofitable.
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In reality, interest rates are different for borrowing and investing. Methods have 

been developed to allow for these differential rates, thus accommodating an 

imperfect capital market. They are described in the next chapter. For instance, the 

‘compound value method’ assumes different credit and debt interest rates. Moreover, 

the ‘visualisation of financial implications method’ (VoFI method) enables the 

utilisation of a large number of different credit and debt interest rates.  

Further considerations are necessary if taxes, inflation, or risk need to be included 

in the derivation of a realistic uniform discount rate. The inclusion of taxes and risk 

is discussed in Chapters 5 and 8, and the case of inflation is taken up below.

Inflation 

Because of the typical long-term effects of investment projects, a question arises as 

to whether inflation (and the purchasing power losses it causes) should be included 

in the investment appraisal method, and in what form. Increases in price levels 

usually affect the various components of cash flows associated with an investment 

project, as well as the discount rate(s) to be used. In regard to cash flows either 

nominal values or real values may be used. In general, the forecast of nominal values 

is less problematic. When using nominal values for cash flows, either a nominal 

interest rate i (nominal NPV method) or a real uniform discount rate ir tied to the 

currency depreciation rate g (real NPV method) can be used as a uniform discount 

rate. Both approaches lead to the same discounting factors and, thus, to the same 

NPV result, provided interest rates and inflation rates remain constant throughout the 

planning period and the so-called FISHER condition applies (FISHER, 1930): 

g)(1)i(1i1 r (3.25)

In this case, real interest rates are independent of inflation. 

Finally, it should be noted that the ways in which a project’s NPV is affected by 

incorporating inflationary effects, are governed by the specific inflationary outcomes 

for the cash flows as well as on the uniform discount rate. If both are affected in the 

same way, the NPV remains the same whether or not inflation is included in the 

calculation. However, if the project’s net cash flows inflate more (or less) strongly 

than the uniform discount rate, the NPV will increase (decrease). 
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Assessment Material Chapter 3 

Exercise 3-1 (Net Present Value Method and Annuity Method) 

The initial investment outlay of an investment project is 100,000. Use the following 

data: 

Economic life: 5 years 

Liquidation value: 10,000

t 1 2 3 4 5

CIFt (€) 45,000 55,000 50,000 45,000 40,000

COFt (€) 15,000 15,000 20,000 25,000 30,000

Tab. 3-6: Cash inflows and outflows of the investment project 

Where:  

CIFt  =  Current cash inflows in t 

COFt  =  Current cash outflows in t

The uniform discount rate is 5%. Is it a good idea to acquire this item? Ascertain: 

a) The net present value. 

b) Using a financing and redemption plan, the value that would arise if the item 

were to be wholly financed by internal funds.  

c) The annuity. 

Exercise 3-2 (Net Present Value Method and Internal Rate of 
Return Method) 

A company has to decide between three investment projects. The characteristics of 

these are as follows: 

Data Project A Project B Project C

Initial investment outlay (€) 300,000 500,000 350,000

Net cash flows (€)    
t = 1 100,000 250,000 90,000

t = 2 100,000 200,000 90,000

t = 3 90,000 180,000 95,000

t = 4 80,000 80,000 95,000

t = 5 0 –50,000 100,000

Liquidation value (€) 20,000 –50,000 0

Tab. 3-7: Characteristics of the three investment projects A, B, and C 
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The economic life of all three projects is 5 years.

The uniform discount rate is 10%. 

a) Calculate the net present values of the investment projects and assess the 

relative profitability of each. 

b) Calculate the projects’ internal rates of return. 

Exercise 3-3 (Dynamic Investment Appraisal Methods)

To maintain production of an important product, a metal processing company is 

forced to replace a piece of equipment. As there is a good order book, an expansion 

of production could also follow from this investment. There are two investment 

projects to choose from with the following data ( ):

Project I

Budget year 1 2 3 4

Cash inflows 60,000 64,000 76,000 76,000

Personnel expenses 18,000 18,000 18,000 18,000

Material expenses 12,000 16,000 18,000 18,000

Maintenance expenses 2,000 2,000 4,000 8,000

Other cash outflows 3,000 3,000 3,000 4,000

Initial investment outlay: 100,000 

Liquidation value at the end of four periods: 10,000 

Project II

Budget year 1 2 3 4

Cash inflows 124,000 113,000 87,000 75,000

Personnel expenses 22,000 22,000 22,000 22,000

Material expenses 20,000 18,000 18,000 18,000

Maintenance expenses 0 0 14,000 12,000

Other cash outflows 5,000 3,000 3,000 3,000

Initial investment outlay: 180,000

Liquidation value at the end of four periods: 12,000 

Tab. 3-8: Data for the investment projects I and II 

The uniform discount rate is 6%. 

a) Assess the relative profitability of the two projects using  

a1) The net present value method. 

a2) The annuity method. 
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a3)  The internal rate of return method. 

a4) The dynamic payback period method. 

b) What is the reason for possible different results while using the net present value 

method and the internal rate of return method? 

c) Assess the premises and applicability of each method; in particular refer to the 

consideration of different initial investment outlays und economic lives. Which 

possibilities exist to balance these differences? 

Further exercises will be included in the assessment material for Chapters 4 and 5 in 

the context of advanced investment appraisal methods and applications. 



Part III 

Advanced Methods and Applications of 

Investment Appraisal 





Chapter 4: Compounded Cash Flow Methods 

This chapter describes methods that do not assume a perfect capital market – i.e. the 

following methods use differing debt and credit interest rates instead of a uniform 

discount rate. An overview over all dynamic investment appraisal methods described 

in this and the previous chapter is shown in the following figure:

Fig. 4-1: Dynamic investment appraisal methods 

The discussion of compounded cash flow methods will start with the compound 

value method. 

4.1 Compound Value Method

Description of the method 

The compound value (CV) method is a dynamic investment appraisal method that 

uses the compound value as its target measure – i.e. all cash flows are compounded 

to the end of the investment project.

The method is characterised by three assumptions about the capital market. First, it 

is assumed that different interest rates exist: a debt interest rate for borrowings and a 

credit interest rate for financial investments. Second, it is assumed that unlimited 

amounts can be borrowed or invested at these rates. Third, interest rates are assumed 

to be independent of the amount borrowed or invested.

Key Concept:  

The compound value is the overall net monetary gain or loss resulting from the 

investment project and is related to the end of its economic life. 

Dynamic investment appraisal methods

Uniform discount rate Differing debt and credit interest rates

- Net present value method 
(Section 3.2)

- Annuity method 
(Section 3.3)

- Internal rate of return method
(Section 3.4)

- Dynamic payback period method           
(Section 3.5)

- Compound value method 
(Section 4.1)

- Critical debt interest rate method 
(Section 4.2)

- Visualisation of financial implications    
(VoFI) method
(Section 4.3)

Dynamic investment appraisal methods

Uniform discount rate Differing debt and credit interest rates

- Net present value method 
(Section 3.2)

- Annuity method 
(Section 3.3)

- Internal rate of return method
(Section 3.4)

- Dynamic payback period method           
(Section 3.5)

- Compound value method 
(Section 4.1)

- Critical debt interest rate method 
(Section 4.2)

- Visualisation of financial implications    
(VoFI) method
(Section 4.3)



94 Advanced Methods and Applications of Investment Appraisal 

Apart from these assumptions and the use of compound values as target measures, 

the CV model parallels the net present value (NPV) model. The profitability of 

projects according to the CV method can be assessed as follows: 

Absolute and relative profitability assessments obtained using the CV method might 

differ from those obtained using the NPV method due to the different capital market 

assumptions. In contrast to the NPV method, the comparison of alternative projects 

using the CV method does not employ a fictitious differential investment. A 

fictitious investment would not always lead to usable results with the CV method, as 

its end value might not match the difference between the end values of the 

investment projects under comparison.

Since two interest rates are involved in the CV method, an assumption has to be 

made about the amount and timing of existing loan repayments using project net 

cash inflows. In general this assumption can be specified separately for every period. 

Here, for reasons of simplification only two special cases are examined – mandatory

and prohibited account balancing – where cash inflows from a project must be used, 

or cannot be used, to redeem project-related debts. 

Prohibited account balancing prevents cash inflows from being applied to debt 

redemption during the economic life of the investment project and prohibits the use 

of existing cash for financing net cash outflows. Separate accounts are established 

for the net cash inflows and net cash outflows. The inflows earn the credit interest 

rate (c) (in the account CVT
+) and the outflows incur the debt interest rate (d) (in the 

account CVT
-). Accordingly, the compound values at the end of the planning period 

(or the project’s economic life) are: 

T

0t

tT
tT

c)(1NCFCV  (4.1a) 

T

0t

tT
tT

d)(1NCFCV   (4.1b)

The compound value (CVT
+) is the sum of the compounded cash inflows (NCFt

+) at 

the end of the planning period, using the credit interest rate. The (negative) 

compound value (CVT
-) is the sum of the negative net cash flows (NCFt

-)

compounded using the debt interest rate. The difference between these two accounts, 

Key Concept:  

Absolute profitability: is achieved if an investment project’s compound value is 

greater than zero. 

Relative profitability: is achieved if an investment project has a higher compound 

value than the alternative investment project(s). 
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i.e. the overall compound value (CVT) of the investment project, can be calculated 

by summing the compound values of the two accounts:

TTT VCVCCV (4.2)

In contrast mandatory account balancing implies that any net cash inflows have to 

be applied to the redemption of existing debt. Existing cash is immediately used (if 

required) to finance any net cash outflows. Thus, it is sufficient to have only one 

account (CV) to which all cash inflows and outflows (NCFt) are assigned. Interest on 

this account accrues at the end of the period (t) and is calculated using the debt 

interest rate (d) if the project-specific financial assets at beginning of the period 

(CVt-1) are negative, or using the credit interest rate (c) if CVt-1 is positive. Financial 

resources at time t (CVt) are given by the following formula: 

0VCford),(1CV

0VCforc),(1CV
NCFCV

1t1t

1t1t
tt  (4.3) 

The compound value (CVT) therefore is: 

0CVford),(1CV

0CVforc),(1CV
NCFCV

1T1T

1T1T
TT  (4.4) 

The following example illustrates the amortisation assumptions outlined above. 

Example 4-1 

The standard example introduced in Chapter 3, Example 3-1, is used again, but is 

slightly modified in regard to the interest rates. Now, a debt interest rate (d) of 10% 

and a credit interest rate (c) of 6% are assumed.  

First, the compound value is calculated for investment project A using the 

prohibited account balancing assumption. The accounts CV+ and CV- are then 

combined at the end of the project’s life into the CV, the sum of the two accounts: 

179,325.83CV

5,00030,000

1.0632,0001.0635,0001.0630,0001.0628,000CV

5A

234
5A

161,051.001.10100,000CV 5
5A

18,274.83CVCVCV
5A5A5A

The compound value for investment project B can be calculated in the same way and 

amounts to: 

25,249.95CVB
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Since both projects yield positive compound values, both are absolutely profitable. 

With regard to relative profitability it must be noted that the compound values are 

not directly comparable, because they refer to different points in time. Comparability 

can be achieved by compounding CVB (determined as at t = 4) by one year (to t = 5) 

using the credit interest rate, and thereby assuming that the prohibited account  

balancing assumption is abandoned at the end of the project’s economic life. The 

new compound value is then 26,764.95 (i.e. 25,249.95 · 1.06). Thus project B is 

relatively profitable because it has a higher compound value.  

In contrast, the mandatory account balancing assumption requires only one account 

to which both net cash inflows and outflows (NCFt) are assigned. The calculation of 

the compound value using the formula indicated above is shown in the following 

spreadsheet for project A: 

Point in 
time

Net project 
cash flow (€)

Interest (€)  Net cash change
(€)

Net monetary value 
(€)

t NCFt CVt (= NCFt + It) CVt (= CVt-1 + CVt)

0 –100,000 0.00 –100,000.00 –100,000.00

1 28,000 –10,000.00 18,000.00 –82,000.00

2 30,000 –8,200.00 21,800.00 –60,200.00

3 35,000 –6,020.00 28,980.00 –31,220.00

4 32,000 –3,122.00 28,878.00 –2,342.00

5 35,000 –234.20 34,765.80 32,423.80

Tab. 4-1: Calculation of the compound value for project A using the mandatory 
account balancing assumption 

The compound value of project A is now 32,423.80 and the project remains 

absolutely profitable. Project B’s compound value can be determined in the same 

way and amounts to 31,561.60 (related to t = 4) or 33,455.30 (related to t = 5). 

Again, project B maintains relative profitability. 

In comparing profitabilities, capital tie-up and economic life differences must be 

considered. Compound value comparisons work well also in cases where capital tie-

up differs between projects. Since financial investments in the capital market will 

normally yield at a credit interest rate that is lower than the debt interest rate, the 

compound values of such investments will be negative, these investments cannot be 

advantageous and they will not affect the profitability. So, it is sufficient to compare 

the compound values that arise from the cash flow profiles of the investment 

projects.

As in the example given above, differences in economic lives may be balanced by 

reinvesting the compound value of the shorter-term investment project (B) until the 

end of the economic life of the other project (A), using the credit interest rate. Thus, 

01tCVfor,1tCVd

01tCVfor,1tCVc
tI
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it is assumed that future investments will yield interest at this credit interest rate. 

This assumption is sometimes questionable, for example when information exists 

about yields of specific subsequent projects. In this case, investment chains should 

be compared. 

In the example above, the assessment of profitabilities was unaffected by account 

balancing assumptions. However, differences can appear concerning absolute and 

relative profitability results due to account balancing assumptions. For instance, if 

the example shown above is modified and a debt interest rate of 13% is assumed, the 

absolute profitability of A depends on the account balancing assumption: the object 

is absolutely profitable under the mandatory account balancing assumption but not 

under the prohibited account balancing assumption. The choice of an appropriate 

assumption is discussed below. 

Assessment of the method 

The CV method evaluation is largely the same as that presented for the NPV 

method. The required data are identical except that the CV method requires both 

debt and credit interest rates. The calculation of the target measure, the compound 

value, is no more difficult.

But, some differences do exist between CV and NPV. The CV method avoids the 

assumption of a perfect capital market and with it the use of a uniform discount rate. 

In assuming unlimited borrowing capacity and unlimited financial investment 

opportunities, but at different interest rates, the CV model assumptions are more 

realistic than those of the NPV method. However, if debt and credit interest rates 

deviate only slightly from each other, the results of both the CV and NPV 

calculations will be often the same in practice. 

Additionally, assumptions are made about the use of net cash inflows for debt 

redemption (and interest payments) and about the use of existing funds to finance net 

cash outflows. Two options for account balancing assumptions were presented 

above: prohibited and mandatory. Since debt interest rates usually exceed credit 

interest rates, companies often prefer to repay debt rather than invest surplus cash, in 

which case mandatory account balancing assumptions are most appropriate. 

However, the assumption concerning the ‘account balancing’ is problematic, since 

finance and investment policy is determined for a whole company rather than for 

separate projects.

Finally, the use of only two interest rates is another limitation of the CV method. 

This can be overcome by a method described in Section 4.3 – the visualisation of 

financial implications (VoFI) method – which allows a greater number of debt and 

credit interest rates to be used. An approach that is strongly related to the CV 

method, the critical debt interest rate method, is considered next. 
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4.2 Critical Debt Interest Rate Method 

Description of the method

The critical debt interest rate (CDIR) method, like the compound value method, 

assumes separate debt and credit interest rates. The critical debt interest rate serves 

as the target measure for this method. 

This approach indicates the interest earned on capital tied-up over each period of the 

investment project, given a specified credit interest rate.  

The CDIR method and the CV method have a relationship similar to that of the 

internal rate of return (IRR) method and the net present value (NPV) method. 

Assuming the likely case that the debt interest rate exceeds the credit interest rate, 

the absolute profitability of investment projects can be defined as follows: 

Absolute profitability results are the same for the CDIR method as they are for the 

CV method, in the case of isolated investment projects. 

Relative profitability assessments produced using the CDIR method have the 

same limitations that were outlined for the internal rate of return (IRR) method (see 

Section 3.4). Critical debt interest rate comparisons usually fail to yield meaningful 

results, since capital tie-up and economic life differences are assumed to be balanced 

by the critical debt interest rate. The use of the CDIR method with a fictitious 

differential investment is problematic, because the resulting compound value does 

not always equate to the difference between the compound values of the projects 

under consideration. Therefore, the CDIR method can be used to assess relative 

profitability only in some cases. Since all of these cases can also be assessed using 

the CV method, the CDIR method is not recommended for assessing relative 

profitability. 

An approximation of the critical debt interest rate (dc) can be made as described 

for the IRR (see Section 3.4). First, the compound value CV1 is calculated for a debt 

interest rate d1. If CV1 is positive (negative), a higher (lower) debt interest rate d2 is 

selected and used to calculate a lower (higher) compound value CV2. Using these 

two results, an interpolation or extrapolation can be executed using a formula similar 

to the one used to calculate with the IRR method: 

Key Concept:  

The critical debt interest rate is the rate that (with a given credit interest rate) 

results in a compound value of zero. 

Key Concept:  

An investment project is absolutely profitable if its critical debt interest rate 

exceeds the market’s debt interest rate. 
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)d(d
CVCV

CV
dd 12

21

1
1c  (4.5) 

As for the IRR method, the accuracy of the approximation depends on the difference 

between the debt interest rates and how far from zero the resulting compound values 

lay. 

With an isolated investment project, and assuming mandatory account balancing, 

the critical debt interest rate equals the internal rate of return (IRR). Under the 

prohibited account balancing assumption and when only one cash outflow exists, the 

critical debt interest rate can be calculated easily and without interpolation, as shown 

at the example below. 

The CDIR method generally may use different account balancing assumptions. In 

the following example both mandatory and prohibited account balancing are 

considered, so the approach parallels that taken for CV analysis in Section 4.1. The 

determination of critical debt interest rates assuming mandatory account balancing is 

based on the approach suggested by TEICHROEW, ROBICHEK and MONTALBANO 

(1965).

Example 4-2 

This example draws on data used for Example 4-1. 

Prohibited account balancing

Investment project A is reconsidered. As mentioned, the critical debt interest rate can 

be calculated using the interpolation procedure presented in Section 3.3. However, a 

simpler determination of the critical debt interest rates can be made, provided that 

prohibited account balancing is assumed and only one negative cash flow (i.e. one 

cash outflow) exists. The compound value of the cash inflows is ‘given’ and 

independent of the debt interest rate. To obtain the critical debt interest rate, the 

compound value of the cash outflows must be identical (though negative) in order to 

achieve a net compound value of zero. Thus, in the example: 

179,325.83)d(1100,000CV

)d(VC179,325.83CV

5
cA5A

cA5A5A

%12.39or0.1239dcA

For investment project B, a critical debt interest rate of 17.17% can be calculated in 

the same way. Because the debt interest rate is 10%, and therefore lower than the 

critical debt interest rates, both projects are absolutely profitable. 
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Mandatory account balancing

For investment project A a compound value CVA1 of 32,423.80 has already been 

calculated using a debt interest rate of d1 = 10%. An approximate solution can be 

determined using the interpolation formula indicated above. When the debt interest 

rates are d1
* = 17% and d2 = 18% and their associated compound values are 

CVA1
* = 1,623.93 and CVA2 = – 3,705.04, the formula is: 

0.17)(0.18
3,705.04)(1,623.93

1,623.93
0.17dcA

17.30%or0.1730dcA

In the same way, a critical debt interest rate of 25.04% can be calculated for 

investment project B using the debt interest rates of 25% and 26% and their 

respective compound values. 

Both projects are absolutely profitable because their critical debt interest rates 

exceed the debt interest rate of 10%. The critical debt interest rates are equal (apart 

from rounding errors) to the project’s internal rates of return (IRRs). However, 

whether account balancing is prohibited or mandatory, the identical assessments of 

absolute and relative profitability in this example cannot be generalised to all 

circumstances. 

Assessment of the method 

The assessment of the CDIR method can be derived from the assessments of the IRR 

and CV methods. The data required is the same as for the CV method and the 

computational effort is only slightly higher. The model’s assumptions correspond 

largely to those of the CV method, except that capital tie-up and economic life 

differences are balanced in a manner equivalent to that used for the IRR method. 

Because the assumptions of the CV method reflect the reality more closely, this 

method is preferable to the CDIR method.  

4.3 Visualisation of Financial Implications (VoFI) Method  

Description of the method 

The visualisation of financial implications (VoFI) method is based on the ideas of 

HEISTER (1962) that were later developed by GROB (1993). Its defining feature is a 

comprehensive financial plan that considers all cash flows connected with an 

investment project.
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The VoFI method explicitly analyses both the cash flow profile of an investment 

project itself (the so-called original cash flows) and the cash flows from the project’s 

financing and financial investments (the derivative cash flows). Assumptions (e.g. 

about payback structures, financial investment opportunities and balancing differ-

ences in capital tie-ups and economic lives) that are only implicit in other models 

(such as NPV and IRR) are made explicit in the VoFI method. Moreover, different 

assumptions can be applied to different financial arrangements when there are 

different forms of loan or financial investment.

Target measures for the VoFI method can be compound values, initial values, 

intermediate values, withdrawals, or specific rates of return. Compound values are 

considered here, primarily because of their clarity. They represent the value of the 

accounts (including the loans) at the end of the economic life of an investment 

project, and are discernable directly from comprehensive financial plans. 

Standardised tables can be used to work out comprehensive financial plans. 

Figure 4-2 shows the structure of such a table. 

Key Concept:  

The VoFI comprehensive financial plan considers the economic consequences of 

an investment project, specifically in regard to:  

 •  The amounts and proportions of internal funds and debt capital used. 

 •  The amounts and timing of debt redemption from cash inflows. 

 •  The alternate yield on the long-term financial investment of the initial 

internal funds (the opportunity interest rate that generates the so-called 

opportunity income value) – not necessarily identical to the yield on short-

term financial investments during the project’s economic life. 

 •  The existence of different forms of loans, with differing payback and 

interest conditions. 

Key Concept:  

An investment project is absolutely profitable if its compound value exceeds the 

opportunity income value at the end of its economic life. 

An investment project is relatively profitable if its compound value exceeds the 

compound values of alternative projects. 
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Fig. 4-2: The VoFI table 

The first part of this table contains the cash flows, consisting of: the cash flow 

profile of the investment project; the project-assigned internal funds and their 

changes; the borrowing, repayments and interest payments for four typical forms of 

loans; and the payments resulting from the execution, release and interest 

transactions of financial investments taken. The comprehensive financial plan 

always has to be balanced, i.e. the balance of all cash flows is zero in every point in 

time. In the second part of the table relevant loans and financial investments, 

together with their resulting net balances, are recorded. At the end of the economic 

life, the net balance obtained corresponds to the compound value of the investment 

project.

The comprehensive financial plan and compound value calculation for an 

investment project require the following steps: 

 t=0 t=1 t=2 t=3 t=4 … 

 Series of net cash flows       

 Internal funds       
– Withdrawal of capital       
+ Contribution of capital       

 Instalment loan       
+ Borrowing       
– Redemption       
– Debt interest       

 Loan with final redemption       
+ Borrowing       
– Redemption       
– Debt interest       

 Annuity loan       
+ Borrowing       
– Redemption       
– Debt interest       

 Current account loan       
+ Borrowing       
– Redemption       
– Debt interest       

 Financial investment       
– Reinvestment       
+ Disinvestment       
+ Credit interest       

 Financial balance       

 Balances       

 Loans:       
Instalment loan       
Loan with final redemption       
Annuity loan       
Current account loan       

 Financial investment       

 Net balance       
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Step 1: at t = 0 the initial outlay of the investment project and allocated internal 

funds are recorded. In addition, the loan amount to be raised is calculated and the 

status of loans and financial investments is recorded. 

Step 2: for t = 1 and every subsequent period the net cash flows of the investment 

project are recorded. Interest payments, any borrowing or redemption of loans, and 

any making or discontinuation of financial investments is calculated in order to 

update the status of loans and financial investments.

To assess absolute profitability, a compound value is calculated using a 

comprehensive financial plan. Then, the project-assigned internal funds are 

compounded with an opportunity interest rate into an opportunity income value, 

which is compared to the expected compound value of the project. To assess relative 

profitability, the inclusion of supplementary investments may be required under 

specific circumstances. This issue will be addressed in the example below. 

Before that, the use of alternative target measures should be explained. For 

example, a rate of return for the internal funds invested (rIF) can be derived from the 

expected compound value (CVT) at the end of the economic life (T) (assumed to be 

non-negative) using formula 3.6 below. This formula assumes that internal funds 

(IF) at the beginning of the planning period yields at a constant annual (interest) rate: 

1
IF

CV
r T T
IF (4.6)

An investment project is considered absolutely profitable if its rate of return exceeds 

the opportunity interest rate. The project with the highest rate of return is relatively 

profitable. Assuming identical allocated internal funds and economic lives, results 

for both absolute and relative profitabilities are identical to those achieved by using 

the compound value as the target measure.  

Another possible target measure is the periodic withdrawal which can be realised 

assuming a given compound value. The withdrawal amounts need not be constant 

throughout the different years, as it is also possible to consider a series of timed 

withdrawals as a target measure. The maximum withdrawal, or series of 

withdrawals, that a project can sustain can be determined iteratively (as in the IRR 

interpolation procedure) or with the help of spreadsheet software such as Lotus 1-2-3 

or Microsoft Excel. In an imperfect capital market – as it is often assumed in VoFI 

models – differing assessments of profitability can arise from analyses of withdrawal 

maximisation and compound value maximisation.  

Example 4-3

Example 4-2 can be usefully extended by assuming that 20,000 is available in cash 

(representing the allocated internal funds) at the beginning of the planning period. Its 

alternate use is a financial investment opportunity yielding 7% interest. The interest 
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rate available for the short-term investment of surpluses is 6%. To finance the 

investment project – A or B – a loan with final redemption and an instalment loan, 

each about 25% of the initial investment outlay are available at 9% interest for a 

term of four years. Any remaining financing can be raised as a current account loan 

(at 11% interest). All payments are made at the period end, and the interest charges 

are based on the capital employed at the beginning of each period. 

Using this data, and assuming that surpluses are used for the immediate 

redemption of the current account loan, the comprehensive financial plan for 

investment project A is as follows: 

Fig. 4-3: VoFI plan for investment project A 

The compound value of project A amounts to 63,703.56. Because this exceeds the 

opportunity income value (by 20,000 · 1.075 = 28,051.03), the project is absolutely 

profitable.

The VoFI financial plan for investment project B is shown in Figure 4-4:  

 t=0 t=1 t=2 t=3 t=4 t=5 

 Series of net cash flows -100,000  28,000  30,000  35,000  32,000  35,000 

 Internal funds       
– Withdrawal of capital       
+ Contribution of capital  20,000      

 Instalment loan       
+ Borrowing  25,000            0 
– Redemption   -6,250  -6,250  -6,250  -6,250        0 
– Debt interest   -2,250 -1,687.50  -1,125    -562.50        0 

 Loan with final redemption       
+ Borrowing  25,000      
– Redemption      -25,000        0 
– Debt interest   -2,250  -2,250  -2,250  -2,250        0 

 Annuity loan       
+ Borrowing       
– Redemption       
– Debt interest       

 Current account loan       
+ Borrowing  30,000      
– Redemption   -13,950  -16,050   0       0        0 
– Debt interest    -3,300   -1,765.50        0       0        0 

 Financial investment       
– Reinvestment    -1,997 -25,494.82  -36,624.73
+ Disinvestment          412.99  0 
+ Credit interest          119.82   1,649.51    1,624.73 

 Financial balance    0    0    0       0       0            0 

 Balances       

 Loans:       
Instalment loan  25,000  18,750  12,500     6,250            0       0 
Loan with final 

redemption 
 25,000  25,000  25,000   25,000            0       0 

Annuity loan      
Current account loan  30,000  16,050          0       0            0       0 

 Financial investment      1,997 27,491.82 27,078.83 63,703.56

 Net balance  -80,000  -59,800   -35,503 -3,758.18 27,078.83 63,703.56
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Fig. 4-4: VoFI plan for investment project B 

Investment project B is also absolutely profitable, because its compound value 

( 58,766.62) exceeds the opportunity income value (which is 20,000 · 1.074 = 

26,215.92).

Assessing relative profitability requires determining the extent to which the projects 

are comparable, given their differences in investment outlay and economic life, and, 

if necessary, working out how comparability can be achieved. The VoFI method 

explicitly considers the manner in which the initial investment outlay is financed. 

Therefore, different initial investment outlays impair project comparability only if 

one (or more) of the mutually exclusive projects has an initial outlay less than the 

allocated internal funds. In that case (not shown in the example), an assumption 

about a supplementary investment is needed to balance the difference in the 

allocated equity. For example, it can be assumed that the excess amount is invested 

to yield the opportunity interest rate. 

Economic life differences must be balanced in every case; otherwise compound 

values referring to different points in time will not be comparable. The capital 

 t=0 t=1 t=2 t=3 t=4 

 Series of net cash flows  -60,000  22,000  26,000  28,000  28,000 

 Internal funds      
– Withdrawal of capital      
+ Contribution of capital  20,000     

 Instalment loan      
+ Borrowing  15,000     
– Redemption   -3,750  -3,750  -3,750  -3,750 
– Debt interest   -1,350 -1,012.50  -675 -337.50

 Loan with final redemption      
+ Borrowing  15,000     
– Redemption      -15,000 
– Debt interest   -1,350  -1,350  -1,350  -1,350 

 Annuity loan      
+ Borrowing      
– Redemption      
– Debt interest      

 Current account loan      
+ Borrowing  10,000     
– Redemption   -10,000   0  0 
– Debt interest   -1,100   0  0 

 Financial investment      
– Reinvestment   -4,450 -20,154.50 -23,701.27 -10,460.85
+ Disinvestment    
+ Credit interest    267 1,476.27 2,898.35

 Financial balance  0  0  0  0  0 

 Balances      

 Loans:      
Instalment loan  15,000  11,250  7,500  3,750  0 
Loan with final redemption  15,000  15,000  15,000  15,000  0 
Annuity loan      
Current account loan  10,000  0  0  0  0 

 Financial investment   4,450 24,604.50 48,305.77 58,766.62

 Net balance  -40,000  -21,800 2,104.50 29,555.77 58,766.62
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available at the end of the shorter investment project has to be compounded by an 

appropriate interest rate to balance the life differences. In the example given, the 

compound value of project B has to be compounded by a further year before it can 

be compared with the compound value of project A. Assuming an interest rate of 

7%, the compound value of B is 62,880.28 at t = 5 ( 58,766.62 · 1.07). Because the 

compound value of the project A ( 63,703.56) is higher, A is relatively profitable. 

The rates of return derived from the VOFI are: 

%26.07or0.26071
20,000

63,703.56
r 5IFA

%25.75or0.25751
20,000

62,880.28
r 5IFB

Both projects are absolutely profitable, because their rates of return exceed the 

opportunity interest rates. Project A emerges as relatively profitable due to its higher 

VoFI capital profitability.  

Assessment of the method

The VoFI method is a relatively simple method for assessing alternative investment 

projects. Data required are: the cash flow profiles of the investment projects; the 

amounts of available internal (financial) funds; debt capital components and their 

relevant financial conditions (redemption types, interest rates etc.); the opportunity 

income interest rate; and the credit interest rate for short-term investments. Some of 

this data are determined independently of which investment appraisal method is 

chosen and, therefore, have to be available in each case. Other data would have to be 

obtained especially for the VoFI method, in which case it should be asked whether 

the additional effort is justifiable. Since financing and investment policies are 

usually tailored to the whole company rather than to individual projects, the 

allocation of internal funds and specific loans to individual projects can be difficult. 

However, this problem does not occur with, for example, strategically important

investments (e.g. foundational investments for new plant or business locations, and 

foreign investments) or with certain projects such as real-estate purchases, which 

require their own financial plans.

The assumptions of the VoFI method are largely the same as those of the NPV 

method: only one target measure is pursued (although various target measures may 

be employed); a given economic life is assumed; other decisions concerning 

production, sales etc. are assumed to be already made and therefore cash flows are 

attributable to specific projects and points in time; and the data is assumed to be 

certain. It should additionally be pointed out that the VoFI method can also be used 

to determine the optimum economic lives and the replacement times and that 

uncertainty can be included in VoFI models as well. For instance, a payback period 
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can be determined (it ends when the existing net balance equals the compounded 

opportunity income value). In the examples given, it was assumed that all payments 

take place at the end of a period (year). This assumption can be changed by adjusting 

the VoFI analysis to a monthly (or other) timeframe (although this might be 

problematic when calculating the tables manually without spreadsheet software). 

Decisions in other company areas are considered solely in relation to financial 

decisions, because at the beginning of the second and following periods decisions 

may be needed about the extent of debt use (or repayment) that results from net cash 

outflows (or inflows). Moreover, in an extension to the examples presented here, the 

optimum financing of individual investment projects can be determined. This may 

be useful because in an imperfect capital market the optimum investment and 

financing decisions are not independent (i.e. the FISHER separation theorem does not 

apply). The way in which investment projects are financed is, therefore, relevant to 

the assessment of those projects. In the case of decisions about a single investment 

project, the aim is to identify the optimum set of financing alternatives and use this 

as a basis for the project appraisal. Therefore, a compound value can be calculated 

for every combination of investment and financing using the comprehensive 

financial plan. The combination with the maximum compound value represents the 

optimum. Alternatively, optimisation models, which include financing possibilities 

as variables, can be used to determine the optimum financing for each project. In the 

same way, it can be determined whether any financial surpluses should be used to 

pay back loans. However, the VoFI method cannot assist with optimising the 

allocation of funds between different investment projects. The VoFI approach does 

not consider all interdependencies between different investment projects and 

financial investments, so optimum investment and financing programmes cannot be 

determined (for models allowing this see Chapter 7).  

In contrast with the NPV method, the VoFI method does not assume that cash 

flows are reinvested and differences in capital tie-up and/or economic life are 

balanced at a uniform discount rate – assumption (f) of the NPV method. The short-

term investment of cash flow surpluses is assumed to earn an adequate credit interest 

rate, at least for the standard case (which can be modified). Capital tie-up differences 

are limited to the internal funds available at the beginning of the planning period, 

and can be balanced individually. The same applies to economic life differences

although it can be difficult to determine the relevant interest rate. In summary, the 

VoFI method also requires simplifying assumptions about financing and investment 

opportunities in order to avoid the planning scenario becoming too complicated. 

An advantage of the VoFI method over other investment appraisal methods is that 

assumptions about the reinvestment of surpluses and the balancing of differences in 

capital tie-up are transparent within the standardised tables. Also, the comprehensive 

financial plans can be modified in regard to assumptions (f) and (g) (see Section 3.2) 

in order to illustrate the premises of the other dynamic investment appraisal methods 
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such as NPV. Overall, VoFI analysis results are well suited to presentation and 

control, so they are likely to be highly acceptable to decision-makers.  

A major difference between the VoFI and NPV methods concerns assumptions about 

the capital market. While the NPV method assumes a perfect capital market 

(assumption g), the VoFI method can include not only differences between credit 

and debt interest rates (like the compound value method), but also the capacity for 

self-financing and a huge variety of loan and financial investment conditions 

(especially different interest rates for short and long term investment opportunities). 

This is a second reason for preferring the VoFI method.  

In an imperfect capital market, investment and consumption decisions are not 

separable, but under the VoFI method consumption can be considered in a simplified 

form by maximisation of the withdrawals attainable. Moreover, where capital 

markets are imperfect, certainty – assumed throughout Chapters 2 to 4 – cannot 

exist. In reality, investing companies do face an imperfect capital market and 

uncertainty, so to assume otherwise is a simplification. However, the arguments 

presented here reflect the view of the authors that these simplifying assumptions can 

be appropriate in some situations. In other cases, the models presented here are a 

first step towards dealing with uncertainty and imperfect capital markets within the 

investment appraisal process. 



Compounded Cash Flow Methods 109 

Assessment Material Chapter 4 

Exercise 4-1 (Compound Value Method, Critical Debt Interest 
Rate Method and VoFI Method) 

Two investment projects are available, with the following relevant cash flows: 

Data  Project I  Project II

Initial investment outlay (€) 580,000 760,000

Economic life 7 5

Net cash flows (€)

t = 1 –60,000 240,000

t = 2 0 320,000

t = 3 140,000 180,000

t = 4 150,000 120,000

t = 5 270,000 160,000

t = 6 290,000 –

t = 7 180,000 –

Tab. 4-2: Cash flows of the investment projects I and II 

a) Use the compound value method to decide which project to accept. Assume a 

credit interest rate of c = 5% and a debt interest rate of d = 8%. Calculate the 

compound values of the two projects, assuming: 

(i)  Mandatory account balancing. 

(ii)  Prohibited account balancing.  
b) Calculate the critical debt interest rate, assuming: 

(i)  Mandatory account balancing. 

(ii)  Prohibited account balancing. 

c) Assess the underlying assumptions and meaningfulness of the compound value 

method.

d) Assess the absolute profitability of project II above, using the visualisation of 

financial implications (VoFI) method. In so doing, assume that the opportunity 

interest rate is 6% and the credit interest rate for short-term deposits is 5%. The 

project is to be 20% financed by internal funds. Thirty percent of the initial 

outlay is to be financed with an annuity loan (with annual interest and capital 

repayments, an interest rate of 8% and a 5 year term). A further 30% is financed 

by a loan repayable at the end of its term (with an initial payment at a ‘below 

par’ rate of 5%, with annual interest payments, a nominal interest rate of 7% and 

a 5 year term) and the remainder with a current account loan (10% interest rate). 
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e) In the case of project II, what is the maximum amount that can be withdrawn at 

the end of each period of its economic life, taking the assumptions in d) as 

valid? 

Exercise 4-2 (Dynamic Investment Appraisal Methods)

A choice has to be made between two investment projects. The following budgets 

are forecasted: 

Data Project I Project II

Initial investment outlay (€) 10,000 12,000

Economic life 3 4

Net cash flows (€)   
t = 1 5,000 3,000

t = 2 5,000 4,000

t = 3 3,000 4,000

t = 4 – 6,000

Tab. 4-3: Data for the investment projects I and II 

The uniform discount rate is 10%. 

a) Assess the alternatives using the net present value method. What is the net 

present value of the fictitious differential investment? 

b) Calculate the internal rates of return for each investment project and draw the 

net present value curves. 

Assess the relative profitability using the internal rate of return method. 

c) Calculate the projects’ discounted payback period. 

d) Now assume a debt interest rate of d = 0.12 and a credit rate of c = 0.08 for the 

next four years. Calculate the compound values of the projects, assuming: 

(i) Mandatory account balancing. 

(ii) Prohibited account balancing. 

e) Calculate the critical debt interest rates, for each project, assuming: 

(i) Mandatory account balancing. 

(ii) Prohibited account balancing.  

f)  Assess the absolute and relative profitability of the two investment projects 

using the visualisation of financial implications (VoFI) method. In each case, 

5,000 of internal funds should be used for financing. The opportunity interest 

rate is 9% and the credit interest rate for short-term deposits is 7%. Project I is 

financed with an instalment loan of 4,000 (interest of 11%; annual interest 

payments calculated on the remaining balance; term matches the project’s 

economic life) and with a current account loan (annual interest payments at 

13%). In the case of project II there is an additional loan for 2,000, repayable at 

the end of its four year term (annual interest at 10%). 



Chapter 5:  Selected Further Applications of 
Investment Appraisal Methods

This chapter examines some further applications of the investment appraisal 

methods already discussed: the inclusion of taxes in investment appraisals; the 

assessment of foreign investments; and the use of selected investment appraisal 

methods for determining optimum economic lives, replacement times and 

investment timing – all decisions under the assumption of certainty. 

5.1 Income Taxes and Investment Decisions  

Taxes should be included in the analysis of investment projects since they may affect 

project profitability. Their consideration in the assessment of investment projects is 

illustrated here using both the net present value (NPV) and visualisation of financial 

implications (VoFI) methods. The influence of taxes on the profitability of 

investment projects is affected by several factors, including: the form of the tax laws; 

the legal form of the company (in particular whether it has limited or unlimited 

liability); and the perspective from which the appraisal is made (particularly whether 

from the perspective of the company or the shareholders). Some simplifying 

assumptions usually have to be made in regard to these factors. For example, the 

following discussion assumes that only the perspective of the company is 

considered. 

5.1.1 Taxes and the Net Present Value Method

Description of the method 

In modifying the NPV method to include tax considerations, a simplified model 

variant is chosen that considers only profit-dependent taxes. The relevant profit 

measure can be derived from the original cash flow profile modified by (i) 

depreciation and (ii) the difference between the liquidation value and the remaining 

book value of assets sold at the end of a project’s economic life.

In addition to the premises of the NPV model, the following assumptions are made: 

• The company pays profit-dependent tax at the same time as the profit is 

reported: at the end of each period. 

• Tax payments are proportional to the profit made. 

• The company makes a profit in each period, independent of the project under 

consideration. Therefore, immediate loss compensation is possible in each 

period for which the proposed investment results in a loss, so a loss carry-

forward is neither necessary nor possible. 
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• The original cash flow profile of an investment project (before the inclusion of 

tax payments) remains unaffected by taxes (e.g. there are no price increases as 

a result of taxation). 

• Interest paid to creditors reduces profit and therefore reduces taxes; interest 

received from debtors raises profit and taxes. 

• All cash inflows or outflows resulting from a project – with the exception of 

the initial investment outlay(s) and possibly the liquidation value – are 

counted in that same period as yields or expenses for the purposes of 

calculating profit. The initial investment outlay is initially capitalised in the 

balance sheet. Its subsequent depreciation annually reduces the profit, and the 

sale (liquidation) of the project generates a cash flow, that simultaneously may 

influence the profit. 

The NPV calculation requires two additional steps to account for taxes: 

• The original cash flow profile must be modified by payments directly resulting 

from taxation. 

• The uniform discount rate must be adjusted to recognise the effects of tax paid 

on the yields of alternative (financial) investments, as well as tax deducted 

from the interest paid on debt capital (to determine the ‘after-tax cost of 

debt’).

First, changes to the original cash flow profile are discussed. Net cash flows before 

taxes (NCFt) must be corrected for taxes paid in the point in time t (Tt). These may 

be calculated, assuming the premises specified above are valid, by multiplying the 

rate of taxation (rt) by the profit change accruing to the investment project in the 

period t ( Pt). After-tax net cash flows, represented by NCFt
* (t = 0,1,...,T), are then: 

TNCFNCF tt
*
t  or (5.1) 

tt
*
t PrtNCFNCF   (5.2) 

The changes to net cash flows resulting from tax payments depend on whether the 

investment project results in an increased profit ( Pt > 0) or a loss ( Pt < 0). In the 

first case rt Pt is positive; in the second case it is negative. 

Next, the profit change resulting from an investment project is analysed, based on 

the assumptions specified above. Therefore, net cash flow before taxes (NCFt) is 

divided between a profit-affecting portion (NCFt
pa) and a portion that does not affect 

profit (NCFt
np). The latter comprises only the initial investment outlay and 

(possibly) the liquidation value, because all other cash inflows and outflows are 

assumed to be yields and expenses that impact profit calculations. The profit change 

( Pt) may be calculated from the profit-affecting portion before taxes (NCFt
pa),

including any income/loss (i.e. gain or loss on sale) from the liquidation of the 

project, less any depreciation (Dt). This can be expressed as follows: 
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t
pa
tt DNCFP   for t = 0,1,...,T (5.3)

Net cash flows after taxes therefore amount to: 

)DNCF(rtNCFNCF t
pa
tt

*
t  for t = 0,1,...,T (5.4)

The inclusion of taxes affects both the cash flow profile of an investment project and

the uniform discount rate that is used. As discussed earlier, the uniform discount rate 

takes into account the yields of alternative investment opportunities as well as the 

costs of debt capital. If taxes are assumed to be relevant, the interest yield on 

alternative investments changes in the following way:  

irtii*

Where i is the pre-tax return, and i* is the after-tax yield of the alternative 

investment opportunity. For example, if an alternative project yields a 10% pre-tax 

return and the company’s tax rate is 30%, the relevant after-tax yield is 7% (i.e. 

10% – 10% · 30%). 

Similarly, the costs of debt capital must be adjusted for taxes. If these amount to i 

before the consideration of taxes, then a tax saving arises to the amount of rt  i and 

the adjusted interest equals .irtii*

Therefore, in relation to both alternative investment opportunity yields and the 

cost of debt capital, the appropriate uniform discount rate (i*) to be applied in a tax-

adjusted NPV model is: 

irtii* (5.5)

Taking this into account, the modified net present value (NPV*) can be calculated as 

follows:

T

0t

t**
t

* )i(1NCFNPV or (5.6) 

T

0t

t
t

pa
tt

* i)rti(1)D(NCFrtNCFNPV  (5.7)

In the tax-adjusted NPV* model, the same decision rules apply as for the basic 

model that does not consider taxes. As a rule, the consideration of taxes changes the 

value of the NPV calculated. This may lead to different absolute and/or relative 

profitability results. For example, an investment project may be absolutely profitable 

with inclusion of taxes (NPV* > 0) while, without the inclusion of taxes, it is 

absolutely not profitable (NPV < 0): a case referred to as a tax paradox. Such 

changes in profitability can be explained by two effects. On the one hand, a negative 

effect on NPV typically arises because the net cash flows are lower due to tax 

payments. On the other hand, the smaller tax-adjusted discount rate (i*) acts to 
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increase the NPV. The structure of the underlying cash flow profile, together with 

the changes in depreciation rates over time, decides which of these effects 

dominates. 

Example 5-1 

In the calculations below, Example 3-1 is reconsidered including tax considerations. 

Data Investment project A Investment project B

Initial investment outlay ( ) 100,000 60,000

Economic life (years) 5 4

Liquidation value ( ) 5,000 0

Net cash flows ( )

t = 1 28,000 22,000

t = 2 30,000 26,000

t = 3 35,000 28,000

t = 4 32,000 28,000

t = 5 30,000 -

Uniform discount rate (%)  8 8

Tab. 5-1: Data for the two investment projects A and B 

Assume that the rate of taxation t is 40% and the entire initial outlay value is 

depreciated over each project’s life using linear (straight-line) depreciation. For 

project A, then the depreciation is 20,000 per annum, and the profit resulting from 

the liquidation, which is part of the profit-affecting portion of the net cash flows 

before taxes (NCFt
pa), is 5,000. This is because the depreciated book value of the 

project is zero by the end of year 5. Since the liquidation value is 5,000, a gain of 

5,000 is reported and taxed. Thus, the profit-affecting and the profit-neutral

portions of the pre-tax net cash flows (NCFtA
p and NCFtA

np), the annual 

depreciation DtA, the profit resulting from the project liquidation, the profit change 

PtA, the tax payments TtA and the modified cash flows NCFtA
* may be determined 

as follows (in ’000):

Point in time t 0 1 2 3 4 5 

NCFtA –100 28 30 35 32 35 

DtA – 20 20 20 20 20 

NCFtA
pa – 28 30 35 32 35 

NCFtA
np –100 – – – – – 

PtA 0 8 10 15 12 15 

TtA = rt PtA 0 3.2 4 6 4.8 6 

NCFtA
* = NCFtA – TtA –100 24.8 26 29 27.2 29 

Tab. 5-2: Modified cash flows and other measures for each period ( ’000)
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The modified uniform discount rate in this example is 4.8% ( irtii* ;

0.048 = 0.08 - 0.4  0.08). Then the modified net present value NPVA* amounts to: 

69.020,18NPV

048100029048120027

0481000290481000260481800,24000,100NPV

*
A

54

321*
A

In the same way, the modified net present value NPVB
* of the alternative project B 

can be calculated at 16,696.98.

Thus, both alternatives are absolutely profitable, and project A is relatively 

profitable. The assessments of profitability in this case remain identical to those 

achieved without considering taxes. 

Assessment of the method 

The model described here is based on the general NPV model and, therefore, its 

assessment is broadly as outlined in Section 3.2. 

What is new, however, is the treatment of taxes in the model. It should be noted 

that only profit-dependent taxes are considered. Although this might be sufficient in 

most cases, a conclusive and thorough investment appraisal could also need to 

include other kinds of taxes and their resultant effects (which can be incorporated by 

adjustments of the cash flows). 

More problematic is the assumption that only one type of profit-dependent tax is 

levied, and that it is a proportional tax (i.e. a linear function of profit). In reality, 

differential taxation of profit occurs using several kinds of taxes (e.g. in Germany: 

income tax, church tax, corporation and trading profit tax) whose inter-connecting 

effects can be complicated to recognise. Moreover, the rate of taxation is not always 

constant, given the high incidence of tax-free allowances and/or progressive taxation 

schemes. The linear tax rate assumption might often be unrealistic, therefore. 

Where a single profit assessment basis and only one rate of taxation (a 

proportional tax) are not justifiable assumptions, extended models involving further 

analysis should be employed.  
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5.1.2 Taxes and the Visualisation of Financial Implications (VoFI) Method 

Description of the method 

The VoFI method explicitly records changes in tax payments that result from an 

investment project in an exhaustive financial plan. The VoFI table presented in 

Section 4.3 is extended by two columns for additional or reduced tax-dependent cash 

outflows, i.e. by tax payments and tax refunds. The determination of these changes is 

made in a separate calculation linked to the VoFI tables. Adjusted interest rates for 

loans or for short-term investments are not required. Instead, taxes are included 

when determining the compound value. Additionally, either a simple, after-tax 

opportunity interest rate may be used to determine the compound value of the 

internal funds, or tax payments may be included in a VoFI plan for the alternative 

opportunity investment. 

The VoFI method, with its separate calculations, allows an investment appraisal 

to incorporate a specific tax system’s known characteristics, such as the relevant 

kinds of tax, the tax bases, and the tax rates. However, no such specific tax system is 

included here, since no one system could adequately represent the wide variability in 

international tax systems.  

The slight modifications of the VoFI needed to include taxes and their associated 

calculations are shown in the following example. For clarity, the tax-related 

assumptions of Section 5.1.1 are used, implying a highly simplified ‘world of taxes’ 

with one kind of tax only. 

Example 5-2 

Example 4-3 is extended here to consider tax effects. The determination of 

compound values for investment projects A and B requires separate calculations for 

their relevant tax cash payments, which then can be incorporated into the VoFI table. 

After this, the financial surplus or deficit can be determined, and a financial 

arrangement for its use or coverage can be considered. The following figures show 

the exhaustive financial plan and the separate calculations for investment project A. 

Again, as in Example 5-1, a tax rate of 40% is assumed.  
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Fig. 5-1: VoFI plan for investment project A considering taxes

The following table shows the separate calculations necessary to determine the tax 

payments resulting from project A. 

Fig. 5-2: Separate calculations to determine the tax effects of investment project A

t=1 t=2 t=3  t=4   t=5

Net cash flow 28,000.00 30,000.00 35,000.00 32,000.00 30,000.00
- Depreciation -20,000.00 -20,000.00 -20,000.00 -20,000.00 -20,000.00
+ Gain of liquidation 5,000.00
- Interest expenses -7,800.00 -5,711.80 -3,375.00 -2,812.50 0.00
+ Interest income 0.00 0.00 11.58 1,255.49 956.44
= Change of  profit 200.00 4,288.20 11,636.58 10,442.99 15,956.44

Change of tax payment (tax rate 40% ) 80.00 1,715.28 4,654.63 4,177.20 6,382.58

 t=0 t=1 t=2    t=3 t=4 t=5 

 Series of net cash flows (€)  -100,000  28,000  30,000  35,000  32,000  35,000 

 Internal funds (€)       
– Withdrawal of capital       
+ Contribution of capital  20,000      

 Instalment loan (€)       
+ Borrowing  25,000      0 
– Redemption   -6,250  -6,250  -6,250  -6,250  0 
– Debt interest   -2,250  -1,687.50  -1,125  -562.50  0 

Loan with final redemption (€)       
+ Borrowing  25,000      
– Redemption     -25,000  0 
– Debt interest   -2,250  -2,250  -2,250  -2,250  0

 Annuity loan (€)       
+ Borrowing       
– Redemption       
– Debt interest       

 Current account loan (€)       
+ Borrowing 30,000      
– Redemption  -13,870 -16,130  0  0  0 
– Debt interest   -3,300  -1,774.30  0  0  0 

 Financial investment (€)       
– Reinvestment -192.92 -20,731.95 -29,573.86
+ Disinvestment      4,984.21
+ Credit interest    0  11.58  1,255.49  956.44

 Taxes (€)       

– Tax payments   -80  -1,715.28  -4,654.63  -4,177.20  -6,382.58
+ Tax refunds       

 Financial balance (€)  0  0  0  0  0  0 

 Balances (€)       

 Loans:       
Instalment loan  25,000  18,750  12,500  6,250  0  0 
Loan with final redemption  25,000  25,000  25,000  25,000  0  0 
Annuity loan       
Current account loan  30,000  16,130  0  0  0  0 

 Financial investment   0  192.92  20,924.87  15,940.66  45,514.52

 Net balance (€)  -80,000 -59,850  -37,307.08  -10,325.13  15,940.66  45,514.52
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Taking taxes into account, the compound value of investment project A is 

45,514.12 (as shown in Figure 5-1). The opportunity income value is calculated 

using an after-tax interest rate (ct), which is derived from the assumed taxation rate 

of 40%:

ct  = 0.07 – 0.4  0.07

ct  = 0.042   or   4.2% 

Using this figure, the compound value of the alternative income opportunity 

amounts to 24,567.93 (= 20.000 · . Project A remains absolutely profitable, 

therefore. For investment project B, a compound value of 42,676.33 is obtained 

when taxes are included (as at point in time t = 4). Because this is higher than the 

compound value of the alternative income opportunity ( 23,577.67), this project is 

also absolutely profitable. In order to assess relative profitability, the compound 

value for project B as at t = 5 may be used. Assuming the after-tax interest rate 

determined above to be relevant, this compound value is: 

42,676.33 · 44,468.74

Therefore investment project A remains relatively profitable.  

Assessment of the method

In assessing this appraisal method including tax effects, our previous evaluation of 

the underlying VoFI method remains valid. The compound value calculations, and 

the successive inclusion of cash flows and tax payments, give the VoFI method an 

advantage over the NPV method in considering tax payments resulting from an 

investment. The VoFI method may better reflect the variety of tax regulations that 

exist in reality and is more transparent. Although the example presented assumes a 

highly simplified set of circumstances (see the assessment in Section 5.1.1), the 

method can be applied quite readily to other situations as well.

The following section on the assessment of foreign investments discusses the 

VoFI methodology’s inclusion of differing perspectives which might also be applied 

to the consideration of taxes from the perspective of the company and the 

shareholders.

5.2 The Assessment of Foreign Direct Investments  

5.2.1 Special Characteristics of Foreign Direct Investments 

A foreign direct investment (FDI) includes the establishment, expansion or 

acquisition of sales outlets, storage or production plants abroad, and the direct 

influencing of the decisions made by a foreign company unit. The investing ‘home’ 

company sustains cash outflows in its domestic currency (i.e. the ‘home currency’) 
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to finance assets in the ‘investment country’, so that future cash flow surpluses may 

be achieved in the currency of that country (i.e. the ‘investment currency’). In view 

of the relatively high investment amounts and the complexity of these decisions, a 

model-supported assessment of foreign direct investments seems particularly 

advisable. Additionally, foreign direct investments have special characteristics that 

make it useful to present a separate discussion of models and methods for their 

appraisal.

(i) For foreign direct investments, at least two company units are involved: the 

unit that views the investment as an FDI (the ‘mother company’); and the existing or 

newly-formed unit abroad (the ‘daughter company’). For these two company units, 

the cash flows resulting from the FDI may differ in their amounts and timing for 

several reasons (such as exchange rate differences, subsidies, tax payments and 

transfer payments). Therefore, the profitability of an FDI from the daughter 

company’s point of view (project-related view) may be different to the profitability 

from the mother company’s perspective (investor-related view). In the following 

discussion, the perspective of the mother company is adopted, since this unit usually 

supplies most of the necessary investment funds, its targets are dominating and this 

approach therefore allows incorporating most of the decision-relevant factors.

As a basis for the investment appraisal, project cash flows that accrue to the 

mother and/or daughter company must be identified. Then, factors influencing these 

cash flows have to be analysed in order to forecast their amounts and timing. The 

necessary analysis and forecasting activities can be summarised in sequential steps: 

1. Identify the cash flow changes at the daughter company in the investment 

currency (initial investment outlay, cash flows, liquidation value, payments 

resulting from the financing of the investment project and financial 

investments connected with it, cash flows from and to the mother company, 

and tax payments). 

2. Identify the cash flow exchanges between daughter and mother company from 

the point of view of the mother company and in the home currency (cash flows 

for financing, interest and amortisation, for mutual supplies of semi- or fully-

finished products, for claims on patents or licences, for management services 

and from the transfer of surpluses from the investment including the 

liquidation value or residual value, etc.). 

3. Identify other cash flow changes within the mother company, in the home 

currency (resulting particularly from the financing of the investment project, 

associated financial investments, risk management, changes to production and 

sales processes as well as tax payments in the home country). 

(ii) The effects of an FDI are often influenced by differing tax systems in the home 

and investment countries. These tax systems may be crucial for the absolute and 

relative profitability assessments of direct investments, so it is advisable to include 

taxes in models for their appraisal. 
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Double taxation plays a special role and the nature and extent of taxation in the 

investment country must be taken into account in the home country. The existence 

and particularities of double taxation agreements are crucial to this issue. 

(iii) Inflation rates are another important influence on the profitability of an FDI 

project. If, for example, the daughter company supplies goods to the mother 

company when inflation rates are higher in the investment country and the exchange 

rates remain constant, the consequences will be negative. Existing savings may be 

destroyed and cost advantages lost. In many cases, however, differential inflation 

rates will be offset by changes in the exchange rates.  

(iv) The cash flows associated with an FDI will accrue in different currencies. 

Therefore, from the investor’s perspective, monitoring the relationship between the 

investment currency and the home currency is important, since the daughter 

company’s cash flows will lose or gain value in terms of the home currency if 

exchange rates alter. 

Exchange rate changes are often driven by differing price trends in two countries. 

For example, comparatively high price increases often lead to a devaluation of the 

currency. The extent to which such adjustments take place and how exchange rates 

develop in general, depend on market conditions and on exchange rate systems. 

Different exchange rate determinations exist in the form of fixed, semi-flexible and 

flexible/floating rates of exchange.  

For a floating exchange rate system, the purchasing power parity theory has been 

formulated to explain the link between inflation rates and exchange rates. This is 

based on the hypothesis that currencies are exchanged at a price that maintains 

purchasing power parity so that both currencies can be used to acquire the same 

goods. Therefore, relative purchasing power, resulting from the price levels in both 

countries, is crucial to the exchange rates between currencies. Additionally, it can be 

shown that changes to the exchange rate and relative price levels often correspond in 

the two countries, so that inflation differences are being compensated by exchange 

rate changes. However, the validity of this link depends on a perfect market for 

international products with market transparency, homogeneous products and 

standardized consumption patterns. It also excludes consideration of trade 

restrictions and transportation costs. As these conditions do not apply in reality, the 

purchasing power parity theory has only long-term effects, if any. In reality, the 

effects of inflation and exchange rate changes on investment success will not always 

be balanced as this theory suggests. 

Therefore, given a forecasted exchange rate, a judgement must be made as to 

whether purchasing power parity can be assumed. If no available information points 

to future deviations from purchasing power parity, the assumption will be justifiable. 

However, in every case, exchange rate forecasts should include likely changes to the 

inflation rates of both countries. 
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(v) Foreign direct investments potentially allow access to several national capital 

markets and, thus, to an international capital market formed with different currencies 

and different inflation and interest rates. In a perfect international capital market the 

so-called International FISHER Condition applies (FISHER, 1930). This states that the 

interest rate in one country’s capital market equals the interest rate in another 

adjusted by the change in exchange rate ( er). The change in exchange rate can be 

expressed as: 

t

t1t

er

erer
er (5.8)

If the exchange rate changes and interest rates are constant over time, then the 

following is valid: 
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Additionally, in a perfect international capital market – as in perfect capital markets 

in general – investment and financing decisions may be made independently of each 

other (as in the FISHER Separation Theorem). 

However, limitations on the exchange of capital and property rights, restricted or 

fixed exchange rate systems, delays of arbitration processes and subsidies paid on 

national markets mean that an imperfect international capital market is more likely. 

The International FISHER Condition may not apply, therefore. 

FDI financing should also be addressed in relation to the capital market, as the 

involvement of two company units presents various possibilities for financing. 

Financing can be undertaken by the daughter and/or the mother company. Each will 

have different financing opportunities available in different capital markets. Often it 

is advantageous to have at least some financing by the daughter company and/or in 

the investment country’s currency, since this helps to protect from exchange rate 

fluctuations or the effects of any limitations on international capital exchanges, and 

may lead to comparatively low interest rates in the home currency.  

In constructing a model for the appraisal of an FDI, it has to be decided whether 

to make the simplifying assumption of a perfect international capital market. In any 

case, likely developments in inflation and exchange rates should be considered when 

forecasting interest rates. Even though the International FISHER Condition might not 

be completely valid, it may be worth using it as an assumption or an orientation 

when making the necessary forecasts.  

(vi) An FDI often involves greater uncertainty than a home investment. Economic, 

political-legal, socio-cultural and national infrastructural risks may be higher in the 

investment country than in the home country. In addition, dangers arise from 

changes in relative prices and exchange rates, and additional forecasting difficulties 
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increase the uncertainty of information. Potential negative effects of risk may be 

reduced by suitable risk management measures that typically influence cash flows. 

The characteristic features of foreign investments can be considered using different 

models for investment appraisal. In the following discussion, the NPV and VoFI 

models are employed. 

5.2.2  Net Present Value Model and the Assessment of Foreign Direct 
Investments 

Description of the method 

This section will outline how NPV calculations can be used to assess foreign 

investments. Some special characteristics of such investments are taken into account, 

primarily concerning the consideration of different currencies and the inclusion of an 

international capital market (which may be perfect or imperfect). Any cash flow 

differentials between mother and daughter companies that exceed the currency 

differences are totally (with a perfect capital market) or largely (with an imperfect 

capital market) omitted. They can usually be recorded as a correction to the cash 

flows of the mother company; later an example of this is shown where financing is 

realised in an imperfect capital market. Taxes (as discussed before), inflation and 

uncertainty (taken up later – see Chapter 8) are not considered in the following 

model analyses.  

In a perfect international capital market, the International FISHER Condition

stipulates that interest rates in different national capital markets are equivalent after 

accounting for exchange rate changes. So, if the uniform discount rate is based on 

capital market interest rates for investments or loans, it is independent of the 

investment country. With a constant uniform discount rate in the home country (ih),

the NPV from the point of view of the mother company and in the home currency 

(NPVmh) may be determined from the net cash flows in the foreign currency (NCFft)

and the relevant exchange rate (ert) to convert to the home currency:  

T
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t
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Assuming a constant exchange rate change ( er) and using the following 

relationship:

t
0t er)(1erer (5.11)

The NPV from the mother company’s perspective can also be determined as: 
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On account of the International FISHER Condition, the relationship between the 

uniform discount rate in the home country and the interest rate in the investment 

country (if) is assumed to be constant and can be expressed as follows: 

er)(1)i(1i1 fh (5.13)

Therefore, the net present value from the perspective of the mother company and in 

the home currency is: 
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Accordingly, the net present value to the mother company in the home currency 

(NPVmh) is proportional to that of the daughter company in the investment currency 

(NPVdf). The NPV to the mother company can therefore be determined using the 

relevant uniform discount rates in either the home or the foreign currency. The 

exchange rate and the relationship between the inflation rates in the two countries do 

not affect profitability. Therefore, as long as the International FISHER Condition

applies, no confounding factors will follow from currency differences or the choice 

of national capital market. 

The above consideration assumes – as a simplification – that the exchange rate 

changes are constant over time. However, the argument can be also transferred to the 

cases of period-specific exchange rate changes and varying home and foreign 

uniform discount rates. 

Uniform discount rates can be derived from home capital market interest rates for 

financial investments, or from the costs of capital (using an average cost of capital of 

the relevant company-specific or project-specific capital components). 

The procedure described for the NPV model is based on the assumption of a perfect 

international capital market, but can be also applied in modified form for an 

imperfect market. In the following, it is assumed that the mother company finances 

the FDI partly in the (perfect) home capital market and partly using a foreign loan 

raised in the capital market of the investment country. Because of the imperfection 

of the international capital market, the cash inflows (CIFflt) and outflows (COFflt)

resulting from the foreign loan must be considered in addition to the initial 

investment outlay (I0ft), the net cash flows (NCFft) and the liquidation value (Lf)

when calculating the NPV from the perspective of the mother company. Because 

these cash flows are measured in the investment currency, they must be converted 

using the appropriate exchange rate into the home currency. Then, the NPV is 

calculated as follows: 
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In the case of constant exchange rate change ( er) it amounts to: 
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Now, the NPV – and possibly also the profitability of the investment – is dependent 

on the financing decision. The financing alternative that maximises NPV can be 

determined by comparing the home interest rate (1 + ih) with the exchange rate-

adjusted interest rate of the investment country (1 + if)  (1 + er). If the home 

interest rate is lower (higher), financing should be obtained from the home capital 

market (capital market of the investment country). 

It should be pointed out that the approach above assumes the uniform discount 

rate of the mother company’s home country will be used to discount cash flows and, 

therefore, that investment and financing projects (with the exception of explicitly 

recorded financing investments) are only made in the home country. If investment 

and financing opportunities exist on other capital markets, the interest rates of the 

optimum investment and financing projects may differ and the determination of the 

uniform discount rate becomes more problematic. 

Additionally, the so-called ‘adjusted net present value’ approach may be used to 

calculate NPVs in imperfect capital markets. Using this approach, NPVs are 

determined as the sum of the basic NPV and other NPV components due to 

subsidised debt financing or tax effects. In the adjusted present value approach, 

various risk profiles are considered to determine the uniform discount rate used to 

calculate the basic NPV and other NPV components. That approach is presented 

later, along with the inclusion of uncertainty in investment methods, in Chapter 8 

(Section 8.2).

Example 5-3 

In the following example, it is assumed that investment project A – considered in the 

previous examples – is a foreign investment. The cash flows resulting from the 

project, as again shown below, are measured in the investment currency. At the 

beginning of the planning period an exchange rate er0 of 0.5 is in place, defined as 

the ratio of the currency units of the investment country (CUf) to those of the home 

country (CUh). A constant decrease in this exchange rate ( er) of 2% is assumed. 

The resulting cash flow values, in the home currency, are shown below. All cash 

flows, including the liquidation value, should be transferred entirely to the mother 
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company. The uniform discount rate if in the investment country remains, as in the 

initial example, at 8%.  

Point in time t 0 1 2 3 4 5

Currency units of the 
investment country 
(CUf)

-100,000 28,000 30,000 35,000 32,000 35,000

Currency units of the 
home country (CUh) -50,000 13,720 14,406 16,470.86 14,757.89 15,818.61

Tab. 5-3: Currency units of the home and the investment country  

In the first variant of the example, a perfect international capital market is assumed. 

In accordance with the International FISHER Condition the following relationship 

between capital market interest rates in the home country (1 + ih) and the investment 

country (1 + if) applies (Formula 5.13): 

er)(1)i(1i1 fh    

From this, the uniform discount rate in the home country can be derived at: 

1 + ih = (1 + 0.08)  (1 – 0.02)   ih = 5.84% 

The relevant NPV (from the perspective of the mother company, i.e. NPVmh) can be 

determined from NPVdf (the NPV from the perspective of the daughter company, 

which is 26,771.59) multiplied by the exchange rate at the beginning of the 

planning period (Formula 5.14): 

NPVmh = er0  NPVdf   0.5 · 26,771.59 = 13,385.80

Or by discounting the home currency cash flows using the home country’s uniform 

discount rate (Formula 5.10):  
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mh

1,058.415,818.61

1,058.414,757.891,058.416,470.86

1,058.414.4061,058.413.72050.000NPV

13,385.80NPVmh

Under the assumptions made, the results of these alternative calculations are equal 

(apart from rounding errors) and the investment is found to be absolutely profitable.  
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The second example relates to an imperfect international capital market and, thus, 

the International FISHER Condition does not apply. Data remain unchanged, except 

for an interest rate of 7% in the home country: in the investment country financial 

investment opportunities continue to yield at 8%. A loan with annual interest 

payments and final amortisation can be used: in this case the NPV (from the 

perspective of the mother company) is dependent on the investment’s financing. The 

NPV can be determined using the general formula (5.16): 
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The proportions of financing raised in the home and foreign country will affect the 

NPV, as follows. 

With 100% home country financing: 

11,387.49NPV

1.070.9835,000

1.070.9832,0001.070.98000,35

1.070.9830,0001.070.9828,000100,000
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With 50% financing in each of the home and foreign countries:  

12,533.05NPV

1.070.9854,000)-35,000(

1.070.984,000)-32,000(1.070.98

4,000)-35,000(1.070.984,000)-30,000(
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0.5NPV

mh

55

4433

22

1

mh

And finally, with 100% foreign country financing:  

13,678.60NPV

1.070.98108,000)-35,000(

1.070.988,000)-32,000(1.070.98
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The investment has a positive NPV under all financing alternatives and is, therefore, 

absolutely profitable. The NPV increases with increased foreign financing. This is 

due to the fact that the home interest rate (1 + ih) is higher than the exchange rate-

adjusted interest rate of the investment country (1 + if)  (1 + er):

1.05840.981.08er)(1)i(11.07i1 fh .

Therefore, in this example, the foreign investment should be financed entirely in the 

investment country. 

Assessment of the method 

In this section, two models, which differ in their assumptions about the capital 

market, have been presented for the assessment of foreign direct investments using 

the NPV method. The assumption of a perfect international capital market in which 

the International FISHER Condition is valid might not apply in reality and, therefore, 

the corresponding model may be suitable only in some cases. Nevertheless, the 

accuracy of the results depends on the situation in the relevant capital markets, as 

well as on how the investment is financed. 

The usual assumptions of the NPV model apply should be taken into account 

when assessing both model variants. It should be noted that, even in the case of an 

imperfect international capital market, perfect national capital markets are assumed. 

It is also assumed that the cash flow surpluses from a project can be (re)invested at 

the uniform discount rate, and that financial investments and financing measures 

included to balance capital tie-up and economic life differences also yield this same 

rate. This assumption might be unrealistic, particularly since two company units and 

several segmented capital markets are involved. Finally, the NPV method, in 

contrast to the VoFI method considered next, has the disadvantage of less 

transparency, particularly regarding details of the relationships between mother and 

daughter companies, or cash flow differences and other effects resulting from these 

relationships.

5.2.3 The Visualisation of Financial Implications (VoFI) Method and the 
Assessment of Foreign Investments 

Description of the method 

This section demonstrates how foreign investments can be assessed in detail using 

the visualisation of financial implications (VoFI) method. For this purpose, the 

standard version of the VoFI method must be modified slightly.  

A comprehensive financial plan must now be constructed in the respective 

national currencies of both the daughter and mother companies for all cash flows 

that result from the project. The appropriate tables must be adapted and expanded for 

the typical cash flows of foreign investments. Cash flows from the mother company 
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may be included in the VoFI table of the daughter company and vice versa. The 

same applies to any other cash inflows and outflows resulting from the investment 

project, including payments used to finance it and tax payments or refunds in the 

investment country. The following figure shows an example of a daughter company 

financial plan. 

Fig. 5-3: VoFI table of a daughter company 

The balance of the financial investment indicates any surpluses that are not 

transferred to the mother company. In the second part of the exhaustive financial 

plan, the liabilities associated with the investment are also recorded, including the 

loan from the mother company. The comprehensive financial plan determines the 

transferable surpluses, including any relevant taxes. On this basis, the transfer 

payments to the mother company can be determined. Any remaining difference can 

be balanced by an investment project or by borrowing. 

Daughter company t=0 t=1 t=2 t=3 t=4 t=5 

Series of net cash flows 

Cash flows for deliveries of 
semi-finished and finished 
products to/from the mother 
company 

+ Cash inflows 

– Cash outflows 

Cash flows for patents, 
licences etc. to/from the 
mother company 

+ Cash inflows 

– Cash outflows 

Cash flows for other services 
to/from the  
mother company 

+ Cash inflows 

– Cash outflows 

Cash flows due to debt 
financing to/from the mother 
company 

+ Borrowing 
– Redemption 
– Debt interest 

Cash flows to the mother 
company due to equity 
changes as well as the 
transfer of surpluses and the 
liquidation or residual value 

+ Contribution of  
capital 

– Withdrawal of 
capital 

– Transfer payments 

Further loans of the 
daughter company 

+ Borrowing 
– Redemption 

– Debt interest 

Taxes 
– Tax payments 
+ Tax refunds 

Financial investment 
– Reinvestment 
+ Disinvestment 
+ Credit interest 

Financial balance 0 0 0 0 0 0 

Balances 

Loan from mother company 

Further loan 

Financial investment 

      

Net balance       

Untransferred surplus 

Total amount of untransferred surpluses 
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The comprehensive financial plan of the mother company includes, in the first part 

of the table, cash flows to and from the daughter company after deduction of 

associated taxes and fees. Because the latter, like all other cash flows, must be 

recorded in the home currency, a conversion from the investment currency will be 

required. Also included in the comprehensive financial plan are cash flows that: 

relate to the supply of the necessary finance for the mother company; are due to 

changes in production and sales processes of the mother company; result from 

investments of any surpluses; or result from any changes to tax payable. The second 

part of the table records balances, including loan claims against the daughter 

company. In addition, information may be included in the third part about non-

transferred after-tax cash flow surpluses and their accumulated amounts. The 

exhaustive financial plan for the mother company looks similar to that of the 

daughter company (see Figure 5-4).  

The VoFI method illustrates changes in tax payments in a transparent and realistic 

way. Tax payments (and allowances) for the daughter and mother companies may be 

included as described in Section 5.1.2, after considering the fiscal laws relevant to 

foreign activities. 

When determining the compound value of an investment, inflation may be taken 

into account using a combination of nominal cash flow values and nominal interest 

rates (including inflation effects). This allows differences in price trends for various 

product types in the relevant countries to be considered. For consistency, expected 

inflation rates should also be included when forecasting the opportunity income 

yields (i.e. expected real interest rates are multiplied by the inflation rate). A 

comparison of the compound values will indicate whether a project is more 

profitable than the opportunity income, given the expected exchange rates; or which 

of several mutually exclusive projects are relatively profitable when inflationary 

effects are included.  

Exchange rates are required, as with the NPV model, to convert cash flows in the 

investment currency into the home currency. When appraising foreign investments 

using the VoFI method, either perfect or imperfect international capital markets may 

be assumed. Imperfect international markets may be accounted for by explicitly 

including known financing and investment opportunities, possibly in different 

countries, in the exhaustive financial plan. To forecast future interest rates in the 

relevant countries, likely movements in their inflation and exchange rates should be 

considered, as mentioned above. The assessment of alternative financing, 

redemption and other financial decisions using the VoFI method that are at disposal 

was discussed in Section 4.3. 

An example of the assessment of foreign investments using the VoFI method is 

not included here due to lack of space, but several similar VoFI examples are 

presented elsewhere in this textbook.  
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Fig. 5-4: VoFI table of a mother company 

Assessment of the method 

The visualisation of financial implications (VoFI) method was evaluated in Section 

4.3 as well as in the special case of tax inclusion (Section 5.1.2). Building on these 

discussions, the VoFI method is now evaluated in terms of its ability to appraise 

foreign investments. 

The VoFI method is well suited to considering both national and international 

imperfect capital markets and offers a realistic view of foreign direct investments’ 
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– Redemption 
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– Tax payments 
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Financial investment 
– Reinvestment 
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Balances 
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Further loan 

Financial investment 

      

Net balance       

Untransferred surplus 

Total amount of untransferred surpluses 
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profitability across the spectrum of country-specific financing and investment 

opportunities. However, the assessment of alternative financing and investment 

possibilities via the VoFI method assumes that these possibilities can be explicitly 

assigned to separate investment projects. This may not always be the case. But, in 

view of its importance, project-specific financing for foreign direct investments 

should be based on such information, especially regarding the conditions underlying 

loans, opportunity income yields and interest rates available on short-term 

investments.

The high transparency of the VoFI method is another one of its advantages. 

Currency changes for mother and daughter companies can be illustrated clearly, as 

well as cash flow streams between both and the tax effects of investments. As a 

result of this high transparency, alternative scenarios can be evaluated quite easily, 

and the calculation and interpretation of the financial plan results might suggest 

options for financing, repayment, financial investment, transfer of surpluses, or the 

appropriate pricing of part- or fully-finished products supplied between daughter and 

mother company.  

5.3 Models for Economic Life and Replacement Time Decisions 

5.3.1 Overview 

The ‘lifetime’ of an investment project – i.e. the period for which it operates – is 

crucial to its financial results and its profitability. A project’s lifetime may be limited 

for different reasons. For example, legal determinations or contractual agreements 

might impose an upper limit on the economic life (e.g. in the form of a license 

period), or technical reasons might limit how long the investment project can fulfil 

its function (the project’s ‘technical life’). Technical life expiry might be due to the 

nature and use of the project itself, or it might be caused by an independent factor, 

such as the passage of time. In some cases, technical life can be extended by 

maintenance and repairs. 

Often, technical life should not be completely exhausted in order to maximise 

financial success. Product market changes may make it uneconomic to continue with 

a project because it becomes dysfunctional, obsolete or in need of economic 

overhaul. Or, technical developments may present alternative investment 

opportunities that can better fulfil the assigned functions – perhaps at lower costs or 

higher qualities.  

Economic factors also influence the optimum ‘economic life’ – i.e. the period of 

project utilisation that best fulfils company aims. Economic life is, by necessity, 

always shorter than or equal to the project’s technical life.  

In this chapter models are discussed that can be used to determine the optimum 

economic life of an investment project. It is assumed from here that: 
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• The economic life of an investment project can be determined in isolation 

from other investment decisions.

• Maintenance policy is given. 

• Tax payments are not relevant. 

• The data are certain. 

• The cash flows underpinning the assessment of economic life alternatives can 

be assigned to the beginning or the end of separate periods of equal lengths 

(usually years). 

Decisions about the economic life of investment projects will be considered in two 

situations. First, before the inception of the project, as an ex ante decision or an 

economic life decision in the strict sense – one that is necessary to assess a project’s 

absolute and relative profitability. Second, after a project’s inception, decisions 

about extending an existing project – this is an ex-post decision or a so-called 

replacement time decision. Such a decision becomes necessary if the data have 

varied from those used for the initial, ex-ante decision. Then, the optimum economic 

life previously determined should be re-examined during the course of the 

investment project and revised if this will improve financial success. 

Economic life and replacement time decisions are made in different situations, yet 

the decision-support models are in many ways the same. For both types of decision, 

the number and type of subsequent project(s) are crucial. Subsequent projects are 

projects whose inception depends on the cessation of the considered investment and, 

if started at the end of the economic life of the preceding investment, may be said to 

constitute a chain (or stream) of investments. In regard to the number of subsequent 

projects, models for calculating economic lives can accommodate a limited or 

unlimited number of subsequent projects, or none. These alternatives largely 

determine the length of the planning period. The types of subsequent projects can be 

divided into those identical to the one under consideration – i.e. having an identical 

cash flow profile – and those not identical. 

Models for economic life and replacement time determination may differ (as did 

the models discussed in Chapters 2 to 4) in their target measures, their inclusion of 

one or several periods, and their assumptions about the capital market. In the 

following discussion, the NPV model is used because of its particular relevance in 

theory and company practice. Consequently, the assumptions of the NPV model 

apply. In addition, optimum economic life and replacement time analyses require the 

following assumptions: 

• The declining performance of an investment project is indicated by cash flows 

dropping over time, possibly after passing a maximum in earlier years. 

• A project has a determinable liquidation value at the end of each period, with 

this value decreasing from year to year. 
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The following analysis covers most of the possible combinations of numbers and 

types of subsequent projects, as categorised in the figure below. It begins with a 

single economic life decision in the narrow sense, when there is no subsequent 

project. It then considers increased numbers of subsequent identical projects, from 

one to an unlimited chain (or stream) of investments, and finishes with replacement 

time decisions.

Fig. 5-5:  Number and types of subsequent projects in economic life and replacement 

time models 

5.3.2 Optimum Economic Life without Subsequent Projects 

Description of model and procedure 

This section outlines ways to determine optimum economic life, i.e. decisions about 

how long an investment project should be pursued, in the case of a single investment 

with no subsequent project. This situation may occur, for instance, where the 

products generated by an investment project cannot, or should not, be sold after the 

end of the economic life. 

The maximum NPV can be determined in the following two ways: 

(1) By determining the NPV for every economic life alternative n, using the 

formula:  

Key Concept:  

Using the NPV model, the optimum economic life of a single investment is 

achieved at that point in time when the maximum NPV is reached. 

Economic life and replacement time models
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(Section 5.3.3)
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(Section 5.3.6)
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(Section 5.3.2)

A limited number 
of subsequent projects

An unlimited number
of subsequent projects
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n
n

n

1t

t
t0n qLqNCFINPV (5.17)

With:

NPVn   =   NPV with an economic life of n periods 

I0   =   Initial investment outlay 

NCFt   =   Net cash flow in the period t (at time t) 

Ln   =   Liquidation value at the end of period n 

q–t   =   Discount factor for point in time t 

Using this approach, the value for n that produces the maximum NPV indicates the 

optimum economic life of the project.

(2) By determining the marginal profits. This requires the calculation of two 

components that result from continuing the project for an additional period t:

(i) An additional cash flow (NCFt) that is gained in period t. 

(ii) A delay and reduction in the investment’s liquidation value, i.e. instead of 

liquidating the investment in period t – 1 and receiving Lt–1, a lower 

liquidation value (Lt) is achieved one period later.

By compounding the liquidation value in period t – 1 (receivable at time t – 1) to the 

end of the period t (time t), the marginal profit of the period t (Pmt) is determined as 

follows:

1tttmt LqLNCFP   (5.18) 

From the marginal profit, the change in NPV achieved by continuing the project for 

another period can be determined. This marginal NPV is the marginal profit 

discounted to the beginning of the planning period.

The marginal profit may be used as an unambiguous criterion for determining the 

optimum economic life, if the NPV function has only one local maximum which is 

then also the over-all or global maximum. In that case, each period can be examined 

to determine whether the marginal profit remains positive, i.e. whether the additional 

cash flow exceeds the decreased liquidation value plus interest foregone on the 

liquidation value achievable in the preceding period. If marginal profit remains 

positive, the economic life of the investment should be extended by another period. 

If marginal profit becomes negative (i.e. Pmt < 0) for the first time, the project 

should be discontinued. Therefore, the decision criterion based on marginal profits 

is:

Key Concept:  

The economic life ends at the close of period t – 1 if the following period t is the 

first, whose marginal profit is negative. 
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The validity of assuming that the NPV function achieves only one maximum may be 

verified by determining marginal profits for all following periods t + 1, t + 2, ... until 

the end of the technical life of the investment project. If at least one of these periods 

is associated with a positive marginal profit, several local NPV maxima exist. Then, 

the optimum economic life can be identified by comparing the respective NPVs. 

The marginal profit approach may also be used to clarify the effects of data 

changes on decisions about optimum economic life. From the above formula, it can 

be seen that a decreased interest rate, reduced liquidation value, or rise in cash flows 

all favour an extension of the investment’s economic life. 

Example 5-4 

A company wants determine the optimum economic life of a single investment. The 

initial investment outlay amounts to 600,000 and the uniform discount rate is 10%. 

The following cash flows and liquidation values (in ’000) have been identified for 

the relevant periods (t) of the project’s technical life (8 periods): 

Periods t 1 2 3 4 5 6 7 8 

Cash flows 190 160 150 140 130 90 80 60 

Liquidation values 480 380 300 270 250 220 170 120 

Tab. 5-4: Cash flows and liquidation values of the investment project for different 

periods and technical lives 

First, the NPV determination approach is used. The following table displays 

undiscounted and discounted values for the initial investment outlay, the cash flows 

(–I0 resp. NCFt and –I0 resp. NCFt · q-t) and the liquidation values (Ln and Ln · q–n)

for each period. The net present value (NPVn) is calculated for every economic life 

alternative as the sum of the initial investment outlay and the discounted cash flows: 

n

1t

t
t0 qNCFI

And the present value of the initial investment outlay:  

Ln · q–n
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-I0 or 

NCFt

Ln
- I0 or 

NCFt · q-t

Ln · q-n NPVnn or t 

  (€)   (€) (€) (€) (€) (€)

0 –600,000 600,000 -600,000.00  –600,000.00 600,000.00 0

1 190,000 480,000 172,727.27  –427,272.73 436,363.64 9,090.91

2 160,000 380,000 132,231.40  –295,041.32 314,049.59 19,008.26

3 150,000 300,000 112,697.22  –182,344.10 225,394.44 43,050.34

4 140,000 270,000 95,621.88  –86,722.23 184,413.63 97,691.41

5 130,000 250,000 80,719.77  –6,002.46 155,230.33 149,227.88

6 90,000 220,000 50,802.65  44,800.21 124,184.26 168,984.47

7 80,000 170,000 41,052.65  85,852.86 87,236.88 173,089.74

8 60,000 120,000 27,990.44  113,843.30 55,980.89 169,824.19

Tab. 5-5: Determination of the net present value 

In this example, the economic life has its optimum at seven periods, and a maximum 

NPV of 173,089.74 can be achieved. 

Next, the marginal profit analysis is illustrated. In the first six periods the marginal 

profits are positive. They are (in ):

Pm1 = 10,000 Pm2 = 12,000 

Pm3 = 32,000  Pm4 = 80,000 

Pm5 = 83,000  Pm6 = 35,000 

The calculation of the marginal profit of the seventh period (G7) is presented in 

detail. This is as follows: 

8,000220,0001.1,000701,00008LqLNCFP 677m7

For the eighth period the marginal profit amounts to –7,000. Because this is the 

first period with a negative marginal profit, the optimum economic life ends at the 

close of the seventh period. 

The marginal profit calculated above for the seventh period refers to the point in 

time t = 7. Discounted to the beginning of the planning period, it is the change in 

NPV resulting from the inclusion of a seventh period, as shown here: 

8,000 · 1.1–7 = 4,105.27 =  173,089.74 – 168,984.47

 Pm7 · q–7   =  NPV7 –  NVP6

t
n

1t
t0 qNCFI
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Model assessment 

The earlier assessment of the underlying NPV model can largely be transferred to the 

model presented here, including the observation that marked differences in economic 

life are assumed be balanced by investment projects yielding an interest rate equal to 

the uniform discount rate.

The assumptions about data certainty are applicable here also. Uncertainty may be 

accommodated using the criteria and procedures discussed in Chapter 8. Sensitivity 

analyses, risk analyses, the decision-tree method, or options pricing models may all 

be applied. 

Assuming a given maintenance policy, or considering the economic life of each 

investment project in isolation, might be problematic in many situations. Also, it 

should be noted that the suitability and precision of the described model depend 

largely on whether it is realistic to assume there will be no subsequent investment 

project(s). As companies usually intend to operate long term, this assumption would 

be justifiable only in exceptional cases. Therefore, model variants that include 

subsequent investments are now examined.  

5.3.3 Optimum Economic Life with a Limited Number of Identical 
Subsequent Projects 

Description of model and procedure 

This section considers the determination of optimum economic life when a limited 

number of identical subsequent investment projects are available. These projects 

should be undertaken sequentially, so that a limited chain of identical projects is 

considered. The identical feature of the investment projects – as mentioned above – 

is their cash flow profile; other characteristics can differ. 

First, it is assumed that the investment chain consists of a basic project and a single 

subsequent investment project, i.e. a two-project chain is planned. For both the basic 

and second investment projects, the optimum economic life is achieved at the 

maximum NPV of the investment chain. 

Because the second investment project is the final one, its optimum economic life 

can be determined as previously described. In calculating the economic life of the 

basic investment, however, another (usually economic life-shortening) component 

must be considered, which results from the temporal linkage of the two projects. The 

longer the duration of the basic investment, the later the uptake of the second 

project. Therefore the maximum net present value calculated for the second 

investment project (NPV2max) is available at a later point in time. The following 

figure illustrates this: 
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Fig. 5-6:  Temporal linkage between projects in a two-project investment chain

The NPV approach can be applied to appraising a chain of two investment projects 

by calculating, for all the basic investment project economic life alternatives (n1),

the NPV of the investment chain (NPVC). That chain comprises (i) the discounted 

NPV of the second investment project (used for its optimum economic life) and (ii) 

the NPV of the basic investment (NPV1), with both related to the beginning of the 

planning period: 

1n
max211C qNPV)n(NPVNPV (5.19)

Using this relationship, the maximum NPV of the investment chain and, thus, the 

optimum economic life of the basic investment, can be calculated. 

In the alternative approach, using marginal profit analysis, the interest on the 

NPV of the second investment project must be included in the analysis. To justify 

extending the economic life by one period, the marginal profit must exceed the 

interest earned on the maximum NPV of the second investment project for that 

period (i · NPV2max). The criterion for an optimal economic life where only one 

maximum NPV of the investment chain exists is as follows: 

Accordingly, t – 1 is the optimum period if:  

2maxmt NPViP (5.20)

Is true for the first time. The optimum economic life may then be determined using 

marginal profit analysis, as shown in the previous section.

A similar approach can be used to find the optimum economic life of a multi-project 

chain of investments, e.g. a chain in which a basic investment is followed by two or 

more identical subsequent projects. For a chain of three identical projects, for 

instance, the optimum economic life and the associated maximum NPV should be 

calculated first for the final project and second for the intermediate project in the 

chain. Then, the optimum economic life of the basic investment can be determined 

Key Concept:  

If period t is the first period for which the basic investment’s marginal profit is 

lower than the interest on the maximum NPV of the second investment project for 

that period, then the optimum economic life of the basic investment ends at the 

close of period t – 1. 

Time

NPV1 NPV2max

Economic life of 
the first project 

Optimum economic life of 
the second project 
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using either the NPV or a marginal profit analysis. The marginal profit should be 

higher than the interest on the maximum NPV from the chain of subsequent projects 

(NPV(2+3)max), if extending the initial project by one period is to be profitable. 

If a period t is the first one for which 

3)max(2mt NPViP (5.21)

Then the optimum economic life of the basic investment is t - 1. For a chain 

consisting of three identical projects this condition tends to be fulfilled earlier than 

for a chain of only two projects, because higher levels of interest on the maximum 

NPV from both the second and third projects (NPV(2+3)max) must be considered.

The following statement generally applies with regard to the economic life of 

separate projects in a limited chain of identical projects: 

This phenomenon is known as the chain effect. Accordingly, the optimum economic 

life of a basic investment tends to be shorter than that of an investment without 

subsequent projects. 

However, despite the chain effect, the projects in such a limited investment chain 

may have identical optimum economic lives if a discrete number of periods of 

considerable length are assumed. In contrast, where a project chain is dealt with by 

using a so-called continuous calculus assuming infinitesimally small periods,

differing optimum economic lives arise for every project, and the economic life of 

any project is always longer than that of its predecessor(s) and shorter than that of its 

successor(s).

Example 5-5 

The previous example is now considered for a single identical replacement project 

(i.e. a chain of two projects). Since the replacement project is the final one, its 

optimum economic life is as determined in the previous section (seven periods, with 

the associated maximum NPV of 173,089.74). This result is now used to determine 

the optimum economic life of the basic investment. 

First, the NPV of the chain of two identical investments (NPVC) is calculated as a 

function of the economic life of the first project (n1). It consists of the NPV of the 

first project as a function of its economic life (NPVn1), added to the maximum NPV 

of the second project discounted back to the start of the first project’s economic life 

)qNPV( 1n
max2 . The following table shows the results for the example (the NPV 

Key Concept:  

In a limited investment chain of identical projects, the optimum economic life of 

the separate projects tends to decrease as the number of subsequent projects 

increases. 
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of the chain is not calculated for an 8-year usage of the first project, because this 

cannot be optimal due to the chain effect): 

n1 NPVn1
(€) (€)qNPV 1n

2max NPVC (€) 

0 0 173,089.74 173,089.74 

1 9,090.91 157,354.31 166,445.22 

2 19,008.26 143,049.37 162,057.63 

3 43,050.34 130,044.88 173,095.22 

4 97,691.41 118,222.62 215,914.03 

5 149,227.88 107,475.11 256,702.99 

6 168,984.47 97,704.65 266,689.12

7 173,089.74 88,822.41 261,912.15 

Tab. 5-6:  Determination of the optimum economic life of the basic investment 

In this case, the optimum economic life of the basic (first) investment is now six 

periods, and the associated maximum NPV of the chain of two identical investments 

is 266,689.12.

The same result can be determined using the second approach, the marginal profit 

analysis. For the third up to sixth period of the economic life, the marginal profits 

are higher than the interest on the NPV of the second investment project 
(i · NPV2max = 17,308.97).

The marginal profit analysis for the first and the seventh period are shown below: 

Pm1   < i · NPV2max

10,000  < 17,308.97

Pm7   < i · NPV2max

8,000  < 17,308.97

Therefore the optimum might be either to forgo the basic investment project 

(corresponding to an optimum economic life of 0 periods) or to utilise the 

investment project for about six periods (since, as shown above, an expansion of the 

basic investment’s economic life beyond the sixth period is not profitable). 

Regarding the high positive differences between each of the marginal profits of the 

periods 3 to 6 and the interest on the NPV of the second investment project it can 

easily be concluded that six periods is the optimum economic life of the basic 

investment.

Model assessment 

For an assessment of this model, refer to the previous section. Again, assumptions 

made about subsequent projects are problematic. On the one hand repetition of 

identical investments may be unrealistic; on the other hand it remains unclear how 
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the relevant number of subsequent projects can be determined for every specific 

situation. 

5.3.4 Optimum Economic Life with an Unlimited Number of Identical 
Subsequent Projects 

Description of model and procedure 

For all investment projects in an unlimited chain of identical projects, economic life 

reaches an optimum when the NPV of the unlimited chain is at its maximum. In 

contrast to the previous examples, it is now assumed that a basic investment is 

followed by an infinite number of identical, sequential investment projects. 

Therefore, the interest that is part of the calculated marginal profit is identical for 

each successive project in the investment chain. From this, it follows that all the 

projects in an unlimited chain of identical investments have identical optimum lives. 

This concept is expressed in the following: 

Again, the optimum economic life may be determined using both NPV and marginal 

profit analyses. In both cases annuities are calculated. 

To determine the NPV of an unlimited cash flow profile, in general its annuities 

should be divided by the uniform discount rate. The NPV of the unlimited chain 

therefore reaches its maximum at the maximum of the annuities. Because all projects 

are identical, the annuities of the chain equal the annuities of all individual projects. 

This is illustrated by Figure 5-7, in which the selected levels of annuities are pre-

sented for the first projects of an investment chain as a function of the economic life.

Based on the above, it is sufficient to determine the economic life that leads to the 

maximum annuity of a single investment project, since that also maximises the NPV 

of the unlimited chain. To do this, annuities should be calculated for all economic 

life alternatives. The optimum economic life is indicated by the highest annuity 

achieved.

Key Concept:  

For all investment projects in an unlimited chain of identical projects, economic 

life reaches a common optimum when the NPV of the unlimited chain is at its 

maximum. 
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Fig. 5-7: Annuities for a chain of identical investment projects as a function of 

economic life 

For a marginal profit analysis, marginal profit is compared with the interest on the 

NPV of subsequent projects as a function of their economic lives (i · NPV t). These 

interest payments make up its annuity. In order for the extension of a project by one 

period (t) to be profitable, the marginal profit from this period should be higher than 

the corresponding annuity. Again assuming NPV as a function of economic life 

reaches only one maximum, the criterion for optimality is as follows:  

Formally, the criterion is: 

tmt ANNP (5.22)

Comparing marginal profit with the annuity for the preceding period (t – 1) will also 

show whether this criterion is fulfilled. Only if the marginal profit at t is higher than 

this annuity can this marginal profit exceed the annuity of the period t, which is 

comprised of the marginal profit and the annuity for the preceding period. 

Key Concept:

The end of the optimum economic life of a project in an unlimited chain of 

identical projects occurs at the close of period t – 1, if the following period t is the 

first one whose marginal profit is lower than its annuity. 

Key Concept:  

The end of the optimum economic life of a project in an unlimited chain of 

identical projects occurs at the close of period t – 1 if the following period t is the 

first one whose marginal profit is lower than the annuity achieved up to the period 

t – 1. 
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Formally, the criterion is: 

1mt1tmt PANNP (5.23)

The following figure illustrates this optimum situation. The marginal profits exceed 

the annuities before its maximum; afterwards they show lower values. If there were a 

continuous calculus of infinitesimally small periods, the optimum economic life 

would occur at the intersection of the two continuous curves. 

Fig. 5-8: Marginal profit criterion and the optimum economic life

Example 5-6 

An illustrative example is now presented. The optimum economic life of projects in 

an unlimited identical chain may be determined, as shown above, by calculating 

annuities for different economic lives. The following table contains the net present 

values (NPVn) and the capital recovery factors described in Section 3.1 (CRFn) as a 

function of economic life: in each case their products are the annuities (ANNn). The 

calculations here can be stopped at n = 6 with respect to the chain effect.

n NPVn (€) CRFn (€) ANNn (€) 

1 9,090.91 1.1 10,000.00 

2 19,008.26 0.5761905 10,952.38 

3 43,050.34 0.4021148 17,311.18 

4 97,691.41 0.3154708 30,818.79 

5 149,227.88 0.2637975 39,365.94

6 168,984.47 0.2296074 38,800.08 

Tab. 5-7: Net present values, capital recovery factors and annuities for different 
economic lives 

The optimum economic life of all projects in this unlimited chain is five periods. 

The associated annuity is 39,365.94, and the maximum NPV of the unlimited chain 
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is 393,659.40 (= 39,365.94/0.1). As described in Section 3.3 (see Formula 3.12) 

the NPV of an unlimited chain of annuities is the annuity divided by the uniform 

discount rate, in this example 10%.  

The marginal profit analysis is also shown below for the sixth period: 

Pm6 < ANN5
35,000  < 39,365.94

Thus, an expansion of the investment’s economic life beyond the fifth period is not 

profitable.

Model assessment 

This assessment will refer only to the new assumption concerning subsequent 

projects. Since a company normally expects to continue operations over a long 

period of time, assuming an unlimited planning period may be realistic. 

Additionally, in most cases no usable information exists on the potential length of 

the planning period or the types of subsequent projects. Therefore, the simplification 

of assuming an unlimited chain of identical projects may be regarded as justifiable. 

Unlimited chains of non-identical subsequent projects are not presented here. The 

relevant models developed in the literature involve considerable simplification, e.g. 

including the assumption of a linear change in cash outflow while all other measures 

remain constant. It is doubtful whether such models are helpful for real investment 

decisions and preferable to those models presented here. Detailed and accurate 

analyses seem impossible where the planning period is unlimited, due to the data 

procurement problems described above. 

One useful model variant deals with a limited chain of non-identical subsequent 

projects. This is taken up later in association with replacement time determination.  

5.3.5 Optimum Replacement Time with an Unlimited Number of Identical 
Subsequent Projects 

Description of model and procedure 

In the previous sections, economic life decisions were discussed that are made 

before the inception of an investment project (ex-ante decisions). Now the focus will 

turn to replacement time decisions made after a project’s inception (ex-post 

decisions) to determine for how long its use should be extended (see also Section 

5.3.1). For the model variant considered first, it is assumed that the project is 

followed by an unlimited chain of identical projects, as in Section 5.3.4.

The replacement decision requires analyses of profitability in order to determine 

which investment project is the best replacement. From the profitability comparison, 

the investment project is selected that produces the maximum NPV for the unlimited 
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chain. This choice assumes that an appropriate NPV, based on an optimal economic 

life, has been determined for each project. In the profitability comparison an 

investment project identical to the existing one may, of course, also be analysed. If a 

replacement is profitable for this investment type, then the replacement time can be 

derived from its optimum economic life, provided no data changes have occurred 

since the original economic life decision was made. In the following discussion, 

however, it is assumed that the replacement is a chain of identical investment 

projects of a different type.  

During the replacement time decision process, the original forecasted data for 

current projects should be checked and, if necessary, adapted to changed 

expectations. For simplicity, the following examples assume that the data did not 

change.  

If the investment project intended as the replacement is known, the optimum 

replacement time may be determined using the following rule: 

As before, this optimum replacement time may be determined using either an NPV 

or marginal profit analysis. The total NPV of all possible replacement times is:  

*t

*tt
r*et

*tt
etC qNPVqLqNCFNPV  (5.24)

With:

NPVC   =  Total net present value at the replacement time 

t* = Optimum economic life of the existing investment project 

NCFet  =  Net cash flow of the existing investment project in the period t 

Let*+   =  Liquidation value at the replacement time 

NPVr   =  Net present value of the unlimited chain of new investment projects 

q–t   =  Discount factor for point in time t 

Using this calculation and comparing the values obtained, the optimum replacement 

time can be identified. The marginal profit analysis is based on a comparison of the 

marginal profit for the existing investment project (Pmet) with the maximum annuity 

of the replacement investment project (ANNrmax) which can be interpreted as its 

‘average profit’. The current investment project should be pursued as long as its 

marginal profit exceeds the annuity of the new investment projects, since it is 

contributing more to the total NPV. Accordingly the replacement criterion is: 

Key Concept:

The replacement time reaches its optimum when the combined NPV of the cash 

flows from the existing investment project plus the unlimited chain of new 

investment projects, achieves its maximum. 
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Formally, the criterion is:  

metrmax1met PANNP (5.25)

It is assumed that, once this criterion is fulfilled, the existing project will not achieve 

further average profits that exceed the maximum annuity of the new investment 

projects. The following figure illustrates this assumed condition. 

Fig. 5-9: Replacement criterion for an unlimited chain of identical projects  

Example 5-7 

Building on Example 5-6, it is now assumed that, as at 1st January 2007, an 

investment project of type A has been in operation four years and has a remaining 

technical life of three years. 

Now, in addition to replacement by an identical investment project of the same 

type (A), there is the option to replace the existing project with one of a different 

type (B) that will fulfil the same functions. For both investment projects, the 

assumption of an unlimited identical chain is made. The cash flows from investment 

project B, and its liquidation value at the end of each year of its technical life (tB),

are shown below (in ’000):

Key Concept:  

The optimum replacement time is the end of the period t – 1 if the following 

period t is the first one in which the marginal profit of the existing investment 

project is lower than the maximum annuity of the new investment projects. 

Pmet

o o o o oo ANNr

Pmet

Time1 2 4 5 60

x

x

x

x

x

x

Optimum 
economic life

ANNr



Selected Further Applications of Investment Appraisal Methods 147 

tB 0 1 2 3 4 5 6 7 

Initial investment 
outlay/Cash flows  

-700 200 190 190 180 150 120 90 

Liquidation values 700 600 510 420 330 250 180 120 

Tab. 5-8: Cash flows and liquidation values of the investment project of type B for 

different technical lives 

The questions are whether the existing investment project should be replaced with an 

identical investment project (type A), or with an investment project of type B, and 

when the replacement should be made. 

As a first step towards answering these questions, the optimum economic life for 

the type B project and the associated maximum annuity should be determined. In this 

example, the optimum economic life of all type B investment projects is four years. 

The associated maximum annuity is 40,989.01 and the maximum NPV is 

409,890.11.

In a second step, the relative profitability of the different investment types is 

assessed. Because of their higher maximum annuity, investment projects of type B 

are preferable. 

The third step is to determine the optimum replacement time. First, marginal 

profit analysis is used. For the fifth and following periods, the marginal profits for 

the existing investment project (A) are: Pme5 = 83,000, Pme6 = 35,000 and 

Pme7 = 8,000.

The replacement criterion is met in the sixth period, because marginal profit falls 

below the maximum annuity from the type B investment project (i.e. 40,989.01).

The existing investment project should be replaced after the fifth period (i.e. on 31st

December 2007 or 1st January 2008).  

The same result is obtained using total net present values (NPVC) for the 

potential replacement times: 

Immediate replacement:  

NPVC = 270,000 + 409,890.11 = 679,890.10

Replacement after one more period of utilisation:  

NPVC = ( 130,000 + 250,000 + 409,890.11) · 1.1–1 = 718,081.92

Replacement after two more periods of utilisation: 

NPVC = 130,000 · 1.1–1 + ( 90.000 + 220.000 + 409,890.11) · 1.1–2

     = 713,132.32
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Replacement after three more periods of utilisation:  

NPVC = 130,000 · 1.1–1 + 90,000 · 1.1–2 + ( 80,000 + 170,000

+ 409,890.11) · 1.1–3

= 688,347.19

The approach to determining the optimal replacement time can also be applied to a 

limited chain of identical replacement projects, or to a replacement project without a 

successor. In these cases, the appropriate NPVs of the projects used as replacements 

(NPV determination), or the interest on these NPVs (marginal profit analysis), 

should be considered. 

A model assessment is not necessary here, since it was presented in the previous 

section.

5.3.6 Optimum Replacement Time with a Limited Number of Non-Identical 
Subsequent Projects  

Description of model and procedure 

This section discusses the replacement of an existing investment project, over a 

limited planning period, by non-identical investment projects. It is assumed that now 

the potential replacement projects’ start times, their initial outlays, cash flows and 

liquidation values are known. Furthermore, it is assumed that production operations 

are to be maintained until the end of the planning period. 

Given these assumptions, the optimum replacement strategy can be found using 

the following rule: 

Key Concept:  

The replacement projects and times that generate the maximum total NPV – as the 

sum of the NPVs of both the existing project and the new investment project(s) – are 

optimal. 

The determination of this optimum replacement strategy can be difficult, especially 

when a long planning period, with a high number of possible replacement times, is 

being considered. However, modern analyses and computer technology simplifies 

the task; for instance, the solution can be found using a ‘branch and bound’ 

procedure, the dynamic optimisation, or a complete enumeration of the available 

options. The latter procedure is applied in a slightly modified form in the following 

example.  

Example 5-8 

Again, Example 5-6 is considered here. It is now assumed that the existing type A 

investment project manufactures a product that can be sold only for another six 
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years. Therefore, the planning period is limited to six years. The target is to 

maximise the NPV. Additionally, it is assumed that the type A investment project 

has been operating for four years. It is to be replaced with one or several type B 

investment projects, which are also suitable for the production of this product. The 

type B project has been shown to be the most profitable option, and this is also the 

expectation for the remaining six years. For the type B project it is assumed that the 

relevant data are as given at the previous example, regardless of the starting period. 

In determining the optimum replacement strategy, the choices now are as follows. 

In the first set of alternatives, an immediate replacement of the existing investment 

project is made. This option may be subdivided into various numbers of type B 

investment projects that are pursued over the remaining six years. These sub-groups 

also represent different alternatives, because it is possible to combine projects of 

different economic lives. For example, if two type B projects are used over the next 

six years, the possibilities are: one lasting 5 years followed by a second lasting 1 

year; one lasting 4 years followed by a second lasting 2 years; two lasting for 3 years 

each etc. However, the number of alternatives that need to be explicitly considered 

can be reduced by comparing opposite sequences of differing-length projects in a 

chain of two or more investment projects (e.g. 5 years and 1 year against 1 year and 

5 years). Because of discounting effects, it is usually preferable to start with those 

projects having higher net present values (usually the ones with longer economic 

lives). 

In the second, third and fourth sets of alternatives the replacement of the current 

investment project occurs after one, two and three years. These groups also consist 

of a ‘row’ of different sub-alternatives, as described above for the first group. 

The optimum replacement strategy can be determined using a limited enumeration in 

the form of calculating NPVs for all alternatives that are not excluded from the 

analysis as being unprofitable. 

The NPV of a type B investment project (NPVnB) as a function of its economic 

life (nB) – both are needed for the calculation – is specified below: 

nB 1 2 3 4 5 6 

NPVnB 27,272.73 60,330.58 97,145.00 129,929.65 152,903.74 167,015.59

Tab. 5-9: Net present values of a type B investment project for different economic 

lives 

The first set of investment alternatives is analysed first. For all alternatives in this 

group, the NPV contribution for the existing investment project is identical. 

However, there are differences in the NPVs of the subsequent projects (NPVSP). The 

NPVs of the potentially profitable alternatives are: 
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Use of one type B project for 6 years:  NPVSP = 167,015.59

Use of two type B projects: 

• For 5 years first and then 1 year:  NPVSP = 152,903.74

   + 27,272.73 ·1.1–5

     = 169,837.96

• For 4 years and then 2 years:  NPVSP = 171,136.25

• For 3 years and then again for 3 years:  NPVSP = 170,131.48

Use of three type B projects: 

• For 3 years, then 2 years and finally 1 year:  NPVSP = 159,406.48

• For 4 years and then twice for 1 year:  NPVSP = 165,491.51

The total net present value NPVC of the best alternative in this first group – the 

immediate replacement of the existing type A project with two sequential type B 

projects of four and two years’ duration – consists of the NPV of the subsequent 

projects (NPVSP) plus the liquidation value of the existing investment project: 

NPVC = 171,136.25 + 270,000 = 441,136.25

For the second group, i.e. assuming that the current type A project is retained for one 

further year), the alternative subsequent project strategies have the following NPVs: 

Use of one type B investment project for 5 years: NPVSP = 152,903.74

Use of two type B investment projects: 

• For 4 years and then 1 year:  NPVSP  = 148,557.29

• For 3 years and then 2 years:  NPVSP  = 142,472.26

The optimum alternative from the second group has a total net present value NPVC

(resulting from the maximum NPV of the subsequent projects, and the cash flow and 

liquidation values for the existing investment project) of: 

NPVC = ( 152,903.74 + 130,000 + 250,000) · 1.1–1 = 484,457.94

For the third group, the only apparent alternative is to pursue a type B investment 

project for four years. The total NPV for this alternative is: 

NPVC = 130.000 · 1.1–1 + ( 129,929.65 + 90,000 + 220,000) · 1.1–2

= 481,760.04

For the fourth group, the most profitable option again is the use of one type B 

project. The total NPV for this alternative is: 

NPVC = 130,000 · 1.1–1 + 90,000 · 1.1–2

+ ( 97,145 + 80,000 + 170,000) · 1.1–3

 = 453,377.16
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Comparing the total NPV of the best alternative in each group, the maximum total 

NPV can be identified. The best option is to continue the existing investment project 

for one more year and then replace it with one type B project lasting five years. The 

total NPV of this alternative is 484,457.94.

Model assessment 

The model presented here is relatively complex in terms of both calculations and the 

collection of data. It might be impossible to identify the fixed planning period, or to 

estimate the potential (non-identical) replacement projects’ initial outlays, cash 

flows and liquidation values with sufficient precision. If all of this were possible, 

however, this model would be superior to those discussed previously in supporting 

decision-making, because it provides for more realistic scenarios.  

The NPV model can also support other kinds of investment decision, such as the 

acquisition of used assets or the pursuit of multiple projects of different durations, 

although these might require slight modifications of the model. Similar calculations 

can be used to support replacement decisions that are underpinned by different basic 

models and assumptions (e.g. with static characteristics, a different target measure 

such as internal rate of return, or an imperfect capital market). However, the 

procedure described for the NPV method must then be adapted to the basic model 

being regarded. 

5.4 Models to Determine Optimum Investment Timing  

Characterisation of the problem 

This section will illustrate models for determining optimum investment timing. A 

particular aspect of this was discussed in the previous section – replacement time. 

However, investment projects that are not part of replacement decisions may share 

similar decision issues, as they may have a range of possible start times that 

substantially influence a company’s success. 

Examples of such decision problems are: the acquisition of companies (units); 

financial investments; and investments in novel products or wider marketing of 

current products (e.g. R&D, extending production capacity). For instance, the 

decision as to whether to enter a market as a pioneer or a follower may be seen as 

such a specific investment decision. The remainder of this chapter describes models 

developed for single investments and assuming certainty. The key factors in such 

decisions are assumed to be economic consequences that can be measured, for 

instance, as cash flows. They depend on a number of influences, of which the more 

important are listed in the following: 
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• Interdependencies between different investment projects available at the same 

time (time-horizontal interdependencies) or at different times (time-vertical 

interdependencies). 

• Pioneering advantages resulting from early investment (e.g. securing market 

position and distribution channels, improved access to key resources, early use 

of learning and experience curve effects, establishment of product standards or 

external barriers such as patents). 

• Pioneering disadvantages in the form of additional costs or cash outflows 

(e.g. for gaining access to resources, establishing the infrastructure, gaining 

necessary consents and complying with legal regulations). 

• Technological progress achieved over time, which might influence investment 

project outcomes.

• The specificity of investment projects – i.e. the degree to which an investment 

is tied to a specific use and, therefore, prospects for alternate usage, 

adaptability, or value loss if the wrong project is pursued. 

• The uncertainty of available information and its resulting risks, and the 

anticipation of improved future information, which may be reasons to delay 

the investment. 

Time-vertical interdependencies might take the form of effects on future investments 

caused by current investments. A current investment may render a future one 

unprofitable: for instance if both projects have identical purposes, or if the funds are 

insufficient for a second project after the first has been started. Similarly, future 

investment opportunities can influence the profitability of current investments. Such 

time-vertical interdependencies require models designed to identify the best start 

time for an investment project. 

In order to be most useful, models to determine optimum investment timing 

should consider the following factors: pioneering advantages and disadvantages; 

technological progress; and specificity of investment projects. Where project (asset) 

specificity is high, a disinvestment opportunity might be included (model variation 

2).

The models described here are based on the assumptions of certainty and 

completeness of the necessary data. Therefore, uncertainty and anticipated 

information improvement cannot be included in the analysis, and must be 

accommodated using decision tree models, options pricing models, or flexible 

planning models presented later in Chapters 8 and 9. 

Description of model and procedure 

The following model uses the NPV approach, including its underlying assumptions 

and the NPV target measure. As described in Chapter 3, an investment project is 

considered absolutely profitable if its NPV is greater than zero. One assumption 

made is that no time-vertical interdependencies exist – reflecting the underlying 
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assumption that all future investments, including any reinvestments of cash 

surpluses, will yield at the uniform market discount rate. This assumption is 

necessary to determine correct results for absolute and relative profitability, but it 

eliminates investment time decisions from the analysis. 

Complications arise if the assumption is invalid because an investment project 

may be started at different times to yield positive or negative NPV results. In this 

case, the crucial issue is whether or not the cash flow profile would be affected by 

the investment start date. If cash flows are unaffected and will lead to a positive 

NPV, the investment should be made as soon as possible. A similar logic applies for 

a mandatory investment (i.e. required by law) that has a negative NPV – it should be 

postponed as long as it is allowed by the legal restrictions. 

If cash flows are affected by the investment date, these rules do not apply. If 

delayed investment reduces the NPV of a profitable project, the investment should 

be made as early as possible. If delay increases the NPV, an expanded NPV 

calculation is necessary. Current investment projects then should be assessed using 

the various models described below. 

Model variation 1: 

Optimum investment date for investment opportunities at t = 0 and t = 1, with no 

disinvestment opportunity at t = 1 

A two-tier model is described here, as the investment project may be started at either 

t = 0 or t = 1. This simplified situation is used to establish the basic decision rules. 

Thus, two investment projects are available: the current one at t = 0 (characterised 

by the index 0), and the future one at t = 1 (index 1). Initial investment outlays, cash 

flows, economic lives and liquidation values are known. Because of technological 

progress or changes in the market, the cash flow profile and the economic life of the 

future investment are not identical to those of the current one. The usual assumption 

of the NPV model applies, i.e. all future investments after t = 1 (including 

subsequent projects) are irrelevant, since they yield the uniform discount rate. When 

analysed independently, both investment projects are relatively (compared with 

alternative projects available at the same point in time) and absolutely profitable. 

In this model variation, we assume that after investing at t = 0, disinvestment at 

t = 1 is not possible. This might be due to high specificity of the project, resulting in 

a low liquidation value or a high termination cost. The investment at t = 0 should be 

compared with the investment at t = 1. The first alternative is relatively profitable if 

its NPV exceeds the NPV of the investment project at t = 1 discounted to t = 0: 
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      NPV of immediate investment         Discounted NPV of future investment 
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With: 

I = Initial investment outlay for the investment project to be started at the 

time  (  = 0,1)

t =  Time index 

T = Economic life of the investment project to be started at the time 

NCF t = Net cash flow at t of the investment project started at the time  (t refers 

to the beginning of the planning period, not of the economic life of the 

project. For example, NCF12 indicates the cash flow at t = 2 from an 

investment project started at  = 1) 

q–t =  Discount factor at t 

L = Liquidation value of the investment project to be started at the time at 

the end of the project’s economic life 

According to this criterion, for the case under consideration a current investment (at 

t = 0) becomes relatively more profitable: 

• The smaller the difference between the initial investment outlay and the 

discounted liquidation value of the present project: 

 )qLI( 0T
00         

• Then the higher the NPV of the difference between the initial investment 

outlay and the discounted liquidation value of the future investment: 

)qLI(q 1T
11

1         

And also: 

• The smaller the difference between the sums of discounted cash flows of the 

future (t = 1) and present (t = 0) investments:
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The difference between the NPVs of future and present investment projects is of 

particular relevance. Such differences may, for example, result from future 

technological progress, or possible pioneering advantages/disadvantages. Future 

technological progress can lead to a positive NPV difference and, therefore, reduces 

the relative profitability of an investment project starting at t = 0. Opportunities for 

gaining pioneering advantages may generate less positive (or even negative) 

differences and therefore favour an immediate investment. 

The influence of the discount rate can be examined by transforming the above 

criterion as follows: 
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(5.27)

The formula indicates that an immediate investment at t = 0 becomes more attractive 

as the discount factor q (resulting from the uniform interest rate) is lowered. This is 

because the factor by which the discount rate must be multiplied is usually positive, 

as it does not include the initial investment outlay of the current investment project 

(the only cash flow not discounted). However, with increasing interest (discount) 

rates, the NPVs of both current and future investment projects diminish. This 

implies that the influence of interest rates on serial investment decisions is not as 

great as might be suggested by the graph of NPV as a function of the uniform 

discount rate (Figure 3-3 in Section 3.4) for single and independent investment 

projects.

An important result of the analysis above is, that in decisions situations including 

future investment projects, the standard criterion for absolute profitability (NPV > 0) 

is no longer sufficient. The net present value (NPV0) must now be not only positive, 

but also greater than the discounted future net present value (NPV1):

1
10 qNPVNPV               (5.28) 

If this condition is not met, an investment project should not be undertaken, even if 

it has a positive NPV. Using the positive NPV criterion to assess single investment 

projects can, therefore, lead to suboptimal decisions if future investment 

opportunities arise or current projects may be postponed. Different investment times 

must then be explicitly included in the investment appraisal. 

The following variation of the model assumes a disinvestment opportunity due to 

low specificity of the current investment (thus allowing its alternate use). 

Model variation 2: 

Optimum investment date with investment opportunities at t = 0 and t = 1 and with a 

disinvestment opportunity at t = 1 

In the previous example, it was assumed that an investment following one started at 

t = 0 was impossible, as there was no opportunity to divest the first (t = 0) 

investment. Now, this is changed such that the initial investment project may be sold 

with a liquidation value (L01) if another investment project is started at t = 1. 

Simultaneous use of the two projects is not possible. Both projects are profitable 

when regarded in isolation. Therefore the options are: 

At t = 0:  Invest in project 0 or do not invest.  

At t = 1:  If investment project 0 was not taken up, invest in project 1. 

At t = 1:  If Investment project 0 was started at t = 0 
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(i) Invest in project 1 and divest project 0. 

(ii) Continue project 0 and refrain project 1.

The opportunity to replace project 0 by project 1 must now be considered. This 

replacement should be pursued if the sum of the NPV of project 1 and the 

liquidation value of project 0 (at t = 1) exceeds the value of the remaining cash flows 

plus the liquidation value of project 0 discounted to the same point in time:
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NPV of the cash flows NPV of the cash flows without   
 including disinvestment disinvestment, discounted to t = 1 

If replacement is favoured, the cash flow profile of the current investment project 

must be supplemented by cash flows from the future project. The NPV of an 

investment at t = 0 considering the possibilities of disinvestment and a new project 

at t = 1 is: 
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In order for an investment at t = 0 to be relatively profitable, its NPV must exceed 

the NPV (as discounted to t = 0) of the ‘don’t invest at t = 0, then invest at t = 1’ 

alternative. This can be expressed as: 
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NPV of an immediate investment, Discounted NPV of the 
with a disinvestment opportunity at t = 1 future investment project  

If no replacement investment is made at t = 1, this criterion is identical to the one 

described for model variation 1 (5.27); on the left side of the equation, only the NPV 

of investment project 0 appears. 

In model variation 2, the basic NPV criterion (NPV > 0) is again no longer 

sufficient. The NPV of an immediate investment is now higher if a disinvestment 

and simultaneous new investment is profitable. This tends to make a current invest-

ment (t = 0) appear more profitable and gives rise to a new criterion:   
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And:    
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NPV of Discounted Discounted value of cash inflows 
immediate NPV of future from divesting the initial investment 
investment  investment 

The NPV of the present (t = 0) investment project must now exceed the discounted 

NPV of the future investment project, less any additional cash flow surpluses if they 

are positive and a disinvestment and simultaneous new investment follows. The 

possible additional cash flow surpluses are the key advantage of the combined 

disinvestment/new investment opportunity, resulting from enhanced flexibility. 

The replacement decision and resultant future cash flow surpluses largely depend 

on the specificity of the investment project. This can be measured by identifying the 

value loss from divesting rather than continuing the project – i.e. the difference 

between the NPV of the cash flows from continued use (discounted to t = 1) and the 

liquidation value at divestment (at t = 1). With decreasing specificity and, therefore, 

decreasing value loss, a replacement becomes more desirable. And, as additional 

cash flow surpluses increase, the relative profitability of an immediate investment 

increases. Low specificity, therefore, supports an investment project at t = 0. In the 

case of a completely non-specific investment project, the liquidation value at t = 1 

may be identical to the discounted sum of all future cash flows plus the liquidation 

value. Then, there is no distinction between further use and liquidation of the current 

investment. Therefore this investment does not affect the future investment and an 

investment at t = 1 is always profitable if it has a positive NPV. For the current 

investment, the general criterion of absolute profitability (NPV > 0) becomes valid 

again. 

Example 5-9 

Example 3-1 from Section 3.2 is re-examined here. Two investment projects A and 

B are under consideration, and A is both absolutely and relatively profitable.  

As a modification of this example, it is now assumed that instead of considering 

only projects A or B, another project C is available which can be started only at 

t = 1. The cash flows from C deviate from those of A and, thus, an investment 

appraisal is necessary. As the basis for this, the net cash flows of the two projects (A 

and C) are shown in the following table, with the uniform discount rate remaining at 

8%:
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tA or tC 0 1 2 3 4 5

NCFtA (€) –100,000 28,000 30,000 35,000 32,000 35,000

NCFtC (€) –120,000 40,000 42,000 42,000 40,000 40,000

Tab. 5-10: Net cash flows for the investment projects A and C 

In the first variation of this example, replacement at t = 1 is rejected, due to the high 

specificity of investment project A, which generates only a small liquidation value of 

5,000 at t = 0 (included in NCF5A). To determine the optimum investment time, the 

NPV of project A must be compared with the discounted NPV of project C: 

26,771.59   <   1.08–1 43,010.74

Since the discounted NPV of project C ( 39,824.76) exceeds the NPV of project A, 

project A should not be pursued at t = 0, but project C should be started at t = 1. That 

is, the (until now) absolutely profitable project A should not be undertaken.

In the second variation of the example, we assume that a promising disinvestment 

opportunity at t = 1 has arisen for project A, as other companies have become 

interested in it. At t = 1 a liquidation value of 85,000 can be obtained, reflecting the 

low specificity of the project (the difference between the cash flows from continued 

use and the liquidation value from divestment related to t = 1 is now only 

108,913.31 - 85,000 = 23,913.31).

To determine the optimum investment time, the outcome of project initiation at 

t = 1 must first be assessed. This requires adding the NPV from C to the liquidation 

value of A (at t = 1) and comparing the total with the value of the remaining net cash 

flows from A (also related to t = 1): 

43,010.74 + 85,000   > 108,913.31

As the replacement is profitable, the cash flow profile of project A is modified 

before examining whether its NPV exceeds the realisable value of investment 

project C (at t = 1) discounted to t = 0: 

– 100,000 + ( 28,000 + 43,010.74 + 85,000)  1.08–1 > 1.08–1  43,010.74 

44,454.39 > 39,824.76 

The replacement investment is now profitable, since project A’s low specificity and 

resultant high liquidation value at t = 1 increases the overall NPV. The optimum 

investment strategy, therefore, is to start with project A at t = 0 and (provided data 

remain unchanged at t = 1) replace it with project C at t = 1. 
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Model assessment and modifications 

The models discussed here present little additional problems of data collection and 

calculation over the basic NPV model, so the assessment already presented holds for 

these models. The additional assumptions can, however, affect the meaningfulness 

of the results. This might require some modifications to the models shown above 

which are discussed in the following. 

Regarding time-vertical interdependencies, it was assumed either that no 

substitution projects were available, or that only projects starting at t = 0 or t = 1 

were acceptable. 

The inclusion of existing investment projects generates specific replacement 

problems that can be solved by integrating their cash flows into the model. For 

example, in a corresponding extension of Example 5-9 the liquidation values of an 

existing project at the possible replacement times t = 0 and t = 1, plus its cash flow 

surpluses in the first period, would also have to be included. Model variation 2 then 

largely corresponds to the replacement time model discussed in Section 5.3.6 

(optimum replacement time with a limited number of non-identical subsequent 

projects).

When considering future investment projects, the number of investment timing 

options to be considered will depend on the planning system. In the case of periodic 

planning it may be sufficient to consider two possible investment times, i.e. an 

immediate investment at t = 0 and a delayed investment at t = 1. More investment 

times must be included if a project commencing at t = 2 or later could be more 

profitable than an investment at t = 0 or t = 1. This situation might arise as a result of 

technological progress beyond t = 1. Such a (multi-tier) problem can be solved using 

dynamic programming techniques. Additional insights may be gained via multi-tier 

model analyses, for example they may show that faster technological progress has a 

greater impact on the current investment. 

For the investment alternatives analysed here, it is important to note the 

assumptions that they are absolutely and relatively profitable and cannot be used 

simultaneously. Absolute profitability can be assured in advance for a pre-

determined optimum economic life by calculating the resulting NPV (which has to 

be positive). The relative profitability of suitable replacement projects cannot always 

be determined based on their isolated NPVs alone. Where several investment 

alternatives are available, a simultaneous optimisation of investment projects and 

times is needed. 

Since the models described are specific NPV models, most of the assumptions of 

the general NPV model apply. For instance, certainty (i.e. accuracy and 

predictability) of the data is a major assumption, so uncertainty and anticipated 

information improvement are not considered in the analyses. They can be 

incorporated using decision tree models, options pricing models, or flexible planning 

models (described later in this book). 
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Further on, time-horizontal interdependencies can be only partially 

accommodated using NPV-based models. Mutual dependencies call for 

programming models, some of which are multi-tier. These are analysed in Chapter 7. 

Some other assumptions can be addressed by making specific model 

modifications or by using different basic models. For example, another investment 

appraisal method can be used that accommodates imperfect capital markets, such as 

the VoFI method. An alternative modelling approach is to use a multi-criterion 

decision model, as discussed in the next chapter. 
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Assessment Material Chapter 5 

Exercise 5-1 (Taxes in the Investment Appraisal) 

The following investment decision problem should be solved considering tax issues. 

a) Calculate the net present values of investment projects I and II, the data relating 

to Exercise 4-2 and a tax rate of 40%. Assume that depreciation is linear. 

b) Assess the absolute profitability of project II using the visualisation of financial 

implications (VoFI) method and assuming a tax rate of 40%.  

Exercise 5-2  (Economic Life) 

A company in the metal processing industry is planning to acquire a new machine to 

produce special parts. Calculate its optimum economic life using the net present 

value method. 

The following data have been forecasted for the machine: 

Initial investment outlay: 500,000

Technical economic life: 8 years 

Point in time Net cash flows Liquidation values

1  140,000  400,000

2  120,000  350,000

3  110,000  300,000

4  100,000  250,000

5  90,000  200,000

6  80,000  150,000

7  75,000  95,000

8  70,000  30,000

Tab. 5-11: Cash flows and liquidation values for the new machine 

The uniform discount rate is 10%. 

a) Calculate the machine’s net present value assuming that the machine will be in 

operation until the end of its technically useful life. 

b) Calculate the machine’s optimum economic life and the related net present 

value assuming that the machine: 

 b1) Will not be replaced. 

 b2) Will be replaced with an identical project at the end of its economic life. 
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b3) Will be replaced twice with an identical project at the end of the economic 

life (i.e. an investment chain consisting of three machines in total). 

b4) Will be replaced an infinite number of times with identical projects. 

c) What is the reason for – possibly – differing terms of optimum economic life? 

Exercise 5-3 (Economic Life) 

The initial investment outlay for a machine is 54,000. In addition, the following 

data is available:

The sales price of products manufactured with this machine is 9 per unit. The cash 

outflows for each unit depend on the accumulated production volume, as follows:  

Accumulated production 
volume (€)

Cash outflows per 
unit (€)

      of      to 

1 - 6,000 4.00 

6,001 - 9,000 4.50 

9,001 - 12,000 5.00 

12,001 - 13,000 5.70 

13,001 - 14,000 5.80 

14,001 - 15,000 5.90 

15,001 - 17,000 6.00 

17,001 - 19,500 6.50 

19,501 - 23,000 7.00 

23,001 - 24,000 7.40 

24,001 - 27,000 8.00 

Tab. 5-12: Cash outflows per unit according to the accumulated production volume 

The maximum volume that can be produced is 27,000 units; there should be no 

further cash outflows. 

The unit’s liquidation value at the end of each year depends on its age as well as on 

the production volume. It falls by 1 per unit produced plus another 7,000 in the 

first year, 5,000 in the second, 3,000 in the third and 2,000 in each year 

thereafter.

The annual production volume amounts to 3,000 units; the uniform discount rate is 

10%.

a) Calculate the machine’s net present value assuming it will be used until the end 

of its economic life. 

b) Calculate the machine’s optimum economic life and related net present value if: 

b1) The machine will not be replaced. 
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b2) The machine will be replaced once with an identical project. 

b3) The machine will be replaced an infinite number of times with identical 

projects.

Exercise 5-4 (Economic Life and Replacement Time) 

A company wants to determine the optimum economic life and replacement policy 

for its machines. 

a) Machine A has the following cash flows and liquidation values in dependence 

on its economic life tA (in ’000):

tA 0 1 2 3 4 5 6 7

Cash flows –500 160 140 130 120 120 100 70

Liquidation value – 400 330 270 220 170 120 70

Tab. 5-13: Cash flows and liquidation values of machine A for different economic 

lives

The uniform discount rate is 10%.

a) Determine the machines’ optimum economic life and the related net present 

value when: 

a1) There is no replacement. 

a2) There is one identical replacement. 

a3) The machines are replaced twice by identical machines. 

a4) The machines are replaced an infinite number of times by identical 

machines.  

b) Now assume there is a machine of type A in operation that is (as at 1 January 

2007) two years old. Assume further that there will be an unlimited stream of 

identical replacements, as in a4) above. 

 In addition to replacements with identical machines of type A, it is now possible 

to replace the machines with others of type B. It is expected that there will be an 

infinite stream of identical replacements for these machines. The net present 

values of machines of type B (tB) as a function of economic life, have already 

been calculated as follows (in ’000):

tB 0 1 2 3 4 5 6 7

Net present value – 30 20 60 90 120 140 135

Tab. 5-14: Net present values of machines of type B for different economic lives 
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Should a machine of type A be replaced with an identical one or with a machine 

of type B?  

If there is to be a replacement with a machine of type B, when should this 

occur?

c) Now assume, again, the situation described in a4) (unlimited stream of identical 

replacements) and that a two-year old used machine as in b) is available. 

Machines of type B are not available. 

Investigate whether it would be advantageous to buy used machines of type A. 

This is possible for machines of type A of any age, at the liquidation value given 

in a) plus 10,000. Assume that in the following years the economic life, 

differential cash inflows and liquidation values are as given in a). A further 

assumption is that equivalent machines are also available in the future (infinite 

stream). 

Only one- and two-year old machines are being considered for purchase. Using 

appropriate calculations, judge whether new, one-year-old or two-year-old 

machines should be put into operation in the future. In case that there is a 

change in the optimum economic life calculated compared with that found in 

a4), how high is the net present value now, and what is the optimum time to 

replace this machine? 

Exercise 5-5 (Determining Economic Life) 

A mining operation is investing, sequentially, in two investment projects: A (for the 

removal and recycling of waste) and B (for the extraction of hard coal). The cash 

flows contained in the following tables may be allocated to these investment 

projects. The uniform discount rate is 10%. 

Investment project A 

t 0 1 2 3 4 

Cash outflows (€’000) 7,000     

Cash inflows (€’000)  3,500 3,500 1,500 1,000 

Liquidation value in t (€’000)  4,500 2,300 1,900 1,200 

Investment project B 

t 0 1 2 3 

Cash outflows (€’000) 4,500    

Cash inflows (€’000)  3,500 1,800 1,300 

Liquidation value in t (€’000)  3,500 2,500 1,400 

Tab. 5-15: Cash flows and liquidation values of the investment projects A and B 
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a) Determine the optimum economic lives and the total net present value of the 

investment projects A and B if the investment is made firstly on a type A 

investment project and then on a type B.

b) Determine the optimum economic lives of the investment projects if, starting 

with investment project A and alternating between A and B, repeated 

investments are made over an infinite period. 

Exercise 5-6 (Determining Economic Life with the Net Present 
Value, Internal Rate of Return and Compound Value 
Method)

A company wants to determine the optimum economic life for a machine.

The machine A being reviewed has the following net cash flows and liquidation 

values as a function of economic life tA (in ’000):

tA 0 1 2 3 4 5 6

Cash flows –580 180 150 150 140 140 85

Liquidation value 490 410 310 250 210 150

Tab. 5-16: Cash flows and liquidation values of the machine for different economic 

lives

a) To determine economic life using the net present value method: 

a1) Assume the investment project under review will not be replaced. What is 

the optimum economic life that maximises the net present value (uniform 

discount rate is 10%)? What is the maximum net present value?  

a2) Imagine that the investment project under review will be replaced by an 

identical one. What are the economic lives for the initial and subsequent 

investments that maximise the net present value (the rate of interest again is 

10%)? What is the maximum net present value? 

a3) Using the sample data, explain the so-called ‘chain effect’. 

b) To determine economic life using the internal rate of return method: 

b1) Assume the investment project under review will not be replaced. What is 

the optimum economic life that maximises the internal rate of return? 

b2) Imagine that the investment project under review will be replaced with an 

identical one. What are the optimum economic lives for the initial and 

subsequent investment projects? 

c) To determine economic life using the compound value method: 

Assume that the investment project under review will not be replaced. What is 

the optimum economic life that maximises the compound value (mandatory 
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accounts balancing; debt rate of interest 12%; credit rate of interest 8%)? What 

is the maximum compound value?  

Exercise 5-7 (Profitability Assessment and Investment Timing 
Decisions) 

a) There is a choice between two investment projects, A and B, having the 

following data at time t = 0: 

Project       A       B

Initial investment outlay (€) 240,000 190,000

Liquidation value at the end of its 
useful life (€) 

20,000 10,000

Useful life (years) 4 4

Net cash flows (€)

t = 1 75,000 50,000

t = 2 75,000 55,000

t = 3 70,000 60,000

t = 4 70,000 65,000

Tab. 5-17: Data for the two investment projects A and B 

Assume a uniform discount rate of 10%. Assess the absolute and relative 

profitability of the projects using the net present value method.

b) There is now an opportunity to invest in project B at time t = 1. A 15,000

reduction of the initial outlay compared to the realisation at t = 0 is expected. 

All other data given in part a) of this exercise remain unchanged.  

b1) What is the optimum investment policy now? (Support the finding with 

appropriate calculations.) 

b2) Which assumption in the basic net present value method is no longer valid? 

b3) How can this expanded decision problem b) be solved using the VoFI 

method (brief description)?
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Multi-Criteria Methods and 
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Chapter 6: Multi-Criteria Methods 

6.1 Introduction 

For many investment decisions, the decision-maker wishes to pursue several targets, 

rather than a single target as the earlier chapters have assumed. Such a decision-

making problem is typical in strategic investment decision-making as, for example, 

when installing a new plant in a new location, using new technology and/or 

manufacturing a new product. 

The following chapter describes and discusses models and procedures developed 

to satisfy several target measures simultaneously, i.e. for multi-criteria decision-

making. Multi-criteria decision-making (MCDM) may be divided into two groups. 

Decisions about alternative investment projects require multi-attribute decision-

making (MADM); and decisions about alternative programmes require multi-

objective decision-making (MODM). The first of these is explored in this chapter.  

Multi-criteria decision-making affects all phases of the planning process. Initially, 

an extensive analysis is required to ascertain targets, their significance and likely 

conflicts. Where several targets exist, as assumed here, the decision-maker’s 

preferences play a decisive role and must be investigated in detail. The MADM 

procedures discussed in this chapter support these processes of goal setting and 

decision-planning.  

For a clear understanding of MADM procedures, some basic knowledge of utility 

theory is required.  

First, an appropriate scale is necessary to measure targets quantitatively, in order 

to assess options as, in this case, alternative investment projects. The various types 

of available scales differ in the degree of measurability they imply. 

A nominal scale is used to assign outcomes of a target criterion to different 

classes without ambiguity. No measurable relationship exists between the nominal 

classes and, therefore, no arithmetic operations are possible. Bank account numbers 

would be an example of the use of a nominal scale. 

An ordinal scale allows statements about relationships, like ’smaller than’ or 

’bigger than’. Although differences between points on this scale cannot be measured, 

comparisons can be made. One example of an ordinal scale is the sequential list of 

place-getters in a competition.  

The measurement of differences between points on the scale, and mathematical 

operations like addition, subtraction and averaging, may all be performed using an 

interval scale. A baseline may be fixed arbitrarily but, since a natural neutral point 

does not exist for an interval scale, the calculation of quotients is not meaningful. 

Examples of the use of interval scales include times and dates. 
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A relational scale differs from an interval scale in that a natural baseline exists 

and quotients can be calculated. Examples of values measured with a relational scale 

are lengths and weights. 

For an absolute scale the scale unit is defined and consists of real numbers only, 

the values measured being dimensionless. Examples are absolute frequencies or 

probabilities. This scale type shows the highest level of measurability. 

Interval, relational and absolute scales are all referred to as cardinal scales.

Having described the various scales that can be used to measure targets, it is now 

relevant to consider, first, the preference relationships and, second, the orders of 

preference that might apply to the alternatives being assessed.  

From the relevant elements (alternatives) of a set A in a decision problem, a set of 

all possible ordered pairs (a, b) may be derived. This set is expressed as: 

A x A = {(a, b)  a  A, b  A} (6.1) 

Preference (or priority) relationships R are determined for pairs of alternatives 

belonging to A. One single preference relationship R is a partial set of A x A, so the 

relationship is not necessarily valid for all pairs of alternatives. If R links a given 

pair (a, b), e.g. (a, b) is an element of R, this is symbolised as ’aRb’. Characteristic 

features of relationships between pairs might be:  

• Completeness: For all pairs (a, b) from the elements of a set A at least one of 

the relationships aRb or bRa exists and, therefore, all elements can be 

compared with one another. 

• Transitiveness: The relationships aRb and bRc, for all elements a, b, c  A, 

determine the relationship aRc. This, for example, is the case for the greater 

than relation (a > b and b > c, therefore: a > c). 

• Reflexivity: For all a  A, the relationship aRa is valid. The greater than or 

equality relation is reflexive, e.g. a  a.

• Irreflexivity: In a set A, for all a  A the relationship aRa is not valid. For 

example, the greater than relation (e.g. a > a) is not valid.

• Symmetry: In a set A, from the relationship aRb it follows that bRa. For 

example, the equality relationship is symmetrical (i.e. from a = b, b = a may be 

derived).

• Asymmetry: From aRb it follows that bRa is not valid. This is the case in a 

greater than relation, because if a > b, then b > a cannot be correct.

• Anti-symmetry: In a set A, for all a, b  A, the relationships aRb and bRa 

imply that a = b. For example, in a greater than or equality relationship, if a 

b and b  a it follows that a = b.

To further characterise relationships in general, and especially the preference (or 

priority) relationships relevant here, the relationships mentioned above may be 

combined to obtain so-called preference orders. One kind of preference order is the 
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indifference order, for which the characteristic features of transitiveness, reflexivity 

and symmetry are valid. According to this order, two alternatives are essentially 

equivalent, as symbolised by  (a  b indicates that a and b are regarded as 

equivalent). A strict preference order is characterised by completeness, 

transitiveness and asymmetry. This order is symbolised by f (a f b indicates a 

preference for a over b). For a weak preference order, completeness, transitiveness, 

reflexivity and anti-symmetry are characteristic. Here, the symbol a ~> b indicates that 

a is either better than or equivalent to b.  

A weak preference order may be represented by a quantitative utility function 

(also called a preference or value function). The utility function transforms the 

preferential relationships ’f’ and ’ ’ into the numerical relationships ’>’ and ’=’ 

concerning the utility (U) of alternatives. For all alternatives a, b  A it is valid that: 

a f b  U(a) > U(b) (6.2) 

a  b  U(a) = U(b)  (6.3) 

To conclude this introductory section, an overview of the methods applicable for 

MADM is given. These may be classified in various ways. For example, a 

distinction might be made between methods that assume a weak preference order (so 

that all alternatives can be ordered transitively and entirely and, thus, the optimum 

decision/action can be defined unambiguously), and the so-called decision 

technology-based procedures, like the fuzzy set approaches, which are not based on 

this assumption. Another classification suggested by HWANG and YOON (1981) is 

based on the types of information that are used. This is summarised in Figure 6-1. 

A discussion of all the methods shown in Figure 6-1 would exceed the scope of 

this book. However, the most important multi-criteria decision-making methods are 

described and discussed using examples related to a location decision - a typical 

strategic investment decision with multiple target criteria.  
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Fig. 6-1: MADM methods according to the type of information
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6.2 Utility Value Analysis 

Description of the method 

This method seeks to analyse a number of complex alternatives, with the aim of 

ordering them according to the preferences of the decision-maker in a multi-

dimensional target system. The ordering is carried out by calculating so-called utility 

values for the alternatives. 

In utility value analysis, multiple target criteria are weighted according to their 

importance to the decision-maker. The ability of the different alternatives (here, the 

investment projects) to fulfil each target is measured and a corresponding partial 

utility value is given. The weighted partial utility values are summed to obtain a total 

value for every alternative – the utility value. For any one alternative, the 

aggregation of (weighted) partial utility values allows unfavourable results on one 

target measure to be compensated by better results on others. If certain criteria have 

minimum requirements, those must be fulfilled before carrying out a utility value 

analysis.  

The utility value analysis consists of the following steps: 

1. Determination of target criteria. 

2. Weighting of each target criterion. 

3. Calculation of partial utility values. 

4. Calculation of (total) utility values. 

5. Assessment of profitability. 

In the first step of the utility value analysis, the determination of target criteria, a 

measurement scale (which may be nominal, ordinal or cardinal) is required for every 

criterion. The consideration of project attributes should not be duplicated by 

applying more than one criterion per attribute, and the extent to which an investment 

project fulfils one target criterion should be measured independently of the 

assessments made for other criteria. Monetary criteria are not normally included in a 

utility value analysis, since cash inflows and outflows, or yields and expenditures, 

are typically affected by many characteristics of investment projects that fall under 

some of the other criteria. Determining the target criteria requires a careful 

structuring and analysis of the target system. In complex decision problems, it is 

often worthwhile to split target measures into a multi-level hierarchy.  
In the second step of the utility value analysis, a weighting wc is determined for 

each criterion c in order to rank its importance to the decision-maker. The 

weightings should total 1 or 100 in order to simplify the interpretation of analysis 

results.  

In the third step, the alternative projects are evaluated with respect to each 

criterion using, as appropriate, a nominal, ordinal or cardinal scale. Then, the results 

are transformed into partial utility values uic for each alternative i and for each 
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criterion. The partial utility values are measured using a uniform cardinal scale, 

preferably with a range of 0 to 1, or 0 to 100.  

In the fourth step, a (total) utility value UUi, is calculated as follows: 

C

1c
cicUi wuU (6.4)

Finally, an assessment of profitability is made using the following definitions: 

In some situations the utility value is not the only result of model analyses used for 

profitability assessment. As mentioned above, monetary target measures (e.g. net 

present value) should not be included in a utility value analysis, but considered 

separately. In such situations, goal conflicts are possible and a new multi-criteria 

problem can arise.

Example 6-1 

In the following example, a utility value analysis is carried out in order to assess the 
relative profitability of three location alternatives: A1, A2 and A3.

As a first step, the targets shown in Figure 6-2 have been determined. The main 

target, selection of the optimum location, is split into sub-targets as illustrated. The 

weightings, which are determined in the second step, also appear in Figure 6-2. The 

third step, the calculation of partial utility values is illustrated using the criterion 

’size of land’ in Figure 6-3. The alternatives under consideration have sizes of 
60,000 m2 (A1), 42,500 m2 (A2) and 35,000 m2 (A3A3).

Key Concept:  

Absolute profitability is achieved if an investment project’s utility value is higher 

than a given target value.

Relative profitability: an investment project is preferred if its utility value is 

higher than that of any alternative project. 
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Fig. 6-2: Hierarchy of targets
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Fig. 6-3: Transformation function for the criterion ’size of land’ 

In accordance with this function, the partial utility values of the alternatives for this 
criterion are: 1 (A1), 0.2 (A2) and 0 (A3). For the other criteria, partial utility values 

have been determined as follows: 

     Target criteria  

Alternative

S P D LP LC T FC DP FS AA MF-TT

A1 1 0.4 1 0.2 0.4 0.6 0.4 0.6 0.8 0.4 0.6

A2 0.2 0.4 0.2 0.6 0.8 0.4 0 1 0.8 0.8 1

A3 0 0.6 0.8 0.9 1 0.8 1 0.2 0.8 0.4 0.4

Tab. 6-1:  Partial utility values of the alternatives A1, A2 and A3

In the fourth step, the total utility values are calculated. The weighted partial utility 

values are determined by multiplying the partial utility values by the weightings of 
the associated criterion and sub-target. For alternative A1 and the criterion ’size of 

land’, for example, it is: 

1 · 0.3 · 0.2 = 0.06 

This value indicates the contribution of the criterion ’size of land’ to the fulfilment 

of the highest-level target. By multiplying other partial values by their weightings, 
and adding the resulting weighted partial utility values, (total) utility values UUi for 

the three alternatives Ai can be determined:  

UU1 = 0.48 UU2 = 0.61 UU3 = 0.67 

40,000 45,000 50,000 55,000 60,0000

0.2

0.4

0.6

0.8

1.0

Partial
utility 
value

m2
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It can be concluded, that Alternative A3 is relatively profitable because it has the 

highest utility value. 

Assessment of the method 

Utility value analysis is a comparatively simple method for multi-criteria decision-

making. It is easily comprehended and requires only minor computational effort. 

Also, its application encourages systematic structuring of the underlying problem.  

The results of a utility value analysis can be easily interpreted, especially if 

standardised scales are used for the weightings and partial utility values, as proposed 

above. Then, a utility value of 1 or 100 is the maximum attainable and the utility 

value of an alternative can be interpreted as a proportion or percentage of this 

maximum value. Perhaps for these reasons, utility value analysis is a popular method 

in practice.  

However, data collection can be problematic as target criteria, weightings and 

partial utility values must be determined and, for the latter two, cardinal measuring 

scales are required. The target criteria, target weightings and transformation into 

partial utility values must be based on personal, subjective judgements and 

estimates, often requiring extensive effort. It might also be questionable whether 

these criteria, weightings and transformations fully reflect the preferences of the 

decision-maker, whether target criteria are completely independent, and whether 

each project characteristic is examined under only one criterion. Effects caused by 

uncertainty and subjectivity of data, and deviations from assumptions, may by 

analysed by combining utility value analysis with appropriate procedures for 

investment methods under uncertainty (especially sensitivity analysis and risk 

analysis, as described in Chapter 8). 

Some other reservations concern the weightings used. These represent overall 

statements about the relative importance of targets only, i.e. the relationship between 

two weightings must not be interpreted as a substitution rate for the outcomes of 

these two targets. Therefore, the utility function is not necessarily additive as this 

method implies. These aspects are reconsidered in Section 6.4, in the context of 

multi-attribute utility theory. 

Another method for multi-criteria decision-making is now described: the analytic 

hierarchy process.  

6.3 Analytic Hierarchy Process 

Description of the method 

The analytic hierarchy process (AHP) was developed by SAATY (1980) in the early 

1970s to structure and analyse complex decisions. One important application of the 

method is the support of decision-making involving multiple objectives. 
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The AHP splits the decision process into partial problems in order to structure 

and simplify it. A hierarchy containing multiple target levels, such that the main 

target is broken down into sub-targets. At the lowest level(s) of the hierarchy, the 

alternatives (here, the investment projects) are included.  

Using the AHP, both qualitative and quantitative criteria can be considered. In 

each case, the relative importance (weightings) of the different criteria, and the 

relative profitability of alternatives, is determined with respect to each element of the 

higher level by using pair comparisons. Then, a total value is calculated for sub-

targets to determine their relative importance for the whole hierarchy, and, 

ultimately, to assess the overall profitability of the alternative investment projects. 

The AHP is carried out using the following steps: 

1. Formation of the hierarchy. 

2. Determination of the priorities. 

3. Calculation of local priority vectors (weighting factors). 

4. Examination of the consistency of the priority assessments. 

5. Determination of (global) priorities for the sub-targets and alternatives with 

respect to the whole hierarchy. 

Under certain circumstances some of these steps must be repeated, particularly 

where priority estimations are inconsistent. Evaluation of the subjective priority 

assessments for consistency is another characteristic feature of the method.

The initial formation of the hierarchy requires segmentation and hierarchical 

structuring of the decision problem. In this step, an unambiguous demarcation must 

be drawn between different alternatives and sub-targets. Relevant relationships 

should exist between the elements of successive levels only. This implies that no (or 

only minor) relationships exist between the elements of a single level. In addition, 

the elements of a single level should be comparable and belong to the same category 

of importance. Finally, assessments should be independent of other assessments at 

the same and other levels. Usually, it is also assumed that all relevant alternatives 

and target measures will be considered. The measurability of target criteria has not to 

be considered in this step of the AHP.  

The second step is the determination of priorities for all elements of the 

hierarchy. This involves estimating and quantifying the relative importance of every 

element in relation to each element of the hierarchy immediately above. This is done 

using pair comparisons with other elements at the same level. Thus, each element’s 

relative importance for fulfilling target criteria is ranked at each level, as a 

contribution to the fulfilment of the overall target. For alternative investment 

projects, this relative importance represents a degree of profitability. 

With regard to the pair comparisons, it is assumed that the decision-maker is able 
to determine values vic for all pairs i and c from the set A (target criteria or 

alternatives) on a relational scale. This will indicate, for an element at the next level 
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up, the relative importance of i and c, and must be estimated for all elements of the 

higher level and for all levels. Reciprocity should apply for the estimated values. 

That is, the comparative value of i relative to c must equal the reciprocal of the 

comparison between c and i. Then, for an element at the next level up it applies: 

ci
ic v

1
v  for all i, c  A (6.5)

Moreover, a comparative value vic should never be infinite. An infinite relative 

importance would mean the target criteria or alternatives regarded were not 

comparable, and a renewed target and problem analysis would be required. 

For the pair comparisons, the nine-point scale suggested by SAATY (1980) and 

illustrated in Figure 6-4 may be used. 

Fig. 6-4: SAATY’s nine-point scale for pair comparisons 

This scale has the advantage of converting verbal comparisons into numerical 

values, so that measurability on a relational scale is possible. A more detailed scale 

is not regarded as meaningful. Using this scale, comparisons can yield only values 

between one and nine, or their reciprocals (which apply where an element is of lesser 

importance than the other element). 

The results of pair comparisons related to an element of the next level up may be 

shown in the form of a C x C matrix [denoted ’V’] with C elements being compared. 

The values along the main diagonal of this pair comparison matrix are always 1. 

Scale value Definition Interpretation 

1
Equal 
importance 

Both compared elements have 
the same importance for the 
next higher element. 

3
Slightly 
greater 
importance 

Experience and estimation 
suggest a slightly greater 
importance of one element in 
comparison with the other 
element. 

5
Considerably 
greater 
importance 

Experience and estimation 
suggest a considerably greater 
importance of one element in 
comparison with the other 
element. 

7
Very much 
greater 
importance 

The very much greater 
importance of one element in 
comparison with the other 
element has been shown 
clearly in the past. 

9
Absolutely 
dominating 

The maximum difference of 
importance between two 
elements. 

2,4,6,8 
Intermediate 
values 
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To obtain a pair comparison matrix for C elements being compared, 0.5 · C ·   

(C – 1) pair comparisons must be made, since the values across the main diagonal 

are 1 and reciprocity is assumed. Therefore, the determination of a comparative 
value vic is not required if the reciprocal value vci is known. The required number 

of pair comparisons increases steeply with an increasing number of elements at a 

single level; this should be considered when determining a hierarchy. 

A perfect (i.e. consistent) execution of all pair comparisons has been made if, for 
every matrix element vic, and all elements j different to i and c, the following 

equation is valid: 

jcijic vvv (6.6)

If such a consistent execution of the pair comparisons can be assumed, some values 

can be derived from prior assessments, and the required number of pair comparisons 

may be reduced to C – 1.  

In the third step, local priority vectors (weighting factors) are calculated for every 

pair comparison matrix. From the totality of the pair comparisons, the relative 

importance of the elements (alternatives, target criteria) is determined and 

summarised in the form of a priority vector. Accordingly, every component of this 

vector indicates the relative importance of its associated element to the relevant 

element at the next level up.  

The calculation of the priority vectors [denoted ’W’] may be carried out by means 

of the eigenvector method, as explained below. Based on the pair comparison matrix 

V, and (temporarily) assuming that the estimations are perfect and the relative 
importance wc of all the separate elements of c is known, the matrix elements vic

can be calculated as follows:  

c

i
ic w

w
 v  for all i, c  A. (6.7) 

Moreover, on account of the reciprocity condition: 

i

cci
ic

w

w
1

v

1
v  for all i, c  A (6.8)

Or:

1
w

w
v

i

c
ic  for all i, c  A (6.9) 
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Additionally:  

C

1=c i

c

c

i
C

1=c i

c
ic C=

w

w

w

w

w

w
v   is valid for all i  A  (6.10) 

And also: 

C

1=c
icic wCwv  for all i  A (6.11) 

Because this relationship applies to all lines i (i = 1,...,C) of the pair comparison 

matrix, the following system of C equations can be formulated:

C

2

1

C

2

1

CCC2C1

2C2221

1C1211

w

w

w

C

w

w

w

v...vv

v...vv

v...vv

MMMMM
 (6.12a)

Or:

WCWV (6.12b)

This system of equations represents a specific so-called eigenvalue problem. Such a 

mathematical problem is generally defined as follows: for a C x C matrix (B), real 

numbers L and corresponding vectors X must be found which fulfil the following 

system of equations:

XLXB (6.13)

The numbers (L) are called eigenvalues of B, and the assigned vectors (X) are called 

eigenvectors. The sum of the eigenvalues in an eigenvalue problem equals the sum 

formed by the elements of the main diagonal. As for the pair comparison matrices 

considered here, these elements are each equal to 1 and so the sum of the 

eigenvalues is the same as the dimension (C) of the matrix. If all assessments are 

consistent, there is only one positive eigenvalue with the value C.  
However, in a multi-criteria decision problem priority estimates are often 

inconsistent and the weighting vectors are not known. Therefore, in the following 

discussion the corresponding assumptions must be abandoned. If priority estimates 

are inconsistent, several eigenvalues and eigenvectors will result. Thus, the 

maximum eigenvalue Lmax of the pair comparison matrix and the associated 

eigenvector must be determined. The latter should be standardised so that the sum of 

its components is 1, then it can be regarded as the weighting vector W. The 

calculation of such a weighting vector is meaningful, even with an inconsistent pair 

comparison matrix, as small inconsistencies will show only a slight effect on the 

weighting vector.  
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To determine the maximum eigenvalue and the weighting vector, the following 

eigenvalue problem must be solved:  

0W)ULV(orWLWV  (6.14) 

Here, U represents a C x C unit matrix. For the eigenvalues L in this problem, the 

determinant of the matrix (V - L  U) is zero, i.e.: 

0|ULV|det (6.15)

The maximum value L fulfilling this condition is the maximum eigenvalue Lmax. By 

inserting this value in the equation system given above, the eigen- or weighting 

vector may be calculated. For this vector it applies: 

0W)ULV( max (6.16)

And:

C

1=c
c 1=w (6.17)

The calculation of the maximum eigenvalue and weighting vector involves 

substantial computational effort. Therefore, approximations are suggested, e.g. the 

weighting vector can be approximated from the pair comparison matrix V by using 

the following arithmetical rule to generate matrix products gradually: 

UV...;;UV;UV;UV o32  (6.18)

Where:  

V = C x C  (pair comparison matrix) 

U = C x 1  (unity vector) 

With a sufficiently high value o, the vector UVo  is a good approximation for the 

eigenvector. 

An examination of the consistency of priority assessments takes place in the 

fourth step of the AHP for all pair comparison matrices. This step is necessary 

because the consistency of all estimates cannot be taken for granted.  

If all the assessments are totally consistent, the maximum eigenvalue is C. Where 

there are inconsistencies, however, a higher eigenvalue Lmax arises. This value Lmax
might not be known exactly if, in the third step, the eigenvectors were calculated 

using an approximation. Then, Lmax can only be approximated (e.g. using the well 

known NEWTON method to determine zero points). The difference between Lmax and 

C increases with increasing inconsistency, so it provides an indication of the 

consistency of the estimates. An index of consistency (IOC) can be formulated using 

an additional calculation: 
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1C

CL
IOC max (6.19)

In assessing consistency, the matrix dimension should also be taken into account, 

since it influences the extent of typical inconsistencies. To do this, a value of 

consistency (VOC) is calculated. The VOC indicates the relationship between the 

index of consistency (IOC) and an average value of indices of consistency (RI) 

derived from reciprocal matrices of the same size, which are produced randomly 

based on SAATY’s nine-point scale: 

RI

IOC
VOC (6.20)

Figure 6-5 shows the average values, calculated by SAATY, in dependance on the 

matrix dimension. 

Matrix dimension 1 2 3 4 5 6 7 8

Average value (RI) 0.00 0.00 0.58 0.90 1.12 1.24 1.32 1.41

Matrix dimension 9 10 11 12 13 14 15

Average value (RI) 1.45 1.49 1.51 1.48 1.56 1.57 1.59

Fig. 6-5: Average values of indices of consistency

SAATY suggests 0.1 as a critical limit for the value of consistency. Accordingly, pair 

comparison matrices with a consistency value VOC  0.1 are regarded as being 

sufficiently consistent, while matrices with VOC > 0.1 require an examination and 

revision of the pair comparisons. 

Up to this point in the analysis, each estimated priority has been related to only 

one element at the next level up the hierarchy. In the fifth step of the AHP, the 

determination of target and alternative priorities for the whole hierarchy, the 

weighting vectors are aggregated with respect to all elements in the next level up and 

all other higher levels. This facilitates the assessment of both the global priority (or 

relative importance) of each target criterion and the ultimate profitability of 

alternatives. 

As a result of the pair comparisons for the second level of the hierarchy, a 

weighting vector is generated. This indicates the importance of target criteria at this 

level relative to the overall target, thereby showing both the local and global priority 

of the targets. The weighting vector is a starting point for the calculation of global 

priorities for the elements of each subsequent level. It is multiplied by a weighting 

matrix, which incorporates the weighting vectors of the level subsequent to it. The 

product is also a weighting vector, whose components represent the global priorities 
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of the elements of the subsequent level. The successive continuation of this step 

leads to the calculation of the global priority for the alternatives at the lowest level of 

the hierarchy. 

This procedure for determining global priorities for alternatives may also be 

interpreted as the additive calculation of a utility measure UAi for each alternative Ai
with the formula:  

C

1=c
iccAi uwU (6.21)

The index c refers to the elements of the next level up, which here represents target 

criteria. The symbol wc indicates the global priority of these target criteria, and uic is 

the relative importance (profitability) of the alternative i concerning the criterion c. 

Therefore, the global priority (as for the utility value analysis described in the 

previous subchapter) is calculated as a sum of weighted partial priorities.  

The global priorities determined in this step represent weightings of the target 

criteria. Concerning the alternatives under consideration, they estimate the 

contribution made to the fulfilment of the overall target. In assessing the relative 

profitability of (investment) alternatives when the overall target is to be maximised, 

the following key concept applies:  

The isolated assessment of absolute profitability by AHP is not possible, as the 

procedure is based on pair comparisons and, therefore, assessment of one alternative 

depends on the other alternatives selected. However, the alternative of not investing 

may be included in the procedure. In that case, an estimate of absolute profitability 

can be made by comparing the global priority of not investing with that of the 

remaining alternatives.

Example 6-2 

The following example draws on Example 6-1. 

The first step of the AHP is the formation of the hierarchy. In this example, the 

target system is drawn from the previous section. Figure 6-6 depicts this target 

system and contains, in addition to the previous example, the location alternatives 

A1, A2 and A3 as elements of the lowest hierarchy level. 

Key Concept:  

Relative profitability: an investment project is preferred if its global priority is 

higher than that of every other project under consideration. 
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Fig. 6-6: Decision hierarchy
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The second, third and fourth step of the AHP (the determination of priorities, the 

calculation of local priority vectors or weighting factors, and the examination of the 

priority assessments for consistency) are now presented together. First, the level of 

the alternatives is considered. For the criterion ’size of land’, the following pair 

comparison assessments are obtained with regard to the profitability of the 

alternatives. 

V = 

1 4 5
1
4 1 3

1
5

1
3 1

To determine the exact weighting vector, the maximum eigenvalue Lmax of the pair 

comparison matrix V must first be calculated. For all eigenvalues L of the matrix, 

the determinant of the matrix (V - L  U) represented below is zero. 

(V - L  U) = 

1-L 4 5
1
4 1-L 3

1
5

1
3 1-L

1-L 4
1
4 1-L

1
5

1
3

The determinant of a 3 x 3 matrix can be calculated using the SARRUS rule. For this, 

the first and second columns of the matrix are repeated after the third column. Then, 

the products of the elements of (i) the main diagonal of the original matrix and (ii) 

the components of the diagonals which lie parallel to it, are calculated and summed.

The determinant is this sum, less the products of the elements of the side diagonal 

and its parallel diagonals. In the example it is: 

4
4

1
L)(1

L)(13
3

1
5L)(1

5

1

3

1

4

1
5

5

1
34L)(1|ULV|det 3

2.8167L)(13L)(1|ULV|det 3

Based on the necessary condition  

det V – L  U  =!  0

The maximum eigenvalue (Lmax) can be determined using a suitable procedure such 

as the NEWTON procedure: 

Lmax = 3.0858 
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The associated eigen- or weighting vector can be determined using the equation 

system: 

(V – Lmax  U)  W = 0 

Or:

(1- 3.0858)  w1 + 4  w2 + 5  w3 = 0 

1
4  w1 + (1- 3.0858)  w2 + 3  w3 = 0 

1
5  w1 + 

1
3  w2 + (1- 3.0858)  w3 = 0 

First, the relationship between the weighting factors is derived. Then, the (local) 

weighting factors are calculated using the condition w1 + w2 + w3 = 1. Here, these 

factors are: 

w1 = 0.6738 w2 = 0.2255 w3 = 0.1007 

They indicate the profitability (local priority) of the location alternatives A1, A2 and 

A3 in regard to the criterion ’size of land’. 

The index of consistency (IOC) arises from the maximum eigenvalue (Lmax):

0.0429
13

3.0858
IOC

The value of consistency (VOC) amounts to: 

0.0740
0.58

0.0429
VOC

Because the VOC is below 0.1, the assessment from this pair comparison matrix can 

be regarded as sufficiently consistent. 

In the same manner, pair comparison matrices can also be formulated and 

evaluated to compare alternatives concerning the other target criteria. Figure 6-7 

shows these matrices as well as the maximum eigenvalues, the weighting vectors, 

and the indices and values of consistency determined for each of the different target 

criteria. 
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Fig. 6-7: Pair comparison assessments for the alternatives and their evaluation 

Price of land Development

A1 A2 A3  A1 A2 A3

 A1 1 3 1/4 A1 1 7 3 

 A2 1/3 1 1/6 A2 1/7 1 1/4 

 A3 4 6 1 A3 1/3 4 1 

Maximum eigenvalue: 3.0536 Maximum eigenvalue: 3.0323 

Weighting vector: (0.2176; 0.0914; 0.6910) Weighting vector: (0.6586; 0.0786; 0.2628) 

Value of consistency: 0.0462 Value of consistency: 0.0278 

Labour potential Labour market competition

A1 A2 A3  A1 A2 A3

 A1 1 1/4 1/9 A1 1 1/5 1/7 

 A2 4 1 1/5 A2 5 1 1/3 

 A3 9 5 1 A3 7 3 1 

Maximum eigenvalue: 3.0713 Maximum eigenvalue: 3.0649 

Weighting vector: (0.0633; 0.1939; 0.7428) Weighting vector: (0.0719; 0.2790; 0.6491) 

Value of consistency: 0.0615 Value of consistency: 0.0559 

Traffic connection Forwarding agents

A1 A2 A3  A1 A2 A3

 A1 1 1/2 1/2 A1 1 8 4 

 A2 2 1 1 A2 1/8 1 1/3 

 A3 2 1 1 A3 1/4 3 1 

Maximum eigenvalue: 3 Maximum eigenvalue: 3.0183 

Weighting vector: (0.2000; 0.4000; 0.4000) Weighting vector: (0.7167; 0.0782; 0.2051) 

  Value of consistency: 0 Value of consistency: 0.016

Delivery potential Bank facility offer

A1 A2 A3  A1 A2 A3

 A1 1 8 4  A1 1 3 3 

 A2 1/8 1 1/3  A2 1/3 1 1 

 A3 1/4 3 1  A3 1/3 1 1 

Maximum eigenvalue: 3.0093 Maximum eigenvalue: 3 

Weighting vector: (0.7166; 0.0783; 0.2051) Weighting vector: (0.6000; 0.2000; 0.2000) 

Value of consistency: 0.008 Value of consistency: 0

Affirmative actions Municipal trade tax rate

 A1 A2 A3  A1 A2 A3

 A1 1 1/7 1/2  A1 1 6 4 

 A2 7 1 6  A2 1/6 1 1/3 

 A3 2 1/6 1  A3 1/4 3 1 

Maximum eigenvalue: 3.0324 Maximum eigenvalue: 3.0536 

Weighting vector: (0.0905; 0.7583; 0.1512) Weighting vector: (0.6910; 0.0914; 0.2176) 

Value of consistency: 0.0279 Value of consistency: 0.0462 
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Analogous assessments and calculations are also made for the higher levels of the 

decision hierarchy. Figure 6-8 shows the results of the pair comparison assessments 

and their evaluations for the target criteria (with regard to the sub-targets) and the 

sub-targets (with regard to the overall target). 

Fig. 6-8: Pair comparison assessments for the target criteria and sub-targets, and 

their evaluation

As the consistency values of all pair comparison matrices of the hierarchy are 

smaller than 0.1, sufficient consistency may be assumed. 

Plot of land Workers

S P D   LP LC 

S 1 1/3 4  LP 1 5 

P 3 1 9  LC 1/5 1 

D 1/4 1/9 1  

Maximum eigenvalue: 3.0093 Maximum eigenvalue: 2 

Weighting vector: (0.2499; 0.6813; 0.0688) Weighting vector: (0.8333; 0.1667) 

Value of consistency: 0.008 Value of consistency: 0

Supply and traffic Public authorities 

T FC DP FS   AA MF-TT 

T 1 7 5 9  AA 1 3 

FC 1/7 1 1/4 3  MF-TT 1/3 1 

DP 1/5 4 1 5    

FS 1/9 1/3 1/5 1    

Maximum eigenvalue: 4.2314 Maximum eigenvalue: 2 

Weighting vector: (0.6474; 0.0899; 0.2165; 0.0462) Weighting vector: (0.7500; 0.2500) 

Value of consistency: 0.0857 Value of consistency: 0 

Upper target: Optimal location 

PL W SP PA 

PL 1 1/8 1/3 2 

W 8 1 4 6 

SP 3 1/4 1 5 

PA 1/2 1/6 1/5 1 

Maximum eigenvalue: 4.1670 

Weighting vector: (0.0871; 0.6238; 0.2281; 0.0610) 

Value of consistency: 0.0619 
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The fifth step of the AHP consists of determining target and alternative priorities 

for the whole hierarchy, which can be done in a way similar to the corresponding 

step of utility value analysis. The contribution that the alternative A1 makes to 

fulfilling the overall target via the criterion ’size of land’ can be calculated by 

multiplying the local priority of the alternative (0.6738) by the local priority of this 

criterion (0.2499) and that of the associated sub-target ’plot of land’ (0.0871). This 

contribution amounts to 0.0147. By calculating results for all other criteria in the 

same way and adding them up, the global priority of the alternative under 

consideration is determined. Here, the global priorities of the three alternatives are: 

UA1 = 0.172 UA2 = 0.244 UA3 = 0.584 

Alternative A3 shows the highest global priority and is, therefore, relatively the most 

profitable.

Assessment of the method

The assessment of the AHP method focuses on the effort it requires and its 

underlying assumptions. 

The computational effort is high compared with utility value analysis. With a high 

number of elements at a single level, approximation procedures must be applied. 

Also, the data collection is relatively complicated because, for all pairs of elements 

at a given level, pair comparisons are needed with regard to every element at the 

next level up. For these pair comparisons it is assumed that a relational scale 

measurement is possible. Fundamentally, this sets high requirements for 

measurability, although the use of SAATY’s nine-point scale allows the comparison 

of attributes of lower measurability. However, the nine-point scale has some 

problems of its own. Unlike a true relational scale, it has no natural neutral point. 

This can produce errors in the pair comparison judgements. Generally, it is doubtful 

whether a decision-maker is able to differentiate between statements like 

‘considerably greater’ (scale value 5) and ‘very much greater’ (scale value 7), and 

additionally may consider their intermediate values. In addition, the nine-point scale 

can lead to inconsistencies. If, for example, the scale value 7 is assigned to an 

element C1 compared to C2, as well as to C2 compared to C3, the priority of C1
compared to C3 would have to be represented by the scale value 49. This, however, 

is not possible, because the scale value 9 is the upper limit. 

A crucial point is the assumption that all relevant alternatives have been 

considered. Since it makes pair comparisons, the ranking determined using the AHP 

depends on the choice of alternatives. The consideration of additional alternatives 

can lead to changes in the ranking, so the ranking is not stable and the result of the 

AHP is valid only amongst the alternatives included in the comparison. For this set 

of alternatives, in spite of any inaccuracies caused by approximations, the 
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preferences of the decision-maker are quite accurately represented. The 

examinations of consistency, which are an essential component of the procedure, 

support this claim.

The condition that judgements must be independent is restrictive, as it is with 

utility value analysis. In general, the AHP procedure resembles utility value analysis 

in its structuring of the decision problem, the utility function, and the interpretation 

of the criteria weightings. Thus, a combination of both procedures is possible. 

Within the framework of the AHP it is also possible to include elements of 

uncertainty by creating a level in the hierarchy that reflects possible environmental 

conditions or scenarios. Uncertainties about the preferences expressed in the pair 

comparison judgements can be examined with the help of sensitivity analysis. 

A central criticism of the AHP is that it is not based on an additive utility 

function. This criticism was also noted for the utility value analysis method 

described earlier. The weightings merely represent overall statements about the 

importance of the targets, and an additive utility function cannot be taken for 

granted.  

A method more soundly based on utility theory is described in the following 

section.

6.4 Multi-Attribute Utility Theory  

Description of the method 

The multi-attribute utility theory (MAUT) was originally developed for the analysis 

of multi-criteria problems under uncertain conditions, but it can also be applied in 

more predictable conditions (of certainty), as assumed here. A characteristic feature 

of the method is that a multi-criteria problem is solved using cardinal utility 

functions (or ’preference functions’) based on substitution rates between the 

attributes. 

Using MAUT, cardinal utility functions are assigned to each attribute according 

to the preferences of the decision-maker (called individual utility functions in the 

following). The total utility (value) UM then arises as a function of the individual 

utilities uc assigned to the outcomes oc (c = 1,...,C) of the target criteria: 

UM(o1, o2,...,oC) = f(u1(o1), u2(o2),..., uC(oC)) (6.22) 

Because each separate criterion is analysed, specific value assessments can be made 

for them, and exchange relationships between them can be explicitly considered. It is 

assumed that the criteria are interchangeable, i.e. all changes to the fulfilment of a 

target criterion can be balanced by changes in other target criteria. This requires that 

the outcomes of the different alternatives lie close to each other, a prerequisite that 

can only be fully achieved with an unlimited number of alternatives. Furthermore, it 
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is assumed that the substitution rate (i.e. the relationship between the utility changes 

that lead to a utility balance between two attributes) can be quantified. 

The determination of total utilities requires criteria whose fulfilment is clearly 

independent of the fulfilment of the other criteria. Depending on the type of 

independence, different total utility functions may be used. For the multi-criteria 

decisions under conditions of certainty discussed here, an additive total utility 

function of the following form may be applied:  

C

1=c
ccM uwU (6.23)

Where:  

wc = weighting factor for target criterion c 

In addition to interchangeability of the attributes, this approach assumes that: 

· For the alternatives, a weak order of priority can be formed. 

· The decision-maker regards the attributes as mutually preference independent. 

Mutual preferential independence can be said to occur if every subset of the set of all 

criteria has a preference assessment for its criteria outcomes that is independent of 

the outcomes of the remaining criteria in the target system.  

In the following discussion, it is assumed that the conditions specified above are 

fulfilled, and only an additive utility function as shown above is analysed. MAUT 

resembles utility value analysis in this regard except that, in MAUT, the utility 

theory assumptions indicated above are taken into consideration. Moreover, both the 

individual utility functions uc and the weighting factors wc are determined using 

attribute comparisons in a consistent format. 

A multi-criteria problem under certainty is solved with the MAUT using the 

following steps: 

1.  Choice of the attributes or criteria. 

2.  Examination of the independence of the criteria. 

3.  Determination of an individual utility function for each attribute. 

4.  Determination of a weighting factor for each criterion. 

5.  Calculation of the total utility for each alternative. 

In the first step, the choice of criteria, the overall target is split hierarchically into 

sub-targets. The lowest target level contains the attributes that measure the 

achievement of objectives (targets) by the alternatives. These may be quantitative or 

qualitative. In the case of qualitative criteria, an appropriate measurement scale must 

be chosen, depending on the attributes (in contrast to AHP no generally applicable 

scale is suggested). 
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The examination of independence follows in the second step, as this 

independence is a prerequisite for the meaningful aggregation of the individual 

utilities assigned to single criteria to find an alternative’s total utility. Using an 

additive utility function, mutual preferential independence is assumed; this must be 

proven for the present system of attributes and their outcomes. 
In the third step, individual utility functions uc for the separate attributes c are 

formulated to assign cardinal utility measures to the attributes. This requires 

knowledge of the relevant possible outcomes for the attributes. The individual utility 
functions are standardised so that their values uc are restricted to the interval [0;1], 

for example by assigning the individual utility value of zero (uc( 0
co ) = 0) to the 

worst outcome 0
co  for criterion c and the utility value of one (uc( 1

co ) = 1) to the best 

outcome 1
co . 

The individual utility functions may take different forms - they can be linear, 

concave or convex. Their course can be determined using a sequence of queries in 

accordance with the so-called mid-value splitting technique. Using this approach, an 

attribute C1 with 0
1o  and 1

1o  is assigned a ’midvalue’ 5.0
1o  that represents the 

outcome for which the increase in utility achieved by the change from 0
1o  to 5.0

1o

equals the utility increase resulting from the change from 5.0
1o  to 1

1o . Then, an 

individual utility of 0.5 is assigned to this outcome 5.0
1o , e.g. u1( 5.0

1o ) = 0.5. To 

determine 5.0
1o , a second attribute C2 is used in successive querying so that, starting 

from a level of '
2o , the change o2 that balances the step from 0

1o  to 5.0
1o  with the 

step from 5.0
1o  to 1

1o  can be identified. 

Accordingly, the following indifference judgments must apply: 

( 0
1o , '

2o )  ( 5.0
1o , '

2o  - o2) (6.24) 

( 5.0
1o , '

2o )  ( 1
1o , '

2o  - o2) (6.25) 

This procedure is illustrated in Figure 6-9. 

Fig. 6-9: Utility measurement by attribute comparison 

1
1o

2o 2o

0.5
1o0

1o 1
1o

2o 2o

0.5
1o0

1o
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Additional querying for the partial intervals [ 0
1o ; 5.0

1o ] and [ 5.0
1o ; 1

1o ] will determine 

the mid-values ( 25.0
1o  and 75.0

1o ). These values often allow a sufficient 

approximation of the individual utility function u1, especially if their type is known 

(e.g. a linear function). However, additional values for the individual utility function 
u1 may be calculated in the same way. An example showing the determination of an 

individual utility function is given in Figure 6-10.

Fig. 6-10: Determination of an individual utility function

Individual utility functions (u2,...,uC) can be determined for the remaining criteria in 

the same way. In each case, a consistency examination should be carried out – e.g. 

the value 5.0
1o  may be verified by re-calculating it as the mid-value of the interval 

[ 25.0
1o ; 75.0

1o ], and repeated determination of an individual utility function can be 

performed using different other attributes.

If it is sufficient to know the individual utility values only for specific attributes 

of the relevant alternatives, it is not necessary to ascertain the full individual utility 

functions.

Determination of the weighting factors for the criteria, the fourth step, is 

achieved using the relationship between the weighting factors (also known as scale 

factors) of two attributes, which can be interpreted as substitution rates and derived 

from the indifference judgments made in the third step. To help explain this, the case 

of two target measures (C = 2) is considered first. Then the linear and additive total 

utility function is: 

UM = w1 · u1 + w2 · u2 (6.26)

o1

0.2

  0.5

0.75

    1

u1(o1)

0
1o 25.0

1o 5.0
1o 75.0

1o 1
1o
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For a given utility level MU  the following equation applies:

MU  = w1 · u1 + w2 · u2 (6.27)

This relationship can be represented in a u1/u2 diagram in the form of a straight line 

representing the utility combinations u1 and u2 that lead to the same total utility 

MU . This may be interpreted as an indifference curve and, together with other 

indifference curves embodying different levels of the total utility, it is presented in 

Figure 6-11. 

Fig. 6-11: Indifference curves

The slope of the straight lines 
1

2

du

du
 equals the substitution rate between u1 and u2. It 

specifies how many units u2 must be reduced by in order to gain the same utility 

with one more unit of u1. The slope, or substitution rate, can be derived from the 

equation for the indifference curve as follows: 

2

1

1

2

w

w

du

du
(6.28)

The substitution rate equals the negative reciprocal quotient of the weighting factors 

of two attributes. Therefore, the relationship between two attributes is also 

characterised by: 

u2| · w2 = | u1| · w1 (6.29)

The value changes u1 and u2 can be derived from the indifference estimates 

obtained in order to determine their mid-values: 

( 0
1o , '

2o )  ( 0.5
1o , '

2o  – o2) (6.30) 

UM

du2

du1

u2

u1
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( 0.5
1o , '

2o )  ( 1
1o , '

2o  – o2) (6.31) 

The difference u1 between u1( 0
1o ) and u1( 5.0

1o ) is known as u1 = 0.5. The value 

difference u2 between u2( '
2o ) and u2( '

2o  - o2) can be derived from the individual 

utility function u2(o2). Then u1 and u2 can be inserted in the equation given 

above to determine the numeric relationship between the weighting factors w1 and 

w2:

2
1

2
1 w

u

u
w (6.32)

Since the mutual preferences are independent, the procedure presented here can be 

used where there are several target measures. Relationships between w1 and the 

remaining weighting factors (w3, ...,wC) can be determined in the same way. Then, 

using these relationships and the condition (6.17),  

1w
C

1=c
c

A system of equations can be formulated and used to determine the weighting 
factors wc.

In the fifth step, calculation of the total utilities of the alternatives, individual 

utility functions are used to convert the attributes of the alternatives into individual 

utilities. Then, taking account of the weighting factors, they are summed to obtain a 

total utility (using Formula (6.23)). The maximum achievable total utility is 1. The 

following conditions for profitability then apply: 

Example 6-3 

The example considered in the previous sections (a location decision) is used again 

here, assuming that the prerequisites for an additive utility function apply. 

The choice of attributes, the first step, draws on the target criteria list given 

above. Using MAUT, the lowest level criteria serve as indicators for analysing the 

achievement of objectives. In this example, for reasons of complexity only four of 

the eleven lowest level criteria will be considered: one from each criteria group. 

Accordingly, it is assumed that only the attributes ‘size of land (S)’ (in m2), ‘labour 

Key Concept:  

Absolute profitability is achieved if an investment project’s total utility is higher 

than a given target value.

Relative profitability: an investment project is preferred if its total utility is higher 

than those of every other project under consideration. 
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potential (LP)’, ‘freight carrier (FC)’ and ‘municipal factor of trade tax (MF)’ (in %) 

are relevant. The ‘labour potential’ is measured on the basis of the available workers, 

and the criterion ‘freight carrier’ on the number of carriers resident in the locality. 
For the location alternatives A1, A2, A3 the following data are available: 

Alternative S LP FC MF

A1 60,000 800 15 350

A2 42,500 1,100 12 250

A3 35,000 1,300 25 450

Tab. 6-2: Data for the location alternatives A1, A2 and A3

In the second step, the criteria are examined for independence and in this instance it 

is assumed that they are mutually preference independent, thus an additive utility 

function may be applied. 

Steps 3 and 4 (determinations of the individual utility functions uc and the 

weighting factors wc) can, because of the relationships described above, be presented 

together. 

The minimum and maximum outcomes for the attributes can be read from the 

data given. Their individual utility values are fixed at 0 and 1: thus, the lowest 

outcome should score an individual utility of 1 if the aim is to minimise the attribute 

(e.g. tax) or 0 if the aim is to maximise the attribute (e.g. labour potential): 

u1 (35,000) = 0  u1 (60,000)  = 1 

u2 (800) = 0  u2 (1,300)  = 1 

u3 (12) = 0  u3 (25)  = 1 

u4 (450) = 0  u4 (250)  = 1 

Furthermore, it is assumed that the individual utility function has already been 

determined for attribute C1 (size of land) with the help of the mid-value splitting 

technique and corresponding indifference estimates. Figure 6-12 shows this 

individual utility function: increasing the size of land from 35,000 m2 initially 

results in a relatively high increase in the utility, but after reaching 42,500 m2 the 

utility increases diminish. 
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Fig. 6-12: Individual utility function for the attribute ‘size of land’

Next, the individual utility function for the second attribute is determined using mid-

values. First, the outcome 5.0
2o is identified, which leads to an individual utility of 

0.5. Using the first criterion and starting at '
1o  = 42,500, the change o1 for the step 

from 0
2o  to the required 5.0

2o  and from this to 1
2o  is estimated. In the example this 

would be o1 = 7,500, as the following indifference assessments demonstrate: 

( '
1o , 0

2o )  ( '
1o  – o1, 0.5

2o )   (42,500; 800)  (35,000; 1,100) 

( '
1o , 0.5

2o )  ( '
1o  – o1,

1
2o )   (42,500; 1,100)  (35,000; 1,300) 

Therefore, 5.0
2o  is found at 1,100 and the utility value u2(1,100) is 0.5. As all 

individual utility values for all outcomes of the three alternatives are now known, a 
further analysis of the individual utility function u2 is not required. 

From the indifference estimates, the relationship between the weighting factors 

w1 and w2 may also be derived. For the first criterion, the difference between the 

individual utilities (resulting from the increase from 35,000 to 42,500) is u1 = 0.5, 

as shown in Figure 6-12.  

Since the variation of u2 (the second criterion’s individual utility that is 

compensated by this difference) is also 0.5, the following applies:  

 | u2| · w2 = | u1| · w1

 0.5 · w2 = 0.5 · w1

 w2 = w1

Therefore, the first and second criteria are weighted identically.  
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To determine the individual utility function u3 and its weighting factor w3 the 

first criterion is used again. The following indifference estimates may be considered 

for the outcomes for the first and third criteria: 

(53,000; 12)  (42,500; 17) 

(53,000; 17)  (42,500; 25) 

This means: 

u3(17) = 0.5 

The relationship between the weighting factors w1 and w3 can now be determined 

as: 

 | u3| · w3 = | u1| · w1

 0.5 · w3 = 0.3 · w1

            w3 = 0.6 · w1

To determine the individual utility from o3 = 15, which is necessary to assess the 

first alternative, other indifference assessments must be included: 

(47,750; 12)  (42,500; 15) 

(47,750; 15)  (42,500; 17) 

Therefore, that individual utility is: 

u3(15) = 0.25 

Determination of the individual utility function u4 and the relationship between w4

and w1 will not be presented here. It is simply assumed that the relevant value 

o4 = 350 results in an individual utility u4(350) of 0.5. The relationship between w4

and w1 is: w4 = 0,4  w1.

All relevant individual utility functions or values are now known. With the help 

of the standardisation condition: 

w1 + w2 + w3 + w4 = 1 

The weighting factors may be determined as well: 

w1 = 
1

3
 w2 = 

1
3 w3 = 

1
5 w4 = 

2
15

In the fifth step, the total utility UM of the alternatives is calculated. The following 

additive total utility function is used for this: 

UM = 
1
3 · u1(o1) + 

1
3 · u2(o2) + 

1
5 · u3(o3) + 

2
15 · u4(o4)
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Finally, by inserting the relevant outcomes for the three alternatives, the following 

total utilities can be determined. Their comparison shows, that location alternative 
A3 is relatively profitable:  

 Alternatives A1 A2 A3

 Total utilities 9/20 7/15 8/15

Tab. 6-3: Total utilities of the alternatives A1, A2 and A3

Assessment of the method

The MAUT approach is quite similar to utility value analysis and, where an additive 

total utility function is assumed, it also corresponds in this regard with the AHP. 

However, MAUT has stronger utility theory foundations and a framework in which 

individual utility functions and criterion weightings can be determined in a 

consistent way, taking into account the conditions that must be considered for 

particular total utility functions. For an additive total utility function these are, as 

mentioned, the existence of a weak order, interchangeability, and mutual preference 

independence. Interchangeability of criteria, as shown, suggests that the alternatives 

are similar. However, this condition can be fully achieved only in the unrealistic case 

of an unlimited number of alternatives. Furthermore, it is assumed that the 

relationship between the utility changes leading to a utility balance between two 

attributes can be quantified.

These are relatively strict conditions, which will not be fulfilled in all decision 

situations and tend to impose high demands on the decision-maker. Since, in reality, 

only a limited number of alternatives will be available, interchangeability is usually 

not possible and the decision-maker may be forced to include hypothetical 

alternatives in order to find substitution rates. 

The requirement for mutual preferential independence (with an additive total 

utility function) restricts the range of applications for MAUT in comparison to utility 

value analysis and AHP, as these require less strict independence conditions. 

Moreover, it is difficult to examine the mutual independence of preferences and this 

requires considerable effort. In fact, the MAUT can also be applied on a utility 

theory basis assuming a weaker independence condition, but then other forms of 

total utility function must be used. 

The data collection requirements for MAUT present another particularly serious 

problem. Individual utility functions and weighting factors must be determined with 

the help of indifference estimates, and the effort involved is a considerable 

disadvantage of the procedure. 

The relationships between the weightings of the attributes may be interpreted as 

substitution rates between the scale units of the criteria. However, this assumes the 

use of an interval scale to measure the individual utility value for all attributes. For 
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qualitative attributes in particular, it is difficult to find a suitable scale. Additionally, 

it may be difficult to decide which outcomes the individual utility values of 1 and 0 

should be assigned to. Apart from the worst and the best outcomes from the set of 

alternatives (as in the example), other outcomes may also be used for this 

standardisation, e.g. the best or worst conceivable outcomes, or maximum or 

minimum outcomes.  

A consistency examination of the estimations may also be carried out within 

MAUT, as shown. The effects of possibly incorrect assessments can be examined 

with the help of sensitivity analysis. As well, uncertain environmental conditions in 

the future can be explicitly considered with MAUT, as mentioned, since the 

procedure was originally developed for uncertain conditions. 

Compared with AHP, one advantage of MAUT is that it always leads to a stable 

ranking of the alternatives. 

The MAUT approach represents a utility theory-based method for multi-criteria 

decision-making. Its theoretical foundation is an advantage over utility value 

analysis and AHP, but strict conditions and high data collection requirements limit 

the realisation of that advantage. The method described in the next section, 

PROMETHEE, requires far less strict conditions. 

6.5 PROMETHEE 

Description of the method 

PROMETHEE (preference ranking organisation method for enrichment evaluations) 

is one of the so-called outranking methods (also called prevalence methods), along 

with ELECTRE (elimination et choix traduisant la realité) and ORESTE 

(organisation, rangement et synthèse de données relationelles). These procedures 

differ from the classic methods of multi-criteria decision-making in their basic 

assumptions about the decision-maker. In contrast to the classic methods, the 

outranking procedures’ starting point is that a decision-maker does not have access 

to the information needed to form at least a weak order and make an optimum 

choice. The classic procedure assumptions that (a) a complete compensation or 

balancing between the attributes is possible and (b) an unambiguous estimate of the 

indifference or preference between two alternatives can be made are often unrealistic 

in multi-criteria problems. The assumptions underpinning outranking procedures 

differ on these points. Using PROMETHEE, graded preference estimations are 

permitted when assessing two alternatives, as well as strict preference and 

indifference judgements. Critical values, which indicate the difference in a criterion 

outcome at which a preference emerges, can also be included. Incomparability of 

alternatives caused by an inability to compensate may be considered as well, so often 

neither strong nor weak orders can be formed and no full ranking can be determined. 

However, the determination of an optimum alternative is not the purpose of the 
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outranking procedures. Rather, they aim to support problem solving and contribute 

to identifying suitable alternatives. 

To describe differentiated preference situations, the outranking procedures use a 

graduated relationship, the so-called outranking relationship (or prevalence 
relationship). This indicates the likelihood ij, that the decision-maker estimates 

alternative i to be at least as good as alternative j. It must be formulated for every 

possible alternative pair. Pair comparisons between the alternatives are, as with the 

AHP, an essential feature of outranking procedures, so this approach is primarily 

suited to the assessment of relative profitability.

An evaluation of outranking relationships should help to solve any problem that is 

defined as the selection, arranging or ordering of alternatives. Since PROMETHEE 

has been primarily developed to determine rank orders, it aims to do so in the form 

of so-called pre-orders, for some or all alternatives. A pre-order is a specific order to 

which transitivity must not apply, and via which non-comparable factors can be 

incorporated.  
Another fundamental characteristic of PROMETHEE is the use of generalised

criteria. These consist of a typical series of so-called preference functions, which 

indicate the intensity of the preference for one alternative against another regarding a 

particular criterion. On the basis of the preferences determined using these functions, 

an outranking relationship and an outranking graph are produced.  

This can be illustrated for a multi-criteria problem of the form: 

Max {f1(Ai), f2(Ai),..., fc(Ai),..., fC(Ai)} with: Ai  A (6.33) 

A = {A1,A2,...,Ai,...,AI} represents the set of all alternatives and fc(Ai) represents A 

in real numbers in each case. Accordingly, fc(Ai) indicates the cardinally measured 

outcome of an alternative Ai with regard to the criterion c. This formulation of the 

multi-criteria problem assumes that all target measures are to be maximised. 

Therefore, criteria that are minimised must be transformed into a maximisation task 

(e.g. by multiplying by -1). 

In PROMETHEE, a pair-wise comparison of all alternatives takes place for every 
criterion c. Thus, for an alternative Ai  A, a preference against the alternative 

Aj  A can be determined by calculating the difference dc between the outcomes 

fc(Ai) and fc(Aj) and converting this difference into a preference value using the 

preference function. For the preference function pc(Ai,Aj):

pc(Ai,Aj) = pc(fc(Ai) - fc(Aj)) = pc(dc(Ai,Aj)) (6.34) 

The preference value pc(Ai,Aj) indicates the level of dominance of alternative Ai
over alternative Aj in regard to criterion c, and may have values between 0 and 1. 

For dc   0, i.e. indifference or negative preference of Ai over Aj, a value of 0 is 

assigned to pc(Ai,Aj). For a strict preference for Ai over Aj, pc(Ai,Aj) amounts to 1. 
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With PROMETHEE it is possible to consider preference estimations (preference 
intensities) lying anywhere between indifference and strict preference. These are 
represented by preference values between 0 and 1. The higher the preference value, 
the more intense the preference: the increased intensity being the result of increasing 
differences d. The flexible means of assigning preference values pc to value 

differences using preference functions is another characteristic of PROMETHEE. 
Critical values can be included, as mentioned, for indifference and/or preference. 

For most practical applications, six typical kinds of preference functions (the 

‘generalised criteria’ mentioned above) are sufficient. Figure 6-13 shows these 

generalised criteria.  

Fig. 6-13: Generalised criteria with PROMETHEE
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The usual criterion represents the classic case in decision theory, with a strict 
division between indifference (p(d) = 0, if d  0 or f(Ai)  (Aj)) and strict preference 

(p(d) = 1, if d > 0 or f(Ai) > f(Aj)). The intensity, or degree, of preference is not 

considered. 

The quasi-criterion differs from the usual criterion in that it includes a critical 

value (q) for indifference. This critical value equals the highest value of d at which 

indifference still exists. Small differences are then irrelevant. Strict preference, with 

p(d) = 1, applies to all values of d > q. 

For a criterion with linear preference, a critical value for preference (s) is 

included, which represents the smallest value of the difference for which a strict 

preference exists. In the range between 0 and this critical value, preferences rise 

linearly, i.e. there is a proportionate relationship between differences and preference 

intensities. 

For a step-criterion, critical values are considered for both indifference (q) and 

preference (s). Differences of d  q lead to indifference, differences above s indicate 

strict preference. In the range between q and s (including s), a weak preference with 

p(d) = 0.5 can be assumed. Alternatively, other preference values between 0 and 1, 

and more than two gradations, can be included as well. 

A criterion with a linear preference and an indifference area also uses two 

critical values. This criterion represents a combination of the two previous criteria. It 

differs from the step-criterion in that a linear preference function is assumed to exist 

between the critical values.  

Using the GAUSS-criterion, preference is strictly increasing with the difference d, 

beginning at d = 0. Even for high values of d, a strict preference (p(d) = 1) is not 

fully reached. With this criterion, a parameter  which determines the turning point 

of the preference function, must be identified. The GAUSSIAN distribution is included 

in the generalised criteria since the preference function based on it is quite stable, i.e. 

small changes in  result in only slight changes in preference. 

PROMETHEE is carried out using the following steps: 

1. Determination of the target criteria and data collection. 

2.  Selection of generalised criteria and definition of preference functions. 

3.  Determination of an outranking relationship. 

4.  Evaluation of the outranking relationship. 

The first step, definition of the target criteria, requires a detailed analysis of the 

target system, as in all multi-criteria methods. After defining the targets, the possible 

outcomes for the available alternatives must be assigned cardinal numbers with 

respect to each criterion. 

The second step, selection of generalised criteria and definition of preference 

functions is performed for every criterion and includes, if necessary, the specification 

of the generalised criteria by determining the associated parameters (s, q, ). This 
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second step implies the assumption that the preference functions accurately reflect 

the preferences of the decision-maker in regard to the outcomes, or more precisely 

outcome differences, of each criterion. 

To determine an outranking relationship (the third step), value differences must 

be calculated for all criteria and alternative pairs. Then, using the preference 

functions, the preference values are derived from the value differences. For every 
pair of alternatives (Ai,Aj) and every criterion two preference values are determined: 

a preference value indicating the preference for Ai against Aj; as well as one 

indicating the preference for Aj against Ai. One of the two values is always zero. 

The relative importance of the criteria must also be fixed in this step. This is 

achieved using cardinally measured weighting factors wc for all criteria c. As with 

other methods, the weighting factors must fulfil the Condition (6.17): 

C

1=c
c 1 w

Then, for the preference of every alternative Ai against another Aj, an outranking 

relationship can be determined using the weighted means of all criteria-specific 
preference values pc(Ai,Aj).

C

1=c
jiccji )A,(Apw=)A,(A  (6.35)

The values of the outranking relationship can be interpreted as preference indications 
that reflect the level of preference for Ai against Aj. After including all criteria, they 

can be interpreted similarly to the values pc(Ai,Aj) for a criterion c, that is  = 0 

indicates indifference and  = 1 indicates strict preference. Between 0 and 1, the 

degree of preference rises with increasing values of . For each alternative pair 
Ai,Aj, two values of the outranking relationship are determined (as for a single 

criterion). 

The outranking relationships identified may be summarised as a square matrix. 
The elements of the main diagonal of this matrix represent the values (Ai,Ai) at 

zero. Alternatively, the outranking relationship may be illustrated in the form of a 

graph. The nodes of the graph correspond to the alternatives, and the arrows 

correspond to the values of the outranking relationship between alternatives. 
Because, for two alternatives Ai and Aj, two outranking values are calculated, the 

graph contains two arrows between two nodes. 
The fourth step of PROMETHEE is the evaluation of the outranking relationship.

Based on the outranking graph, two flow measures can be determined for every node 

and every alternative. The outflow measure of a node (F+) is the sum of the 

assessments of all arrows (values of the outranking relationship) starting at the node: 
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I

1=j
jii ),A,(AF  for all i, i = 1,...,I (6.36)

It indicates the level of preference for one alternative against all others. The greater it 

is, the more preferable that alternative. 

The inflow measure of a node (F-) is determined in the same way, as the sum of 

the estimates of all arrows flowing into the node: 

I

1=j
ij

-
i ),A,(AF   for all i, i = 1,...,I  (6.37)

The inflow measure shows the extent to which an alternative is dominated by other 

alternatives. The higher it is, the greater the dominance by other alternatives. 

Now, to set up a rank order of alternatives, each alternative is evaluated on the basis 

of the inflow and outflow measures. A suitable pre-order can be formulated to assess 

relative profitability. As a basis for this, an entire (pre)order is derived from both 

measures. 

The pre-order resulting from the outflow measures, characterised by the symbols 

P+ (preference) and I+ (indifference), contains the following statements:

Ai is preferred to Aj (AiP+Aj), if F+(Ai) > F+(Aj)

Ai is indifferent to Aj (AiI+Aj), if F+(Ai) = F+(Aj)

Accordingly, a pre-order based on the inflow measures (with the symbols P- and I-)

may be formed: 

Ai is preferred to Aj (AiP-Aj), if F-(Ai) < F-(Aj)

Ai is indifferent to Aj (AiI-Aj), if F-(Ai) = F-(Aj)

After simultaneous inclusion of outflow and inflow measures, a pre-order of the 

following form can be produced to assess profitability (with the symbols P, I and U): 

Ai is preferred to Aj (AiPAj),

if (AiP+Aj and AiP-Aj)

or (AiP+Aj and AiI-Aj)

or (AiI+Aj and AiP-Aj)

Ai is indifferent to Aj (AiIAj),
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if AiI+Aj and AiI-Aj

Ai and Aj cannot be compared (AiUAj),

if not AiPAj and not AiIAj

If the relationship AiPAj is valid, the alternative Ai is clearly preferable to Aj – i.e. 

‘Ai outranks Aj’. For AiIAj the decision-maker is indifferent between these options, 

and for AiUAj the alternatives are not comparable. A pre-order derived in this way is 

always a so-called partial pre-order when the alternatives (U) are not comparable. 

This is another difference between PROMETHEE and the methods discussed 

previously. 

Example 6-4 

Now the MAUT example is reconsidered. As in all outranking procedures, 

PROMETHEE is particularly suitable for decisions involving many alternatives. 

Therefore, the example is extended by a further two alternatives (A4, A5).

In the first step of PROMETHEE, the determination of target criteria and data 

collection, the following data are recorded for four target criteria (size of land (S), 

labour potential (LP), freight carrier (FC) and municipal factor of trade tax (MF)): 

         Target criteria 

 Alternative

S LP FC MF

A1 60,000 800 15 350

A2 42,500 1,100 12 250

A3 35,000 1,300 25 450

A4 35,000 900 14 300

A5 40,000 1,000 17 400

Tab. 6-4: Data for the five alternatives 

The second step involves selecting generalised criteria and defining preference 

functions for the four target criteria. Figure 6-14 contains the relevant generalised 

criteria and preference functions. It is assumed that they reflect the preferences of the 

decision-maker.
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Fig. 6-14: Generalised criteria and preference functions in the example

In the third step, the outranking relationship is determined, with the weightings wc

being assigned first. In this example they are: 

w1 = 0.3 w2 = 0.35 w3 = 0.2 w4 = 0.15. 

Substituting into the Formula (6.35) for the value of the outranking relationship 
(A1,A2) for an alternative A1 compared to alternative A2:

C
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By inserting the outcome differences between A1 and A2 in the preference functions 

and, subsequently, transforming the preference values, the following can be 

determined: 

(-250))-(-350p15.0

12)-(15p0.21,100)-(800p0.3542,500)-(60,000p0.3)A,(A

4

32121

(-100)p150(3)p0.2(-300)p0.35(17,500)p0.3)A,(A 432121 .

015.0
3

2
0.200.3510.3)A,(A 21

430)A,(A 21 .

In the same way, the value (A2,A1) can be calculated: 

(100)p15.0(-3)p0.2(300)p0.35(-17,500)p0.3)A,(A 432112

115.000.210.3500.3)A,(A 12

50.0)A,(A 12

The other values of the outranking relationship can be determined in the same way. 

The matrix in Figure 6-15 shows the entire outranking relationship. 

Fig. 6-15: The outranking relationship

The fourth step is the evaluation of the outranking relationship. Firstly, flow 

measures are determined. The outflow measure F+ results from adding the values of 

the columns for each alternative; the inflow measure F- results from summing up the 

values of the rows (see Figure 6-15). By simultaneously considering outflow and 

inflow measures, the partial pre-order shown in Figure 6-16 can be formulated. 

A1 A2 A3 A4 A5 F+

A1 0 0.43 0.45 0.30 0.38 1.56

A2 0.50 0 0.45 0.55 0.33 1.83

A3 0.55 0.38 0 0.55 0.55 2.03

A4 0.25 0.07 0.15 0 0.15 0.62

A5 0.24 0.20 0.08 0.31 0 0.83

F- 1.54 1.08 1.13 1.71 1.41



212 Multi-Criteria Methods and Simultaneous Decision-Making 

Fig. 6-16: The partial pre-order

In the matrix above it can be seen that the alternative A1 is preferable to A4 (A1PA4,

there is: 41 FF  and 41 FF ); A2 is preferable to A1 (A2PA1, indicated by: 

12 FF  and 12 FF ). The alternatives A1 and A5 are not comparable (A1UA5)

because: 51 FF  and 15 FF . 

This result can also be presented in the form of a directional graph. In this graph, the 

nodes represent the alternatives. An arrow from Ai towards Aj indicates that 

alternative i is preferable to alternative j. Indifference is expressed by lines without 

arrows drawn between the nodes. No connection between two nodes signifies a lack 

of comparability, i.e. no preference can be stated for either alternative. 

Fig. 6-17: Graphical presentation of the partial pre-order

From this analysis it is obvious that the alternatives A4, A1 and A5 are not relatively 

profitable (A4 is dominated by all the other alternatives; A1 and A5 are dominated by 

A2 and A3). Accordingly, either A2 or A3 should be selected; for these alternatives 

no preference can be stated, since the diagram shows no connection between the two 

(indicating a lack of comparability). 

A1 A2 A3 A4 A5

A1 x - - A1PA4 A1UA5

A2 A2PA1 x A2UA3 A2PA4 A2PA5

A3 A3PA1 A3UA2 x A3PA4 A3PA5

A4 - - - x - 

A5 A5UA1 - - A5PA4 x 
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Assessment of the method 

PROMETHEE (like the other outranking methods) can deal with a lack of 

comparability and incomplete information. In addition, critical values for preferences 

and preference intensities can be included in the profitability analysis.

The required computational effort is relatively low, and the data collection 

slightly simplified by the possibility of using generalised criteria. However, the 

preference functions, outcomes and weightings must be determined for each 

criterion. The measurements must be cardinal, which restricts the consideration of 

qualitative attributes.  

The limitation to six generalised criteria, although not compulsory, might also be 

regarded as a problem. In general, there is doubt as to whether the preferences of the 

decision-maker can be encapsulated by generalised criteria, preference functions, 

and value differences (rather than absolute values). Again, the effects of uncertainty 

may be examined using sensitivity analysis. 

In regard to the outranking relationship and the flow measures that form the basis 

of profitability assessments, it is assumed that target weightings can be assigned on a 

cardinal scale. The weighted means of all preference values (additive functions) as 

stated in the outranking relationship are purported to give an adequate comparison of 

alternatives. This also assumes – similar to the AHP and utility value analysis – that 

completely independent judgements are being made on each criterion. Using flow 

measures, it is assumed that preferences over other alternatives (outflow measures) 

as well as the ‘domination’ by other alternatives (inflow measures) will enable the 

formulation of a ranking. One weakness is that, as with the AHP, the pair 

comparisons depend upon the available alternatives and so the ranking obtained is 

unstable.

The inclusion of outflow and inflow measures is specific to the method. Due to 

the inclusion of inflow measures, PROMETHEE only allows limited compensation 

for unfavourable outcomes. 

An order formed with PROMETHEE will reflect the preferences of the decision-

maker only if the assumptions described above are fully met. Yet, such a preference 

statement is not the principal purpose of the procedure. Rather, and this is more 

important than with the other methods, decision support via preference and problem 

structuring is the main purpose of the PROMETHEE method. 

To conclude the examination of multi-criteria methods, it should be pointed out that 

they share some similarities, in that they all operate by partitioning a problem. In 

each method the separate elements and target criteria must be determined and 

weighted, transformed into individual utility values or comparable values (partial 

utility values, local priorities, preference values) and, finally, summed taking the 

individual weightings into account. 
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Common features of utility value analysis and the AHP are primarily the step 

sequence and the additive total utility function. The AHP requires more effort, but 

has the advantage of examining the subjective estimates for consistency. 

The MAUT differs from utility value analysis and the AHP in that it has a utility 

theory foundation and corresponding preconditions. Apart from that, the procedure is 

very similar to utility value analysis. 

The PROMETHEE method has some similarity to the AHP, since it is based on 

the execution of pair comparisons. However, it offers decision support rather than a 

procedure for determining an optimum solution. In this regard, it differs from the 

other methods. 

All procedures discussed in this chapter have specific advantages and 

disadvantages. It is therefore not possible to give a general recommendation for any 

one procedure; the choice of method depends on the problem being considered. A 

combination of methods, or elements of methods, may be useful – e.g. the target 

criteria weighting used with the AHP and MAUT may be applied within the 

framework of a utility value analysis. 
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Assessment Material Chapter 6 

Exercise 6-1 (Utility Value Analysis) 

The copiers in a department are due for renewal. There is a choice between two 

types of copier that have the same basic technical functions. A financial profitability 

analysis shows no significant difference between the two. Carry out a utility value 

analysis with the following list of target criteria: 

Target criteria  Criteria weightings 

1. User-friendliness 30% 

 1.1. Handling of the operating parts  10%  

 1.2. Handling of paper loading  10%  

 1.3. Frequency of faults  50%  

 1.4. Finding and remedying faults  30%  

2. Service from supplier 30% 

 2.1. Term of guarantee  30%  

 2.2. Distance from customer service  30%  

 2.3. Maintenance performance  40%  

3. Quality of copies 40% 

 3.1. Copies on paper  60%  

 3.2. Copies on slides  10%  

 3.3. Copies on paper when in constant use  30%  

Over four weeks of testing, staff members obtain the following results: 

Target criteria   Outcomes  

Copier A Copier B 

 1.1. Simple Simple  

 1.2. Moderately simple Simple 

 1.3. 3 faults per 1,000 copies 7 faults per 1,000 copies 

 1.4. Complicated Very simple 

 2.1. 6 months 1 year 

 2.2. 200 km 10 km 

2.3. Very good Good 

 3.1. Very good Good 

3.2. Good Good 

3.3. Satisfactory Good 
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Use the following tables to transform the results into partial utility values: 

For criteria 1.1, 1.2 and 1.4: 

Result Partial utility values 

Very simple 1.00 

Simple 0.80 

Moderately simple 0.60 

Moderately complicated 0.40 

Complicated 0.20 

Very complicated 0.00 

For criterion 1.3: 

Result Partial utility values 

Up to 1 fault 1.00 

2 – 4 faults 0.80 

5 – 4 faults 0.60 

9 – 15 faults 0.40 

16 – 30 faults 0.20 

More than 30 faults  0.00 

(per 1,000 copies) 

For criterion 2.1: 

Result Partial utility values 

6 months 0.00 

1 year 0.50 

2 years 1.00 

For criterion 2.2: 

Result Partial utility values 

0 – 50 km 1.00 

51 – 250 km 0.50 

More than 250 km 0.00 
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For criteria 2.3, 3.1, 3.2 and 3.3: 

Result Partial utility values 

Unsatisfactory 0.00 

Sufficient 0.25 

Satisfactory 0.50 

Good 0.75 

Very good 1.00 

a) Prepare the decision using utility value analysis. 

b) Describe briefly the various steps of a utility value analysis. 

c) What are the assumptions underlying a utility value analysis? 

Exercise 6-2 (Analytical Hierarchy Process) 

A company would like to use the analytical hierarchy process in planning its 

strategic investments. There are three strategies (alternatives) to choose from: 

Strategy A (growth), B (growth combined with a strategic alliance) and C 

(consolidation). The system of targets consists of three targets: ‘company growth’ 

(CG), ‘securing the company’s independence’ (SI) and ‘long-term profit 

maximisation’ (LP). It is assumed here that these suffice to meet the requirements 

demanded of a system of targets within the scope of the AHP (see also Section 6.3). 

The decision-makers have given the following assessments, using pair 

comparisons, of the relative importance of (a) the target criteria and (b) the 

alternatives: 

SG SI LP

SG 1 1 1/3

SI 1 1 1/3

LP 3 3 1

Tab. 6-5: Pair comparisons for the target criteria 
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Pair comparisons for the alternative strategies in relation to each target criterion: 

A B C A B C

A 1 1 5  A 1 3 1/3

B 1 1 5  B 1/3 1 1/6

C 1/5 1/5 1  C 3 6 1

Tab. 6-6: ‘Company growth’ Tab. 6-7: ‘Securing independence’  

A B C

A 1 1/3 1

B 3 1 2

C 1 1/2 1

Tab. 6-8: ‘Long-term profit maximisation’ 

a) Determine the weighting vectors of the pair comparison matrices. Are the 

assessments sufficiently consistent? 

b) Calculate the global priority of the alternatives and assess their relative 

profitability. 

c) Assess the AHP in regard to the assumptions made in connection with its 

application. 

Exercise 6-3 (Multi Attribute Utility Theory) 

Now, the investment issue in Exercise 6-2 is reconsidered. It is assumed that it is 

possible to measure ‘company growth’ in terms of the number of employees (NE), 

and ‘securing independence’ in terms of the amount of outside capital required (OC). 

For these items and for the long-term profit (LP) it is assumed that preferences are 

mutually preferential independent and that the following data for the three 

Alternatives A, B and C can be forecasted with certainty. 

Alternative Criterion 1 (NE) Criterion 2 (OC [€]) Criterion 3 (LP [€ p.a.])

A 15,000 5,000,000 3,000,000

B 12,000 2,500,000 4,000,000

C 10,000 1,000,000 3,200,000

Tab. 6-9: Data for alternatives A, B and C 
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The following individual utility values were determined for these outcomes of the 

target criteria:

 u1 (10,000)  = 0 u1 (15,000) = 1 

 u2 (5,000,000) = 0 u2 (1,000,000) = 1 

 u3 (3,000,000) = 0 u3 (4,000,000) = 1 

Then, the following indifference assessments were made, in order to ascertain the 
relevant additional points for each of the functions u1, u2 und u3:

Function u1:

To determine 5.0
1o  using the third criterion:

 (10,000; 3,200,000) ~ (12,000; 3,000,000) 

 (12,000; 3,200,000) ~ (15,000; 3,000,000) 

Function u2:

To determine 5.0
2o  using the third criterion: 

 (5,000,000; 3,400,000) ~ (3,000,000; 3,000,000) 

 (3,000,000; 3,400,000) ~ (1,000,000; 3,000,000) 

Assume that the function u2 is linear for the interval [ 5.0
2o , 1

2o ]. 

Function u3:

To determine 5.0
3o  using the first criterion: 

 (15,000; 3,000,000) ~ (10,000; 3,400,000) 

 (15,000; 3,400,000) ~ (10,000; 4,000,000) 

Once again, assume linearity, here for the interval [ 0
3o , 5.0

3o ]. 

a) Calculate the total utilities of each of the three alternatives and assess their 

relative profitability. 

b) Discuss the advantages and disadvantages of MAUT. 

Exercise 6-4 (PROMETHEE) 

Look again at the strategic investment issue in Exercises 6-2 and 6-3. This time, use 

the PROMETHEE method for decision support. Take as valid all of the alternatives, 

target criteria and outcomes from Exercise 6-3. Instead of the indifference 

judgements from 6-3, the following generalised criteria and preference function 

parameters for the target criteria should be used in decision-making with 

PROMETHEE.
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Number of employees (NE):  

Criterion with linear preference, parameter: s = 3,000 

Outside capital (OC): 

Step-criterion with parameters q = 1,000,000 and s = 2,000,000 

Long-term profit (LP): 

Step-criterion with parameters q = 100,000 and s = 800,000 

a) Determine the preference functions for the criteria. 

b) Calculate the outranking relationship, as well as the inflow and outflow 

measures. In so doing, assume the following weightings: NE: 1/5; OC: 1/5; 

LP: 3/5. 

c) Formulate an order of preference for the alternatives. 

d) Discuss the advantages and disadvantages of PROMETHEE. 



Chapter 7: Simultaneous Decision-Making Models 

Decisions about investment programmes often involve simultaneous choices about 

types and numbers of investment projects. Additionally, models used for 

simultaneous decision-making might need to accommodate choices within a range of 

company areas such as financing, production, sales, human resources and tax policy. 

In this chapter, the finance and production areas – because of their relevance and 

close connections with investment decisions – are selected to illustrate ways of 

supporting investment decision-making in a broader sense than has been discussed 

previously. In the following sections some models are presented in detail, their 

practical relevance is discussed, and problems with their practical application are 

analysed. 

First DEAN’s model is illustrated, which is used to make a simultaneous choice 

between various investment and finance projects within a single time period. Thus, it 

is a static model, and it is also single-tiered, in that alternatives can be realised at 

only one point in time (normally the beginning of the planning period). Obviously, 

these characteristics limit the model’s utility as a stand-alone decision support tool. 

Consequently, a model developed by HAX (1964) and WEINGARTNER (1963): a 

multi-tier model for simultaneous investment and finance decisions spanning 

multiple periods is also analysed. Concluding the chapter, the (multi-tier) extended 

model of FÖRSTNER and HENN (1957) is presented as an example of simultaneous 

investment and production decision-making support. 

7.1 Static Model for Simultaneous Investment and Financing 
Decisions (DEAN Model) 

Description of the model 

A simultaneous analysis of investment and financing alternatives is usually 

precipitated by interdependencies between them: i.e. the availability and quality of 

financing choices might determine the feasibility and profitability of investment 

projects, and vice versa. Such interdependencies are taken into account in models of 

simultaneous investment and finance decision-making. Although the static model 

developed by DEAN is relatively simplistic and, because only one period is 

considered, of limited applicability in real life investment decision-making, it is 

explored here as a good illustration of the basic interdependencies between 

investment and financing decisions, and as a transparent introduction to 

simultaneous decision-making.  

The simultaneous investment and finance decision-making models of DEAN, HAX

and WEINGARTNER and others are based on the assumptions that:
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• Certainty exists. 

• A limited number of investment and financing alternatives are available. 

• The investment and financing projects are not mutually exclusive and can be 

undertaken independently (although indirect relations might exist, for 

example, in regard to competition for finance). 

• Only monetary effects of the investment and financing alternatives are 

relevant.

• All relevant effects of the investment and financing projects may be assigned 

to the separate projects as cash inflows and cash outflows, and to periods of 

discrete and identical time spans. 

• Liquidity is a requirement for all the points in time under consideration. 

• Tax payments do not affect the profitability of the alternatives. 

• The economic life of the investment projects, or the term of the financing 

projects, is pre-defined. 

In addition to these general assumptions, DEAN’s model pre-supposes the following: 

• The investment and financing projects involve only one time period, with cash 

flows at the beginning and at the end.  

• All projects are completely divisible and may be undertaken in full, or in part 

up to a predetermined limit. 

The objective considered in the model is to maximise the compound value of the 

total investment and finance programme (consisting of cash inflows from the 

investment activities less cash outflows from the financing projects) as at the end of 

the planning period. It is assumed that investment projects have cash inflows 

(surpluses) at the end of this period while, due to interest and redemption payments, 

financing projects have cash outflows (negative net cash flows).  

At the beginning of the period, funds necessary to execute the investment projects 

(i.e. the total initial investment outlays) must be supplied by appropriate financing 

projects, including internal funds (Such funds can be included without explicit 

interest claims, i.e. using an interest rate of 0%, or using an interest rate derived from 

the appropriate opportunity cost.).  

Mathematically, the model can be formulated using the variables and parameters 

specified below, as follows: 

Variables:

 xj   =  Extent of realising the investment project j (j = 1...,J) 

 yi   =  Extent of realising the financing project i (i = 1...,I) 
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Parameters: 

 ajt   =  Net cash flow per unit of the investment project j for the point in time 

t (t = 0,1) 

 dit   =   Net cash flow per unit of the financing project i for the point in time t 

(t = 0,1) 

Objective function (related to t = 1): 

J

1j
jj1 xa  + 

I

1i
ii1 yd  max!  (7.1) 

Net cash flows of the  Net cash flows of the 
investment projects  financing projects

The sum of the net cash flows resulting from the investment and financing projects 

is maximised. 

The constraints are: 

Financing constraint (related to t = 0): 

J

1j
jj0 xa  + 

I

1i
ii0 yd  = 0   (7.2) 

Net cash flows of the Net cash flows of the 
investment projects financing projects 

Project constraints: 

0  xj  1,  for j = 1,...,J

0  yi  1,  for i = 1,...,I 

The financing of cash outflows (initial investment outlay for the investment projects) 

is required at the beginning of the first (and only) period, when the sum of net cash 

flows from both investment and financing projects must be zero. Limits set, such as 

the maximum number of investment projects or loans (maximum number of 

financing projects), must be considered as well. The investment and financing 

projects can be undertaken in arbitrary fractions of their maxima (xj = 1 or yi = 1). 

One way to find the optimum solution of this model is to use a graphical 

procedure. For this, capital demand and capital supply functions are illustrated in a 

diagram. The capital demand function indicates, for all available investment 

projects, the capital required as a function of the cost of capital. Analogously, the 

capital supply function shows the available capital as a function of interest rates. The 

point of intersection of the capital supply and capital demand curves indicates the 

optimum investment and finance programme. Also, the interest rate that is the hurdle 
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rate for both investment and financing projects can be determined – i.e. the model’s 

endogenous interest rate. 

Where investments are not completely divisible, the optimum solution cannot be 

determined graphically. If only a limited number of projects is available the solution 

may be found using an enumeration procedure, otherwise integer linear optimisation 

methods must be used. The following example illustrates the optimisation for both 

completely divisible and discrete investment projects. 

Example 7-1 

Four completely divisible investment and financing projects are available. They are 

characterised by the following net cash flows (in ’000) ajt or dit:

Data Intermediate results
Investment 

projects 
aj0 aj1

Interest rate  
 (in %) 

Priority
Accumulated 

capital demand

IP1  –100.0   113.0   13.0 2   150

IP2  –60.0   66.0   10.0 4   240

IP3  –50.0   58.0   16.0 1   50

IP4  –30.0   33.6   12.0 3   180

Financing 
projects

di0 di1
Interest rate   

(in %) 
Priority

Accumulated 
capital supply

FP1   25.0  –27.0   8.0 3   105

FP2   60.0  –64.0 6.6 2   80

FP3   100.0  –120.0   20.0 4   205

FP4   20.0  –21.0   5.0 1   20

Tab. 7-1: Characterisations of the investment and financing projects 

The optimisation problem is then expressed as: 

Objective function: 

113 x1 + 66 x2 + 58 x3 + 33,6 x4 – 27 y1 – 64 y2 – 120 y3 – 21 y4  max! 

Constraints:

Financing constraint: 

–100 x1 – 60 x2 – 50 x3 – 30 x4 + 25 y1 + 60 y2 + 100 y3 + 20 y4 = 0 

Project constraints: 

0  xj  1, for j = 1,...,4 

0  yi  1, for i = 1,...,4 
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First, the graphical solution is illustrated. In preparation, the internal rates of return 

(IRRs) of the investment projects and the effective rates of interest for the financing 

projects must be calculated, using the following formula: 

rj = 
aj1

aj0
  – 1    or     ri = 

di1

di0
  – 1 (7.3) 

Because all projects are divisible, a ranking according to profitability may be derived 

from the interest rates calculated. With rising interest rates, the profitability of 

financing projects decreases and that of investment projects increases: i.e. the most 

profitable financing project is the one with the lowest interest rate, and the most 

profitable investment project is the one with the highest rate. The internal rates of 

return and effective rates, as well as the resultant priority rankings, are shown in 

Table 7-1 above. 

This table also shows total capital demand and supply as a function of interest 

rates. The priority rankings of the investment projects can be used, together with 

their maximum initial investment outlay, to determine their total capital demand as a 

function of interest rates. At any loan interest rate greater than 16%, no level of 

capital demand would be considered, because that rate exceeds the interest 

potentially receivable from the investments. At a rate of 16%, the decision-maker 

would be indifferent between investing and not investing in project 3, the most 

profitable one, because the financing cost equals the rate receivable. With a smaller 

interest rate, this project would be undertaken. Below an interest rate of 16%, the 

cumulative capital demand is currently 50,000, which corresponds to the maximum 

initial investment outlay of investment project 3, since the other investment projects 

would be rejected. The second priority investment project (project 1) earns an 

interest rate of 13%, so at this interest rate the total capital demand increases by the 

initial outlay required to undertake this investment project ( 100,000). The 

cumulative capital demand then becomes 150,000. The other investment projects 

shape capital demand as a function of interest rates in the same way, and the 

resulting series can be represented in the capital demand curve shown in Figure 7-1. 

By analogy, a curve of capital supply as a function of interest rates can be derived 

using the maximum loan amounts and effective rates of interest for the financing 

projects. The capital supply curve obtained in this example is also shown in Figure 

7-1.

The optimum investment and financing programme balances capital demand and 

capital supply. In order to take the priorities of both investment and financing 

projects into account, investment projects – beginning with the highest priority 

project – are included in the optimum programme step by step (ranked by priority) as 

long as their IRRs exceed the interest rates of the financing projects necessary to 

finance their initial outlays. 
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Fig. 7-1: Graphical solution using the DEAN model

This is the case up to the point where the capital supply and demand curves intersect, 

so the optimum investment programme and financing programme can be determined 

from this intersection. All investment and financing projects to the left of the 

intersection can be realised although, commonly, one project – investment or 

financing – can be undertaken only partially. 

In the example given, financing projects 4, 2 and 1, investment project 3, and part 

of investment project 1 (55/100 or 11/20) comprise the optimum programme. The 

compound value (CV) of this programme is obtained from the cash flow surpluses of 

the optimum investment projects less the interest and redemption of the optimum 

financing projects (at time t = 1) and amounts to (in ’000):

CV = 58 + 11/20  113 – 21 – 64 – 27 = 8.15  

  IP 3  IP 1  FP 4  FP 2  FP 1   

The interest rate at which the capital demand and supply curves meet can be 

determined from the diagram: in the example it is 13%. This is the endogenous, or 

critical, interest rate, which may be used to generate the following rules: 

a)  Investment projects (financing projects) are undertaken wholly if their interest 

rates are higher (lower) than the endogenous rate. 

b)  Investment projects (financing projects) are undertaken partially if their 

interest rates equal the endogenous rate. 

c)  Investment projects (financing projects) are not undertaken if their interest 

rates are lower (higher) than the endogenous rate. 

Provided the endogenous rate is known in advance, the optimum programme of 

financing and investment projects may be derived either from the stated conditions, 
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or by using the net present value (NPV) method. Using the endogenous interest rate 

as a uniform discount rate, the projects may be assigned to the groups listed above 

regarding their calculated NPVs. The NPV will be either greater than zero (a), equal 

to zero (b), or less than zero (c). Incidentally, this example also demonstrates the 

suitability of the NPV method for decision-making in imperfect capital markets, 

provided the ‘correct’ interest rate is known. However, the endogenous interest rate 

is known only after an optimisation procedure and, therefore, can be used only for 

assessing additional projects once the original programme has been decided upon. 

The assumption of complete divisibility will not be realistic for many investment 

projects. When projects are necessarily discrete and the graphically determined 

‘optimum’ programme contains a partial investment project, as is the case in the 

example (investment project 1), this programme cannot be realised. In that case, 

neither undertaking project 1 in its entirety nor rejecting it will produce an optimal 

solution. This is because the rate of return of the investment projects, which was 

used for priority ordering, is no longer the only relevant criterion for programme 

optimisation. The size of the investment outlay also matters. It might be more 

profitable to favour an investment project with a lower capital demand over one with 

a higher rate of return. 

As previously noted, the optimum programme may also be determined using 

either a complete or a limited enumeration. With a limited enumeration, all possible 

investment programmes, except for those that are obviously unprofitable, are 

analysed in the following way. For each combination of investment projects, the 

optimum financing programme is determined on the basis of the previous rank order, 

such that the sum of inflows and outflows at t = 0 is zero. The total compound value 

of each combination at t = 1 is then calculated. The programme with the maximum 

total compound value is optimal. This is illustrated in the following example, which 

is a continuation of the previous one. Obviously unprofitable investment 

programmes are ignored. Table 7-2 shows the results of the required calculations. 

Investment 
programme

Capital demand 
(€’000)

Financing 
programme

Compound value   
(€’000)

IP3   50 FP4, 0.5 FP2   5.0

IP1   100 FP4, FP2, 0.8 FP1   6.4

IP3, IP1   150 FP4, FP2, FP1, 0.45 FP3   5.0

IP3, IP4   80 FP4, FP2   6.6

IP3, IP2   110 FP4, FP2, FP1, 0.05 FP3   6.0

IP3, IP4, IP1   180 FP4, FP2, FP1, 0.75 FP3   2.6

IP4, IP1   130 FP4, FP2, FP1, 0.25 FP3   4.6

Tab. 7-2: Compound values of the investment and financing programmes 
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The optimum in this example, with a compound-value of 6,600, is the combination 

of investment projects 3 and 4 financed by financing projects 2 and 4. 

Assessment of the model 

DEAN’s model for simultaneous investment and financing decision-making is a 

relatively simple one and presents no special difficulties for data collection and 

model solution. 

To assess the method’s practicability, the reader should refer to comments made 

on the NPV method (see Chapter 3), with the proviso that the DEAN model does not 

assume a perfect capital market. However, the fundamental objections to combining 

‘imperfect capital market’ and ‘certainty’ assumptions expressed in Chapter 4

(concerning the VoFI method) should again be emphasised.  

Consumption decisions are largely ignored in this model. If no internal funds are 

available, or if they are included without interest claims and are, therefore, used to 

finance investments, the level of consumption is defined at the beginning of the 

planning period. If, however, interest rates are derived from opportunity costs, the 

available investment opportunities and alternative financing opportunities determine 

whether internal funds will be used. Then, assuming the opportunity costs reflect a 

time preference with regard to consumption, the inclusion of internal funds can be 

interpreted as a (simplified) integration of the consumption decision into the model.

The assumption that investment and financing projects are independent, and the 

limitation of a single-period time span, are also problematic. The time span 

limitation is particularly so, as investments are typically long-term and usually show 

long-term effects. Differences in the economic life of the investment and financing 

projects often occur, and misleading rankings can result. Moreover, future 

investment and financing opportunities are completely ignored where only a single 

term is considered. A more accurate solution to the simultaneous decision-making 

problem may be achieved using the following dynamic model.  

7.2 Multi-Tier Model of Simultaneous Investment and Financing 
Decisions (HAX and WEINGARTNER Model) 

Description of the model 

The multi-tier model for simultaneous investment and financing decisions described 

in this section was developed by both HAX and WEINGARTNER independently, in 

almost identical form. Most of the assumptions underlying DEAN’s model apply to 

this model also. However, unlike DEAN’s model, the HAX and WEINGARTNER model 

is multi-tier in that the investment and financing projects considered may commence 

at different times.  



Simultaneous Decision-Making Models 229 

The objective included in the model is, again, to maximise the compound value of 

the total investment and financing programme. It is assumed that any investment 

project surpluses earned before the end of the planning period are reinvested in a 

one-year financial investment at a given interest rate. Thus, a uniform discount rate 

is not required in this model. At the beginning of each time period within the 

planning period, a liquidity constraint is formulated to ensure that cash inflows and 

outflows are balanced. In addition, it is assumed that investment and financing 

projects can be executed repeatedly, but that investment projects are indivisible, or 

discrete. The cash flow profiles of the investment and financing projects are assumed 

to be independent of their size, i.e. the interest rate for a loan (financing project) is 

independent of the total sum borrowed. 

The HAX and WEINGARTNER model can be expressed in mathematical form using 

the variables and parameters specified below. Investment and financing projects are 

sequentially numbered, but without index references to periods. An exception to this 

is the short term financial investment which is labelled Jt. 

Variables:

 xj = Number of units of investment project type j (j = 1,...,J–1) 

xJt =  Amount of the short term financial investment (in ) at time t 

(t = 0,…,T–1 or T)  

 yi  =   Extent of financing project type i (in ) for i = 1,...,I  

Parameters: 

 ajt   =  Cash outflow surplus per unit of the investment project j (j = 1,...,J–1) 

at time t (t = 0,1,...,T)

 dit   =  Cash outflow surplus per unit ( ) of the financing project i at time t  

 IFt  = Internal funds at time t 

 Xj  = Maximum number of units of investment project j (j = 1,...,J–1) 

 Yi  = Maximum amount of financing project i (i = 1,...,I) 

 c  =  Interest rate for the short term financial investment

The objective ‘maximisation of the compound value (CV)’ may be incorporated into 

the model in different ways. In the following formula, the cash flows of the last 

period constitute the objective function explicitly. 

CV = TIF  –  
1-J

1=j
jjT xa  – 

I

1=i
iiT yd

  Internal  Cash outflow surpluses  Cash outflow surpluses 
  funds  of the investment projects  of the financing projects 

  + 1JTxc)(1  max! (7.4) 

   Compounded short-term financial 
   investment at the previous point in time 
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The compound value represents the surplus at the end of the programme planning 

period. Cash inflow surpluses in earlier points in time are transformed into a short-

term financial investment. Accordingly, the compound value may be interpreted as a 

hypothetical short-term financial investment at time T.  
If a variable xJT and a liquidity constraint at time T are integrated into the model, 

then the objective function can be formulated as follows: 

CV = xJT     max! 

Constraints:

Liquidity constraints: 

For t = 0: 

1-J

1=j
jj0 xa  + 

I

1=i
ii0 yd  + J0x  = 0FI (7.5) 

Cash outflow  Cash outflow  Short-term  Internal 
surpluses of the  surpluses of the  financial  funds 
investment projects  financing projects  investment    

For t = 1,...,T: 

1J

1j
jjt xa  + 

I

1i
iit yd

Cash outflow surpluses  Cash outflow surpluses 
of the investment projects  of the financing projects 

+ Jtx  – 1JTxc)(1  = tFI   (7.6) 

 Short-term  Compounded short-term  Internal 
 financial  financial investment  funds 
 investment  in the previous period   

At t = 0, and throughout the planning period, cash outflow surpluses must at no time 

exceed the internal funds, i.e. illiquidity must be avoided. This is ensured by the 

mathematical formulation of the liquidity constraints and, additionally, by the further 

constraint that the short term financial investments must not be negative (xJt  0). 

However, the balance of the internal financial funds (parameter IFt) can become 

negative if the company managers intend to withdraw funds from the investment and 

financing programme (in order to make funds available for other parts of the 

company or the owners). 

Project restrictions: 

xj     Xj , for j = 1,...,J-1 

yi     Yi , for i = 1,...,I 
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xj      0  and integer, for j = 1,...,J–1 

xJt      0, for t = 0,...,T–1 

yi      0,   for i = 1,...,I 

The number of units of investment projects j (j = 1,...,J–1) and the amounts of 

financing projects i (in ) may not be negative, nor may they exceed the (given) 

maximum limits. In addition, all investment projects are discrete, or indivisible. 

The optimum solution of the HAX and WEINGARTNER model may be calculated 

using integer linear programming. Where investment projects are divisible, other 

useful information may be derived from the optimum solution in the form of 

endogenous interest rates. This is illustrated in the following example. 

Example 7-2 

The following table shows the cash flow profiles of investment projects 1–7 and 

financing projects 1–3. Two investment projects are started at time t = 1 (investment 

projects 6 and 7), i.e. this is a multi-tier example.  

Investment projects may be undertaken up to the following maximum numbers: 5 

(investment project 1), 4 (investment project 2), 2 (investment project 4), 3 

(investment project 5), and 4 (investment project 6). Investment projects 3 and 7 are 

unrestricted. Maximum loans are 500,000 (financing project 1), 600,000

(financing project 2) and 100,000 (financing project 3), and the short term financial 

investment used for reinvesting surpluses earns an interest rate of 8% over the 

planning period. 

Net cash flows at times 

Investment projects t = 0 t = 1 t = 2 t = 3 

Investment project 1:  –90,000  45,000  40,000  40,000

Investment project 2:  –45,000  24,000  23,000  24,000

Investment project 3:  –80,000  35,000  35,000  40,000

Investment project 4:  –170,000  75,000  80,000  85,000

Investment project 5:  –100,000  40,000  50,000  50,000

Investment project 6:  0  –240,000  160,000  160,000

Investment project 7:  0  –160,000  92,000  96,000

Financing projects     

Financing project 1:   1   0   0  –1.481544

Financing project 2:   1   0   0  –1.404928

Financing project 3:   0   1  -0.12  –1.12

Tab. 7-3: Net cash flows of the investment and financing projects 
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The model for this example consists of: 

Objective function: 

x83  max! 

Constraints:

Liquidity constraints: 

t = 0: 90,000x1 + 45,000x2 + 80,000x3 + 170,000x4 + 100,000x5 – y1 – y2 + x80

 = 50,000 

t = 1: -45,000x1 -24,000x2 – 35,000x3 – 75,000x4 – 40,000x5 + 240,000x6

+ 160,000x7 – y3 – 1.08x80 + x81 = 0 

t = 2: -40,000x1 – 23,000x2 – 35,000x3 – 80,000x4 – 50,000x5 – 160,000x6

– 92,000x7 + 0,12y3 – 1.08x81 + x82 = 0 

t = 3: -40,000x1 – 24,000x2 – 40,000x3 – 85,000x4 – 50,000x5 – 160,000x6

– 96,000x7  + 1.481544y1 + 1.404928y2 + 1.12y3 – 1.08x82 + x83 = 0 

Project constraints: 

x1 5

x2 4

x4 2

x5 3

x6 4

y1 500,000

y2 600,000

y3 100,000

xj and integer, for j = 1,...,7 

yi 0,   for i = 1,2,3 

x8t 0,  for t = 0,1,2 

The optimum solution of the model is: 

x1 = 5 x2 = 4 x3 = 0 x4 = 2 x5 = 0 x6 = 3 x7 = 0 

x80 = 137,962.96    x81 = 0 x82 = 920,000 x83 = 306,150.92 

y1 = 457,962.96  y2 = 600,000 y3 = 100,000 

This resulting optimum solution is, therefore, to invest in five units of investment 

project 1, four units of investment project 2, two units of investment project 4 and 

three units of investment project 6. Loans 1, 2 and 3 should be taken out in the 
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following amounts: 457,962.96, 600,000 and 100,000 (i.e. loans 2 and 3 are used 

to their maximum value). At times t = 0, t = 2 and t = 3 short-term financial 

investments are recommended in the amounts of 137,962.96, 920,000 and 

306,150.92 respectively. The financial investment at t = 3 (x83) is identical to the 

objective function, i.e. the compound value that is maximised in the optimum 

programme. 

In the following calculation, the liquidity constraint at t = 0 is presented with the 

various outcomes of the optimum solution. The cash flow surplus is invested at this 

point as a short-term financial investment: 

t = 0: 90,000  5 + 45,000  4 + 80,000  0 + 170,000  2 + 100,000  0 – 457,962.96 
– 600,000 + x80 = 50,000 

 x80 = 137,962.96 

At time t = 1 there is a particularly high capital demand owing to the initial 

investment outlays for three investment projects of type j = 3. Thus, the short-term 

financial investment realised is relinquished and an excessive loan is taken out at the 

beginning of the planning period (identifiable from the positive value of the short-

term financial investment at t = 0).

Where investment projects are divisible, the optimum solution of a HAX and 

WEINGARTNER model allows the derivation of endogenous interest rates. In this 

example, the following optimum solution is obtained: 

x1 = 5 x2 = 4 x3 = 0 x4 = 2 x5 =  1.8 x6 = 2.68 x7 = 0

x80 = 0  x81 = 0 x82 = 958,666.70 x83 = 324,297.87 

y1 = 500,000 y2 = 600,000 y3 = 100,000

In decision problems involving divisible investment projects, useful information 

about scarce resources may be gained from the optimum solution. Opportunity costs 

or shadow prices can be identified that indicate changes in the objective function 

caused by easing the constraints. With the HAX and WEINGARTNER model, the 

shadow prices of liquidity constraints are particularly interesting. 

Key Concept:  

The shadow price of the liquidity constraint at time t indicates the increase in the 

value of the objective function (i.e. the compound value) that would result from 

an additional unit of financing (from internal funds) becoming available.  

This value may be interpreted as an endogenous compounding factor indicating 

how an additional monetary unit, made available at time t, yields interest up to 

time T. 
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The value of the model endogenous compounding factor depends on the alternatives 

considered in the model and their effects. In the example, the model endogenous 

compounding factors qt
* are: 

q0
*  = 1.5947,  q1

* = 1.3867,  q2
* = 1.08  and  q3

* = 1 

From these model endogenous compounding factors, model endogenous interest 

rates may be derived, which indicate the endogenous rates of interest for each period. 

The relationships between the model endogenous compounding factors qt
* and the 

model endogenous interest rates it* for the current example are illustrated as follows: 

Fig. 7-2: Relationships between the model endogenous compounding factors and the 
model endogenous interest rates

The model endogenous compounding factor at time t is the product of all model 

endogenous compounding factors related to the individual periods from time t to the 

end of the planning period. The compounding factor relevant to a period is the sum 

of 1 plus the model endogenous interest rate for that period. Therefore, for the model 

endogenous compounding factor qt
*, the following applies: 

T

1t

**
t )i(1q (7.7)

Model endogenous compounding factors are derived from optimum solutions of 

linear optimisation problems. From these factors, the model endogenous interest 

rates may be calculated by changing the equation above. This is demonstrated for the 

example given in the following:
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The interest rate in the second period (28.4%) is particularly high: this is the result of 

high demands from the investment projects at time t = 1, as discussed above for the 

model stipulating investment project indivisibility. The endogenous interest rate for 

the third period (8%) equals the interest rate of the short-term financial investment, 

because at t = 2 no other investment opportunities exist. 

Model endogenous interest rates may be used to assess single investment and 

financing projects separately. If these interest rates are used as uniform discount 

rates for calculating the NPVs of the separate projects (as in the DEAN model), the 

following relationships may be stated: 

a)  Investment or financing projects with an NPV greater than zero are 

undertaken to their maxima in an optimum programme.

b)  Investment or financing projects with an NPV of zero are usually undertaken 

only partially in an optimum programme, i.e. not to their maxima. 

c)  Investment or financing projects with an NPV of less than zero are not 

included in an optimum programme. 

If the endogenous interest rates were known, no optimisation of a simultaneous 

model would be needed. However, they are derived only as the result of an 

optimisation and, therefore, the application of endogenous interest rates (as uniform 

discount rates) is useful only for assessing additional projects considered once the 

optimum programme has already been determined.  

In the example, it is now assumed that an additional investment project 9 

becomes available. It has the following cash flow profile: 

Times t = 0 t = 1 t = 2 t = 3

Net cash flows –10,000 4,000 4,500 5,000

Tab. 7-4: Cash flow profile for investment project 9 

Utilising the endogenous interest rates determined above as uniform discount rates, 

the NPV of this additional investment project can be calculated: 

338.87c
1.081.2841.15

5,000

1.2841.15

4,500

1.15

4,000
10,000c

9

9

Because of its negative NPV, investment project 9 should not be included in the 

programme; the calculated optimum would be unaffected by this additional 

investment opportunity.  

Additionally, the guidelines given in Section 3.6, for determining upper and lower 

bounds for the interest rates of investment and financing opportunities, can also be 

applied to assessing investment and financing projects separately within a 
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simultaneous investment and financing decision process. It should be possible to 

define an interval within which the endogenous interest (or discount) rate falls, so 

that a range of possible NPV results for investment and financing projects can be 

calculated. Using this approach, it is easy to identify investment and financing 

projects which are definitely profitable (positive NPV at the upper limit for an 

investment and at the lower limit for a financing project) or definitely unprofitable 

(negative NPV at the opposite limits). Only the remaining projects would then 

require a model for simultaneous decision-making.  

Model assessment and model extensions 

The HAX and WEINGARTNER model requires the collection of data on forecasted 

project cash flow profiles, maximum numbers of projects, and internal funds. 

Determining the optimum solution may – depending on the number of variables 

and periods under consideration – be difficult, particularly where the investment 

projects are indivisible. This has motivated the development of heuristic solution 

procedures for simultaneous investment and financing decisions; these also rely in 

part on knowing endogenous interest rates. While heuristic procedures might not 

always determine the optimum result, they will usually find acceptable solutions 

with relatively little computational effort. Nevertheless, improvements in computer 

resources have greatly improved the potential for solving integer linear optimisation 

problems.

A fundamental criticism of the HAX and WEINGARTNER model that should be 

emphasised is the combination of ‘imperfect capital market’ and ‘certainty’ 

assumptions.

Because of the model’s multi-tier structure, interdependencies between 

investment and financing opportunities in different periods may be included in the 

analysis. Therefore, the optimum investment timing may be determined using the 

model.

Short-term financial investments that yield different rates of interest in different 

periods (or an interest rate of 0%, i.e. keeping surpluses as cash) may also be 

included. Alternative short- or long-term investments with divergent interest rates, 

and alternative short-term loans, can be accommodated as well.

Withdrawals may be interpreted as payments the company receives from the 

investment and financing programme. They can be included either as nominated 

amounts of (negative) internal funds, or as periodic withdrawals from the investment 

and financing programme that must be maximised. This approach requires a pre-set 

level for both the compound value and the desired cash withdrawal pattern. The 

objective then consists of the one variable to be maximised – the withdrawal level. 

The desired cash withdrawal pattern is taken into account by multiplying time-

specific factors (which express the demand for cash at a specific point in time) by 

the withdrawal level, and integrating the products into the liquidity constraints. 
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Thus, consumption decisions can be integrated into the model (in a simplified form) 

either by nominating withdrawal amounts, or by maximising the withdrawal flow.  

To accommodate more realistic scenarios, the project conditions might need to be 

modified, e.g. where multiple iterations of a project are not possible and/or 

investment projects (particularly financial investment projects) are divisible. 

The analyses in this chapter have assumed that the last relevant cash flows occur 

at the end of the planning period. However, defining the planning period itself 

represents an additional decision problem for the analyst. This problem is 

exacerbated if a project’s cash flows occur in the relatively distant future, in which 

case the planning period must be extended to incorporate the last cash flow. An 

alternative approach would be to choose a shorter planning period and discount the 

cash flows that arise beyond it. In that case, the following objective function is 

maximised: 

T

1+T=t

T+t-
I

1=i
iit

1-J

1=j
jjtJT qyd+xa-x  max! (7.8)

With:   

q–t+T  =  Discounting factor for time t 

T  =  The time at which the last cash flow occurs 

As with all models of simultaneous investment and financing decisions, the 

assumptions indicated above (certainty of the model data, independence of the 

projects, exclusion of non-monetary effects, the ability to allocate the effects to 

specific projects and periods, irrelevance of tax payments, nominated production 

programme and economic life etc.) may not apply in reality. Also questionable is the 

assumption that the cash flow profiles of investment and financing projects are 

independent of the number of projects undertaken. In addition, since cash flows are 

allocated at the beginning or end of each period, liquidity can only be assured for 

those points in time, and not for in-between periods. Therefore some financing 

decisions, despite their connections to decisions illustrated here, must be made 

outside the model. In practice, it is advisable to check the extent to which such 

divergences between reality and the model’s assumptions might impact on the 

profitability of projects. 

Some of the assumptions of the model can be avoided by modifying its 

formulation. This would make it possible, for example: 

• To allow project interdependence.

• To accommodate balance sheet structures. 

• To integrate tax payments into the model. 

• To include different economic lives for investment projects and/or terms for 

financing projects within the model. 



238 Multi-Criteria Methods and Simultaneous Decision-Making 

At this point, it should be noted that the model assumes centralised decision-making 

about investment and financing projects. However, the complexity resulting from 

centralised decision-making, together with possible problems with information 

transfer and the motivation of managers in decentralised company units, may create 

the need to decentralise decision-making processes. With decentralisation, the use of 

mathematical decomposition procedures, transfer prices and investment budgeting 

may become necessary in order to coordinate investment and financing activities. 

Also, managers in decentralised units might not, owing to goal conflicts or to 

asymmetric distribution of information, make decisions that are in the best interests 

of the company. To deal with this problem, incentive systems are often used. 

Up to this point, production decisions have been assumed to be a given. In the 

following section this premise is discarded in order to consider decisions about 

production alongside investment programme decisions.  

7.3 Multi-Tier Model of Simultaneous Investment and Production 
Decisions (Extended FÖRSTNER and HENN Model) 

Description of the model 

Models for simultaneous investment and production decisions analyse the following 

types of interdependency: 

• The profitability of investment projects as a function of the production 

programme (i.e. the types and numbers of products produced). 

• Investment in increased production capacity as an essential condition for a 

production programme decision. 

To consider these interdependencies, product variables that indicate how many units 

of a product type will be produced are now introduced. Cash flows are also allocated 

to these variables, and the capacity used by the variables (or the products they 

represent) is incorporated into capacity constraint formulae.  

The extended FÖRSTNER and HENN model described in this section is a linear 

optimisation model. Similar to the models for simultaneous investment and 

financing decisions, the following assumptions apply: 

• There is no uncertainty concerning the model data. 

• A limited number of suitable investment and production alternatives is 

available. 

• The investment and production alternatives are not mutually exclusive and 

each may be undertaken independently (although indirect relationships might 

exist – for example, investment projects might compete with each other for 

scarce funds, or they might be designed to increase production capacity). 

• Only the monetary effects of the investment and production alternatives are 

relevant.
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• All effects relevant to the investment and production alternatives can be 

assigned to the relevant projects as cash inflows and outflows, and to the 

relevant periods (which are discrete and of identical length). All relevant 

effects from other areas of the company are recorded in these cash inflows.  

• All relationships between variables and their effects are linear (for example, 

cash inflows are proportionate to the levels of production). 

• A production process with more than one production step is assumed, and 

Capacity demands per unit can be allocated to products at every production 

step.

• The order in which products are manufactured has no influence on cash 

outflows and capacity demands. 

• No storage is necessary, i.e. production volumes correspond to sales volumes.

• Solvency must be maintained for all periods under consideration. 

• The financing programme is pre-set. 

The FÖRSTNER and HENN model for making simultaneous investment and production 

decisions is derived from the basic model for a production programme decision. This 

is described briefly next. The specific production situation is illustrated in Figure 7-3 

assuming the existence of two product types and three production facilities (i.e. 

machines). 

Fig. 7-3: Production structure in the basic model for a production programme 

decision

Products pass through three production facilities j (j = 1,2,3), and for every unit of a 

product k (k = 1,2) there is a specific and constant capacity requirement gjk. This 

unit-related capacity requirement, the so-called production coefficient, is known. 

Also known are: the available capacity (in units) for each machine; the per unit 

variable costs for each product; and product prices (which are independent of sales 

volumes). The production volumes zk are identical to the sales volumes – i.e. 

products are not stored. 

The basic model is a static one, and the ultimate objective is to maximise profits. 

Restrictions result from machine capacity limits and, for obvious reasons, production 

volumes cannot be negative.  
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The FÖRSTNER and HENN model extends this basic model by removing one of its 

crucial assumptions: the fixed capacity of the production machines or facilities. 

Investment variables are introduced to indicate the extent to which the capacity can 

be raised. 

In this Section 7.3, an extended version of the FÖRSTNER and HENN model is 

described. In contrast to the original model, it incorporates cash flows from product 

sales within the liquidity constraints. Moreover, cash outflows resulting from the 

investment projects are included. 

The objective is to maximise compound value. Surpluses from a period may be 

reinvested in unlimited amounts as short-term, single-period financial investments, 

as in the HAX and WEINGARTNER model. Thus, a uniform discount rate is 

unnecessary. It is assumed that the economic lives of the investment projects 

purchased (here, production machines) are fixed. Liquidation values are taken into 

account at the end of the economic life and/or planning period. 

In a multi-tier model, decisions (about investment and production) and the 

consequences resulting from them (cash inflows and outflows, creation and use of 

capacities) must be assigned to specific points in time. The following model assumes 

that: 

Investment projects’ initial outlays, resultant cash flows and capacity increases 

occur at time t exactly (i.e. the beginning of period t + 1). 

Production and sales volumes for the period t + 1 are assigned at time t. The 

associated machine capacity demand occurs at time t, but production and sales 

do not result in product-related cash inflows and outflows until time t + 1. 

The liquidation values of investment projects become payable at either the end 

of the economic life, or the end of the planning period (if the end of the 

economic life is not reached within the planning period). 

In formulating the model, the following variables and parameters are used: 

Variables:
 xjt =  Number of production machines of type j (j = 1,...,J–1), purchased at 

time t (t = 0,…,T–1) 
 zkt =   Production volume of product k (k = 1,...,K), assigned at time t  

   (t = 0,...,T–1) 
 xJt =   Short term financial investment at time t (t = 0,...,T–1) 

Parameters: 
 pkt     =  Price of a unit of product k, produced at time t 

 avkt   =  Variable cash outflow per unit of product k, produced at time t 

 Ifjt = Fixed cash outflow at time t for production machine of type j, 

purchased at the point in time  (  = -T*,–T*+1,…,0,…,T)
   (If a machine of this type exists at the beginning of the planning 

period, -T* is the time at which the oldest machine was purchased.) 
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 xj   = Number of machines of type j purchased at time , for  < 0 (this data 

is known with certainty when formulating the model)
 Xjt   =  Maximum number of machines of type j that can be purchased at  

time t 
 I0jt   =  Initial investment outlay for a machine of type j bought at time t 

jtL̂  =  Liquidation value per machine of type j bought at time t, which is 

received at the end of the planning period 
 Lj = Liquidation value for one machine of type j purchased at time  at the 

end of its economic life
 ujt = Parameter indicating whether a machine of type j purchased at time 

has reached the end of its economic life at time t. If so, the parameter 
has the value of one; otherwise its value is zero 

 c =  Interest rate for the short term financial investment 
 gjkt   =  Capacity demand of machine j per unit of product k whose production 

is assigned at time t 
 Gjt = Capacity of a machine of type j purchased at time  related to time t

 Zkt   =  Maximum sales volume of the product k related to time t 

 IFt  =  Available internal funds at time t 

The model can be formulated as follows: 

Objective function (related to the point in time T):  (7.9) 

)c1(x 1JT  + 
K

1=k
1vkT1kT1kT )a-(pz  + 

1T

*T=
jj

1J

1=j

xL̂     max! 

Compounded short-term Cash inflow surpluses due to  Cash inflows due to the 
financial investment of product-related payments liquidation of equipment at 
the previous period  the end of the planning period

Liquidity constraints:        (7.10) 
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At all times t (t = 0,...,T-1) the company must remain solvent. 

Capacity constraints: 

K

1=k
ktjkt zg

t

*-T=
jjt  xG  (7.11) 

Use of capacity  Available capacity

Capacity demands on all investment projects j (j = 1,...,J-1) and at all times t 

(t = 0,...,T-1) must not exceed their available capacities. 

Sales constraints: 

ktz ktZ (7.12) 

Volume of sales Maximum volume of sales 

At all times t (t = 0,...,T–1) and for all products k (k = 1,...,K) the maximum sales 

volumes must not be exceeded.  

Project constraints: 

xjt Xjt ,  for j = 1,...,J–1; t = 0,...,T–1 

xjt 0  and integer,  for j = 1,...,J–1; t = 0,...,T–1 

xJt  0,  for t = 0,...,T–1 

zkt  0,  for k = 1,...,K; t = 0,...,T–1 

Example 7-3 

In the following example, a simultaneous investment and production programme 

decision is required to cover three periods. The company produces three product 

types k (k = 1,2,3). For these product types, the following differences between prices 

and variable cash outflows per unit have been estimated (these are assumed to 

remain constant throughout the three years): 

p1 – av1 = 1.40 per unit

p2 – av2 = 1.35 per unit 

p3 – av3 = 1.00 per unit 

In each period, the maximum market demand for products of type k is indicated by 

the following parameters Zk:

Z1 =  8,000 units Z2 =  6,000 units Z3 =   5,000 units 

Three machines j (j = 1,2,3) are required to produce each of the three products. The 

following matrix shows the production coefficients, e.g. the requirement of 
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capacities of the three machines j per unit of the products k (in time units). These 

capacities are also assumed to be constant throughout the three periods: 

Machine 

 Product 1 2 3

 1 3 3 3 

 2 4 3 2 

 3 5 2 4 

 Tab. 7-5: Production coefficients for the three machines j and the products k 

Initially, two machines of types 1 and 2 and four of type 3 are already in use. All 

have a remaining economic life of one period. Their capacities, relevant cash 

outflows and liquidation values are the same as for newly purchased machines, 

described next. 

New machines can be purchased at the beginning of each period, without limit. 

The economic lives of the projects are three periods each and, if the machines are 

acquired at the beginning of period 1 (at time t = 0), their initial investment outlays 

(in ), capacities (in time units), and cash outflows (in /machine) are: 

  Machine Initial investment 
outlay

 Capacity Cash operating 
outflows 

  1   1,000   5,000   195

  2   960   4,000   185

  3   880   3,500   225

Tab. 7-6: Data for the machines 

By acquiring the machines at t = 1 or t = 2, the initial investment outlays, the 

outflows and the production coefficients remain unchanged, but the capacities 

increase by 10% each period. The liquidation value at the end of the economic life is 

10% of the initial investment outlay. The decline in investment project liquidation 

value occurs continuously over all periods of the economic life, starting from the 

initial investment outlay. 

The following internal funds are available: 

t = 0: 25,000 and t = 1:  5,000.

The interest rate on the short-term financial investment is 6%. The objective is to 

maximise the compound value. 

For this decision problem, a simultaneous model must be formulated. The 

temporal structure of the liquidity, capacity and sales restrictions (R) as well as the 

objective function (OF) are shown in the following chart: 
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Fig. 7-4: Temporal structure of the liquidity, capacity and sales restrictions and the 

objective function 

Objective function (related to t = 3): 

x42  1.06 + 0.1  (1,000x10 + 960x20 + 880x30) + 0.4  (1,000x11 + 960x21
+ 880x31) + 0.7  (1,000x12 + 960x22 + 880x32) + 1.4z12 + 1.35z22 + z32  max! 

The objective function refers to the end of the last period. At this time, the short-

term financial investment initiated at the beginning of that period is recouped 

(including interest), and the liquidation values of the investments made at different 

points in time, as well as the cash flow surpluses of the products produced at time 

t = 2, are included. The liquidation values amount to 10%, 40% or 70% of the 

respective initial investment outlays, according to the age of the investment projects. 

Liquidity constraints: 

t = 0: 
1,000x10 + 960x20 + 880x30 + 195 (2 + x10) + 185 (2 + x20) + 225 (4 + x30)

+ x40 = 25,000 

The liquidity constraint for t = 0 includes the initial investment outlays for the 

machines purchased at the beginning of the first period and the cash outflows for 

both new and existing machines. The short-term financial investment is also 

included. In keeping with the assumptions of the model, all cash outflows must be 

financed using available funds. 

t = 1: 
–1.4z10 – 1.35z20 – z30 + 1,000x11 + 960x21 + 880x31 + 195 (x10 + x11)

+ 185 (x20 + x21) + 225 (x30 + x31) – 2  0.1  1,000 – 2  0.1  960 – 4  0.1  880

– 1.06  x40 + x41 = 5,000 

The liquidity restriction for t = 1 includes the initial investment outlays of the 

machines acquired at the beginning of the second period, the operating cash outflows 

for the machines purchased at t = 0 and t = 1, and the short-term financial 

investment. Cash inflows result from liquidation values, from the balance of the 

relevant cash inflows and outflows for products produced in the first period 

t

t=0 t=1 t=3t=2

R OFR R

t

t=0 t=1 t=3t=2

R OFR R
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(assigned at t = 0), and from the compounded short-term financial investment 

undertaken in the time t = 0. 

t = 2: 
–1.4z11 – 1.35z21 – z31 + 1,000x12 + 960x22 + 880x32 + 195 (x10 + x11 + x12)

+ 185 (x20 + x21 + x22) + 225 (x30 + x31 + x32) – 1,06  x41 + x42 = 0 

Capacity constraints: 

t = 0: 
3z10 + 4z20 + 5z30  10,000 + 5,000x10
3z10 + 3z20 + 2z30  8,000 + 4,000x20
3z10 + 2z20 + 4z30  14,000 + 3,500x30

t = 1: 

3z11 + 4z21 + 5z31  5,000 x10 + 5,500 x11
3z11 + 3z21 + 2z31  4,000 x20 + 4,400 x21
3z11 + 2z21 + 4z31  3,500 x30 + 3,850 x31

t = 2: 

3z12 + 4z22 + 5z32  5,000 x10 + 5,500 x11 + 6,050 x12
3z12 + 3z22 + 2z32  4,000 x20 + 4,400 x21 + 4,840 x22
3z12 + 2z22 + 4z32  3,500 x30 + 3,850 x31 + 4,235 x32

Sales constraints: 

z1t 8,000, for t = 0,1,2 

z2t 6,000,  for t = 0,1,2 

z3t 5,000, for t = 0,1,2 

Project constraints: 

xjt 0  and integer, for j = 1,2,3; t = 0,1,2 

x4t 0,  for t = 0,1,2 

zkt 0,  for k = 1,2,3; t = 0,1,2 
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The optimum solution of the model is: 

x10 = 6 x20 = 7 x30 = 5 x11 = 3 x21 = 3 x31 = 5 x12 = 0 x22 = 0 x32 = 0 

x40 = 2,630.00 x41 = 8,867.63 x42 = 22,338.44 

z10 = 7,666.67 z11 = 8,000 z12 = 8,000 

z20 = 4,250 z21 = 5,625 z22 = 5,625 

z30 = 0 z31 = 0 z32 = 0 

This optimum solution recommends that six units of machine 1, seven units of 

machine 2 and five units of machine 3 should be purchased at the beginning of the 

planning period; as well as three units of machines 1 and 2 and five units of machine 

3 at time t = 1. The production and sales volumes of the products are: in the first 

period (i.e. at t = 0): 7,666.67 units of product 1 and 4,250 units of product 2. Short-

term financial investments should be made at the beginning of the planning period 

(amount = 2,630.00) and at times t = 2 and t = 3 (amounts = 8,867.63 and 

22,338.44 respectively). The objective function value (i.e. maximum compound 

value) is 48,296.50.

Assessment of the model 

The model presented here captures the interdependencies between investment and 

production decisions relatively well by including product variables, investment 

variables, and their linkage via the capacity constraints. Thus, it also circumvents the 

assumption that a cash inflow must be allocated to a specific investment project – a 

potentially problematic assumption that is common to all other models discussed so 

far.

Difficulties may arise from the optimum determination process (particularly if the 

projects must be discrete) and from the processes of data collection. Moreover, 

deviations between the real environment and the ‘model-world’ may apply to all the 

assumptions mentioned. The assumption about available internal funds is one 

example; financing decisions remain outside the model, apart from short-term 

financial investments (although financing can be integrated into the model by 

introducing financing variables). Decisions about how to produce products are not 

part of the model, and the economic lives of the investment projects are assumed to 

be known. These and other weaknesses of the model can, however, be largely 

eliminated by extending the model further. Yet, extensions inevitably increase the 

complexities of data collection and calculation. 

Although this and other models for simultaneous investment and production 

programme decision-making represent planning problems relatively well, they are 

rarely applied in company practice, for various reasons. One problem is that such 

generalised theoretical models must be adapted to the specific company situation. 
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The most crucial barriers to applying this sort of model are the challenging planning 

requirements and the effort involved in data acquisition and model solution. 

Difficulties are primarily due to the high complexity of these models including the 

requirement for projects to be discrete. This requirement may result in problems 

within the optimum solution calculation process, despite recent progress in computer 

technology. The model may also lead to data procurement problems, since a huge 

amount of data might need to be collected from across a company. In addition, the 

data relates almost exclusively to future periods, so must be forecasted. It is, 

therefore, highly uncertain, thus reducing the reliability of the model. The 

considerable influence that investment model data uncertainties have on the 

profitability of investment objects is considered in the following chapters.
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Assessment Material Chapter 7 

Exercise 7-1 (DEAN Model for Simultaneous Financing and 
Investment Decisions) 

The choice is between the investment and finance projects below, each with their 

given cash flows, ajt or dit (in ’000):

Investment projects j 1 2 3 4 5

aj0 (€’000) –120 –160 –70 –60 –30

aj1 (€’000) +144 +170 +77 +78 +36

Tab. 7-7: Cash flows for the investment projects 

Financing projects i A B C D

di0 (€’000) +50 +70 +160 +80

di1 (€’000) –54 –78 –200 –84

Tab. 7-8: Cash flows of for financing projects 

a) For each project, calculate the internal rate of return (IRR) or the effective rate 

of interest. From this, deduce the capital supply and capital demand curves and 

draw these on a graph. Determine the optimum investment and financing 

programme as well as the endogenous rate of interest. What is the maximum 

compound value? 

b) Take another look at the choice of investment and financing projects in part a) 

of the exercise. Assume all the investment projects must be realised in full (i.e. 

they are indivisible). Ascertain the optimum investment and financing 

programme and calculate the maximum compound value.

c) State the assumptions made by the DEAN model. 

Exercise 7-2 (Multi-Tier Model for Simultaneous Financing and 
Investment Decisions) 

A company faces the task of planning its investment and financing programme. It 

must choose between three investment projects (x1, x2, x3). At any point in time, 

excess funds may be invested in the short term (x4t). Interest on such short-term 

investments is 5%. The investment projects are characterised by the following net 

cash flows ( ’000):
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Time t x1 x2 x3

0 –100 0 –120

1 50 –80 60

2 50 55 40

3 50 55 40

Tab. 7-9: Net cash flows for the investment projects

There are also two financing projects available to the company (y1, y2) with the 

following net cash flows ( ’000):

Time t y1 y2

0 100 0

1 –10 100

2 –10 0

3 –115 –118

Tab. 7-10: Net cash flows for the financing projects

Each loan can be drawn down for up to 600,000 and divided up at will. Each 

investment project may be undertaken up to five times, but must be realised in full 

each time (i.e. the projects are indivisible).  

The company invests internal funds as follows: 200,000 at the beginning of the first 

period and 100,000 each at the beginning of the second and third periods. 

Formulate a multi-tier model for the simultaneous planning of an investment and 

financing programme appropriate to the problem described above. 

Exercise 7-3 (Multi-Tier Model for Simultaneous Financing and 
Investment Decisions) 

A company is faced with two investment projects (x1, x2) and two forms of long-

term financial investment (x3, x4) plus one short-term financial investment (x5t) in 

each period. The company may take up two loans (y1, y2) of up to 1,000,000 each. 

For the available investment projects and loans, the following monetary 

consequences are expected ( ’000):

Time t     x1           x2          x3          x4         x50         x51       x52        x53         y1          y2

0 100 80 50 100 100 0 0 0 –100 –100

1 –60 –50 0 –10 –105 100 0 0 0 0

2 –60 –50 0 –10 0 –105 100 0 0 0

3 –50 –40 –90 –120 0 0 –105 100 140 130

Tab. 7-11: Net cash outflows per unit of the variables (projects) 
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There are no internal funds available. 

a) Formulate a multi-tier model for maximising the compound value of the 

investment and financing programme.  

b) The following programmes are proposed: 

i) x1 = 1.5;   x2 = 1;   x3 = 1;   y1 = 1;   y2 = 1 

ii) x1 = 1;   x2 = 1;   y1 = 1;   y2 = 1 

(The values of the variables x5t are not given here but may be deduced from the 

other variables.)

 Are the programmes feasible and, if so, optimal? Briefly outline the reasons for 

this.

c) How does the model change if additional cash inflows in the amount of 10,000

are expected for each unit of investment project 1 at each of the times t = 4 and 

t = 5, and 10% is the rate of interest for calculation purposes?  

d) In optimising a HAX and WEINGARTNER model, the following endogenous 

compounding factors qt
* where determined for the times t:  

q0
* = 1.93908; q1

* = 1.4916; q2
* = 1.243; q3

* = 1.1; q4
* = 1 

 Determine the endogenous rates of interest for periods 1-4, and assess the 

profitability of an additional project with the following cash flow profile: 

Time t 0 1 2 3 4

Cash flows (€’000) –300 120 120 120 110

Tab. 7-12: Cash flow profile of the additional project

Exercise 7-4 (Static and Multi-Tier Models for Simultaneous 
Financing and Investment Decisions)

a) A choice must be made between the investment and finance projects below, 

each with their forecasted cash flows, ajt or dit (in ’000).

Investment project A B C D

aj0 –60 –70 –40 –100

aj1 78 87.5 45 124

Tab. 7-13: Cash flows of the investment projects 
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Financing project 1 2 3

di0 100 100 100

di1 –110 –120 –132

Tab. 7-14: Cash flows of the financing projects

a1) Determine the optimum investment and financing programme when the 

investment and finance projects may all be divided at will. 

 What is the maximum compound value? 

a2) Ascertain the optimum investment and finance programme assuming the 

investment projects cannot be divided. 

 What is the maximum compound value? 

a3) Which programme is optimal if neither the finance projects nor the 

investment projects can be divided? 

What is the maximum compound value? 

b) A company wishes to plan its investment and financing programme 

simultaneously. There are four investment projects to choose from, A-D 

(investment variables xA–xD), with the following net cash flows ( ’000):

Time t A B C D

0 –100 –150 –80 –50

1 40 40 25 15

2 40 50 25 20

3 40 55 25 15

4 40 55 25 10

Tab. 7-15: Net cash flows for the four investment projects 

Investment projects A and C may be realised a maximum of three times. Internal 

funds available at t = 1 amount to 80,000. The investment projects A and B 

may also be realised at t = 1 (investment variables xE, xF), and an upper limit of 

3 applies to the realisation of investment project A also at this time.  

The following information on the financing projects 1-3 (financial variables 

y1-y3) is available: 

If the first financing project is realised, 60% of the cash inflows will be 

received at t = 0 and 40% at t = 1. At each time, interest at a rate of 10% is 

payable on the capital borrowed, which is to be repaid at t = 4. 

A payment of the full nominal amount of the second financing project will 

be received at t = 0 if this project is realised. 50% of the capital is to be 

repaid at t = 3, and the remaining 50% at t = 4. At each time, interest at a 

rate of 9% is also payable on capital previously received and not yet repaid. 
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The third financing project generates only one positive payment at t = 0. 

Payments of interest and compound interest, as well as capital repayments, 

are due at times t = 1 to t = 4. The total amounts payable stay the same and 

the applicable rate of interest is 6%. 

For each of the financing projects the maximum amount is 200,000.

At each time, a short-term, single-period financial investment may be made, 

yielding interest at 3% (investment variables xGt, t = 0,1,2,3,4). 

Also at each time (except t = 4), a short-term, single-period loan may be 

accessed bearing interest at 7% (financial variables y4t, t = 0,1,2,3), while the 

maximum amount available at each time is, as for the other financing projects, 

200,000.

Formulate a multi-tier model for this problem. Relate the objective function to 

t = 4 and assume a discount rate of 5% for period 5. 

c) The models formulated in a), and b) aim to decide simultaneously on an 

investment and financing programme. Work out the differences between the 

models and, in so doing, state the differing assumptions involved.  

Exercise 7-5 (Extended FÖRSTNER and HENN Model) 

The head of a company’s planning department wishes to decide about production 

and investments simultaneously. The following data are available: The company 

produces two kinds of products, k (k = 1,2). For each unit of product, it achieves a 

price pk and has to pay variable cash outflows of avk resulting from the production 

process. It can sell maximum amounts of Zk.

k pk (€ per unit) Zk (unit) avk (€ per unit)

1 12.00 1,000 8.00

2 18.00 16,000 10.00

Tab. 7-16: Data for the two kinds of products

Both products are produced on three machines, j (j = 1,2,3). The utilisation of these 

machines j for each unit of the product k is given below (in units of capacity). 

Machine j

Product k 1 2 3 

1 3 4 6

2 2 5 7

Tab. 7-17: Utilisation of the machines 
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At the beginning of the planning period there is an initial stock of machinery with 

the capacity given below in time units:

Machine j Capacity

1 300

2 400

3 800

Tab. 7-18: Existing capacity of the machines  

Identical machines may be acquired at the beginning of each period. For each type of 

machine j, I0j represents the initial investment outlays (in ), and Gj the relevant 

expansion in capacity (in time units). 

Machine j I0j Gj

1 1700 60

2 1400 80

3 3200 100

Tab. 7-19: Data for the machines

The liquidation value at the end of the economic life is 20% of the initial investment 

outlay for each machine. The decrease in liquidation value occurs evenly throughout 

all periods of the economic life.

In each case, the total economic life of the existing machine is two years and all 

existing machines have a remaining economic life of one year. The cash outflows to 

acquire these existing machines were equal to those for the machines available for 

purchase at t = 0.  

a) Formulate a two-period model with the objective ‘maximising the compound 

value’. In so doing, assume that the data given here – with the exception of the 

cash outflows for the aggregates acquired at t = 1 (which rise by 10% compared 

with the figures given) – are also valid for the second period. Note that the 

company must remain liquid at all times. Interest on the short-term financial 

investment is 10%. 10,000 of internal funds are available at t = 0 and again at 

t = 1. 

b) What problems might be expected in setting up and solving such a model in a 

real business environment? 
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Exercise 7-6 (Extended FÖRSTNER and HENN Model) 

Prepare a simultaneous investment and production decision using the following 

underlying data. 

A company produces two kinds of product, k (k = 1,2). It has a monopoly position in 

the market and achieves prices pk according to the following formulae. The 

maximum volumes it can sell, Zk, and the variable cash outflows per unit, cofvk, are 

also given below (with zk = production amount and sales volume). 

k pk (€ per unit) Zk (unit) cofvk (€ per unit)

1 120 – 0.2  z1 600 50

2 180 – 0.1  z2 1,800 100

Tab. 7-20: Data for the two products

Both products are manufactured on the machines j (j = 1,2) and take up the 

following time units per unit of product on these machines. 

Machine j 

Product k 1 2 

1 4 6

2 5 5

Tab. 7-21: Data for the machines

At the beginning of the planning period, machine 1 has a capacity of 360 time units 

and a remaining economic life of one period. Its further characteristics are equal to 

those given below for new type 1 machines. 

New type 1 and type 2 machines can be acquired at the beginning of each period. 

Their economic life is four periods and the liquidation value at the end of the 

economic life amounts to 20% of the initial investment outlay. The decrease in their 

liquidation value occurs linearly throughout all periods of their economic life. 

Regardless of the date of acquisition, the cash outflows are 2,000 for the acquisition 

of machine 1, and 2,500 for machine 2. Each new machine purchased expands 

capacity by 90 time units (machine 1) and 100 time units (machine 2). 

The rate of interest for short-term financial investments is 10%; there is 40,000 of 

internal funds available at t = 0. 

Given the above, formulate a dynamic two-period model for determining an 

optimum investment and production programme with the objective of maximising 

the compound value. In so doing, assume that the data given – with the exception of 

the variable cash outflows per unit, which rises by 10% – are valid for both periods. 

Bear in mind that the company must remain liquid throughout both periods.
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Chapter 8:  Methods and Models for Appraising 
Investment Projects under Uncertainty 

An investing company expects to achieve positive results from an investment project 

in regard to technologies, revenues, costs and/or cash flows. Under known or 

predictable conditions, i.e. under certainty, these results can be determined 

unambiguously. However, in reality, most investment conditions must be considered 

uncertain. 

For example, goods produced on a new machine might not achieve sales at the 

levels expected; expected profits from a foreign investment might not be achieved; 

or a rationalisation or modernisation investment might take an unexpectedly long 

time to impact on efficiency. This uncertainty might be caused by customer, 

competitor or employee behaviour, or by technical processes and cyclical declines. 

All uncertainties create risks concerning the target measures reached by investments 

and the decisions based on investment appraisal. A risk can be understood as the 

danger of making a wrong decision that leads to failing the targets set. A more 

comprehensive interpretation, which is used in this chapter, is that risk captures the 

possibility that the realised target values might deviate from the expected targets 

with either negative or positive consequences.  

Because company and environmental structures are complex and fast-changing, 

many investment decisions involve substantial uncertainty and, consequently, high 

risks. These should be considered in investment decision-making, in order to protect 

the company and ensure its long-term development.  

There are several ways of incorporating uncertainty into planning. Through 

information gathering and processing, data may be obtained that helps to reduce 

uncertainty or assists in analysing its causes or effects. Analysis and forecasting 

techniques (such as the scenario method) allow the causes, forms and effects of 

uncertainty to be clarified. Also, specific investment appraisal models and methods 

can be used to determine how changing company or environmental conditions may 

cause variations in target measures. The results of investment decisions can then be 

predicted for a range of expectations. Additionally, the relative significance of 

various company and environmental conditions can be estimated in order to 

determine the value of further information-gathering and processing activities.  

If several alternative environmental and/or company conditions are possible, 

different target measures will apply to each. When no one alternative dominates over 

the rest, a decision problem can be solved by means of decision-theory rules or 

criteria. Such rules and criteria are outlined in Section 8.1. The following sections 

present and discuss the following methods that incorporate uncertainty and are 

suitable for making decisions about single investment projects: 
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• Risk adjusted analysis 

• Sensitivity analysis 

• Risk analysis 

• The decision-tree method 

• Options pricing models 

8.1  Decision Theory 

Decision theory rules and criteria may be applied when alternative scenarios for 

uncertain environmental and company conditions are included in a model. This helps 

to consider the effects of uncertainty in the project appraisal and reveals the expected 

outcome of each project alternative under the various scenarios. Usually, only 

limited numbers of alternatives and scenarios are considered, each involving a 

distinct set of input data. The decision situation can be illustrated with the help of a 

decision matrix, as shown in Figure 8-1, which assumes that: 

• A function can be formulated that assigns an unambiguous net present value 

(NPV) to every investment alternative under each scenario. 

• The NPV is the only relevant target measure (an assumption that is valid for 

most of Chapters 8 and 9 – i.e. problems of multi-criteria decision-making are 

not taken into account). 

In the decision matrix, the symbols Aj (j = 1,...,J) represent the alternatives, while 

the expected future scenarios are symbolised by Su (u = 1,...,U). The matrix elements 

NPVju indicate the net present value of an alternative j for the scenario u. 

Based on the matrix (NPVju), an investor can select an alternative with the help of 

decision rules. Some of these are described briefly in the following. 

             Scenario 

Alternatives

S1
… Su

… SU

  A1 NPV11
… NPV1u

… NPV1U
M M M M

  Aj NPVj1
… NPVju

… NPVjU
M M M M

  AJ NPVJ1
… NPVJu

… NPVJU

Fig. 8-1: Decision matrix 
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Decision Rules in Situations of Unknown Probabilities

If no probabilities can be estimated for the scenarios being considered, the following 

rules may be applied. 

WALD or Maximin rule 

According to the WALD or Maximin rule, the investment alternative selected from 

the set Aj is the one with the maximum NPVju in the least beneficial scenario Su. To 

identify this alternative, the minimum NPV is identified for every line of the 

decision matrix (i.e. for every alternative) and the alternative A* with the maximum 

value among these minima is selected. The optimum alternative A* is therefore 

defined as: 

A* = { ju
uj

j NPVminmax|A } (8.1) 

An investor using this approach is typically highly risk averse. He or she assumes 

that environmental and company conditions will be extremely negative, resulting in 

the worst outcome scenario for each of the investment alternatives. The consistent 

application of this decision rule will result in many investment opportunities being 

rejected because they carry the danger of a loss situation. Chances will not be 

appropriately taken into account and, in the extreme case, only risk-free investment 

projects will be considered, in direct contrast to any notion of entrepreneurship. 

For the following decision matrix, presenting net present values NPVju related to 

four investment alternatives Aj (j = 1,...,4) and five possible scenarios Su
(u = 1,...,5), the selection would be made in the way described above: 

S1 S2 S3 S4 S5 Min u

A1 180 120 110 130 125 110 

A2 160 135 120 115 145 115* 

A3 120 90 70 100 110 70 

A4 80 0 60 50 70 0 

Tab. 8-1: Example of a matrix for the Maximin rule 

The minimum NPV value for each line is listed in the column ‘Min u’. The 

maximum of these minima is NPV24 (= 115), i.e. the NPV achieved by the second 

investment alternative A2 under its least favourable scenario. Thus, investment 

project A2 would be selected (A* = A2).
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Maximax rule 

An optimistic investor might use the Maximax rule, choosing the investment 

alternative that promises the highest possible NPV. This approach would completely 

disregard the risk associated with unfavourable conditions. The optimum alternative 

A* is defined as: 

A* = { ju
uj

j NPVmaxmax|A } (8.2) 

This situation is illustrated in the following matrix: 

S1 S2 S3 S4 S5 Max u

A1 180 120 110 130 125 180* 

A2 160 135 120 115 145 160 

A3 120 90 70 100 110 120 

A4 80 0 60 50 70 80 

Tab. 8-2: Example of a matrix for the Maximax rule 

With this rule, the line maxima are determined and the maximum of these is 

selected: the chosen alternative in this example is A1 (A* = A1). Note that, because 

the Maximax and Maximin rules consider only one scenario, they both neglect much 

available information.  

HURWICZ rule 

The HURWICZ rule incorporates both the Maximin and Maximax rules, using a 

convex linear combination of the maximum of the minima and the maximum of the 

maxima. It constitutes, therefore, an optimism-pessimism rule. According to this 

rule, the optimum alternative A* is:

A*  =  { ]NPVmaxNPVmin)[(1max|A ju
u

ju
uj

j } (8.3) 

The  represents an optimism coefficient, with values between 0 and 1. For  = 1, 

the Maximax rule is used, for  = 0 the Maximin rule. A slightly risk-averse investor 

might choose, for instance,  = 0.4. Then, for the example given above, the matrix 

will be: 
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S1 S2 S3 S4 S5 (1 – 0.4)  NPVju 0.4  NPVju (1 – 0.4)   Min u NPV
ju

+ 0.4  Max u NPV
ju

A1 180 120 110 130 125 66 72 138* 

A2 160 135 120 115 145 69 64 133 

A3 120 90 70 100 110 42 48 90 

A4 80 0 60 50 70 0 32 32 

Tab. 8-3: Example of a matrix for the HURWICZ rule

The last column of the matrix records the measures determined for each investment 

alternative according to the HURWICZ rule. Alternative A1 has the highest value and 

is therefore considered the most profitable (i.e. A* = A1).

The HURWICZ rule includes more information than the Maximin and the 

Maximax rules, yet not all available information is utilised. Generally, the omission 

of information represents a crucial disadvantage of these and similar rules for 

decision-making under uncertainty. By modifying the HURWICZ rule, other elements 

of the matrix could be included in the linear combination, but this requires the 

determination of several coefficients so that the expected results can be weighted. 

Decision Rules and Criteria in Situations with Estimated Probabilities  

Where the probabilities pu for possible scenarios Su can be estimated, other rules and 

criteria are applicable. 

BAYES rule

One of these rules is BAYES rule, which uses the expected value Ej of an alternative j 

as the crucial criterion. This expected value is calculated for each alternative j by 

multiplying the net present value expected for each of the scenarios u (i.e. NPVju) by 

its probability pu, and then adding all the resultant products together. The optimum 

alternative A* is therefore: 

A* = {
U

1u
uju

j
j pNPVmax|A } (8.4) 

For example, if the probabilities of five environmental conditions (S1 to S5) are: 

 p1 = 0.1, p2 = 0.2, p3 = 0.3, p4 = 0.2, p5 = 0.2 

Then the following expected net present values (ENPVj) result: 
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S1 S2 S3 S4 S5 ENPVj

A1 180 120 110 130 125 126 

A2 160 135 120 115 145 115* 

A3 120 90 70 100 110 70 

A4 80 0 60 50 70 0 

Tab. 8-4: Example of a matrix for the BAYES rule

Using BAYES rule, the alternative A2 represents the optimum (A* = A2), because it 

has the highest expected NPV. 
This rule implies that the matrix elements NPVju reflect the utilities of the 

investment outcomes, i.e. that the utility is proportional to the NPV and variations in 

possible NPVs have no influence on expected utility. Accordingly, a risk-neutral 

attitude is assumed.

-  criterion (expected value-standard deviation criterion)

Other attitudes towards risk can be considered by using the -  criterion (expected 

value-standard deviation criterion). The standard deviation indicates the possible 

deviation of the target measure from its expected value. The risk associated with a 

decision is assumed to be larger the higher the value of the standard deviation.

The utility of decision alternatives, the so-called risk utility, depends on the 

expected value and the standard deviation. The relationship between the risk utility 

on the one hand, and the expected value and standard deviation on the other hand, is 

expressed in the form of a risk preference function. The shape of the risk preference 

function is determined by the risk attitude of an investor: risk-friendly, risk-neutral 

or risk-averse. A risk-averse investor, for instance, prefers the investment alternative 

with the lowest standard deviation if the expected values are equal.  

Using this -  criterion, the total probability distribution for the possible NPVs of 

an investment alternative is omitted from the analysis: only the expected value and 

its standard deviation are considered. Thus, there is some loss of information when 

using this criterion. Determining the risk preference function is another problem. 

The -  criterion is utilised by the capital asset pricing model as described in 

Section 8.2 as well as by the portfolio selection models discussed in Section 9.2. 

BERNOULLI criterion 

According to BERNOULLI, the expected values and risk measures can be replaced by 

expected utilities of target measures (e.g. NPVs). Thus, monetary target measures are 

replaced by the expected utilities that decision-makers associate with them, taking 

into account individual risk attitudes. 
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It is assumed that a decision-maker is able to determine the utility of investment 

alternatives. He or she then searches for the maximum of the ‘moral expectation’ 

(EM) which, according to BERNOULLI, is defined with respect to the target measure 

of the NPV as follows: 

U

1=u
uu p)f(NPVEM  with :  

U

1=u
up  = 1 (8.5) 

Parameters: 

f(NPVu)  =  Values of a degressively rising utility function  

NPVu =  Net present value for scenario u  

pu  =  Probability that scenario u occurs 

Using BERNOULLI’s utility theory, a risk utility function for uncertain outcomes, for 

example NPVs, can be determined by estimating the so-called certainty equivalent,

which is taken to be the equivalent of two uncertain results weighted by their 

associated probabilities. The risk-utility function expresses the risk attitude of the 

decision-maker:

• With a risk-neutral attitude, the certainty equivalent is identical to the 

expected value of the outcome. 

• With a risk-friendly attitude, the certainty equivalent is higher than the 

expected value of the outcome. 

• With a risk-averse attitude, the certainty equivalent is lower than the expected 

value of the outcome. 

With the help of the utility function, expected utility values can be determined and 

used to assess the profitability of alternatives. In contrast to the -  criterion, all 

possible results are transformed into utility measures. The optimum alternative is the 

one with the maximum expected value of the utility. For a risk-neutral attitude, this 

criterion corresponds to the BAYES rule.

The BERNOULLI utility theory is based on a system of specific axioms, which may 

be criticised because the question arises as to what extent they reflect human 

decision behaviour under uncertainty.  

All models that explicitly consider several environmental conditions experience the 

problem of forecasting scenarios and their respective values and probabilities. Often, 

this can be done only by subjective estimation. Further, assuming only a limited 

number of potential scenarios is a simplification of reality, and it cannot be 

guaranteed that any of these scenarios will match the actual future outcome. Rather, 

there exists ‘uncertainty about the uncertainty’ – this refers to the probability of a 

scenario occurring, to forecasted target values, and to the range of company activities 

taken into account.
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Knowledge about rules and criteria from decision theory underlies some of the 

procedures described in the remainder of this chapter. Most of the models used can 

also be interpreted as specific forms of models with several scenarios.  

8.2 Risk-Adjusted Analysis 

Correction procedure 

This method adjusts the data, i.e. the probable or expected values of the input 

measures used for investment appraisal, to incorporate the risks involved. For 

example, NPV calculations might be adjusted by raising the uniform discount rate or 

the cash outflows, or by shortening the economic life. This increases the probability 

that the project will achieve the calculated NPV result.  

A correction procedure has the disadvantage that only overall uncertainty is 

recognised – uncertainty is not identified with regard to specific data inputs. Thus, 

data might be corrected that are not (particularly) uncertain. Also, determining the 

extent of the corrections is subjective. Corrections are limited to negative effects 

and, where carried out by different personnel, such effects might accumulate. 

Therefore, the reliability of the calculated target value (e.g. NPV) must be 

considered relatively low. False evaluations of absolute and relative probability may 

result, and the effects of uncertainty cannot be shown.  

Because of these methodological weaknesses, the correction procedure is deemed 

unsuitable for appraising uncertain investment decisions. The approaches outlined 

next also involve data correction, but mostly on a more theoretically sound basis.  

Risk-adjusted discount rates

Various suggestions have been made as to how uncertainty and risk can be 

incorporated into determining a suitable uniform discount rate. A surcharge might be 

added to the uniform discount rate based on subjective personal risk attitudes, or 

derived from risk premiums observed in the market. The approach described next is 

derived from the capital asset pricing model and relates to the capital market. The 

concept that follows from it, the adjusted present value approach, may be deployed 

from either a subjective or a capital market perspective. 

The first approach is to adjust the uniform discount rate using the capital asset 

pricing model (CAPM). Based on portfolio theory, this model was primarily 

developed by SHARPE (1964), LINTNER (1965) and MOSSIN (1966), and originally 

served to explain prices or yields of risky capital market securities. However, it is 

also helpful for determining uniform discount rates that include uncertainty. 

Important assumptions of the CAPM are: 
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• There is only one relevant period. 

• The investors are risk-averse and act rationally in this respect by holding 

portfolios that are efficient in regard to yield and risk (measured on the basis 

of the expected value and standard deviation of the portfolio’s yield). 

• Unlimited sums may be invested without risk for a ‘risk-free’ interest rate. 

• The relevant capital markets are perfect, so (among other things): all securities 

are divisible; no market access limitations, taxes or transaction costs apply; 

and all investors have homogeneous expectations regarding the possible yields 

for traded securities and their probabilities (i.e. of their expected values and 

standard deviations). 

In an equilibrium-based analysis it can be determined that all investors, independent 

of their personal risk attitude, acquire the same portfolio of risky securities by 

utilising the diversification opportunities of the market (TOBIN separation theorem). 

Moreover, this combination of securities comprises the market portfolio, which 

contains all risky securities traded in the market. Under these assumptions, for every 

risky security j traded in the capital market an expected equilibrium yield (E(rj))

exists. It consists of the risk-free interest rate rf plus a risk premium which is 

independent of the investor. This risk premium is formed by multiplying the ‘market 

price of the risk’ with the covariance of the yield relative to that of the market 

portfolio (Cov (rj, rM)):

)r,Cov(r
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r)E(r Mj

risk theof
priceMarket 

M

fM
fj

43421

 (8.6) 

The market price of the risk includes the expected yield of the total capital market 

(E(rM)) and the variance of this yield (Var(rM)). The covariance of the yield relative 

to that of the market portfolio reflects how the yield changes if a change occurs in 

the market yield – i.e. it represents the relative risk contribution of a security j. 

Alternatively, the equilibrium yield can be expressed as follows: 

)M
jjfMfj Var(r

)r,Cov(r
with  ,)r)(E(rr)E(r Mj

 (8.7) 

E(rM) – rf indicates the premium yield, and j is the beta factor of the security which 

represents the non-diversifiable, or systematic risk. The equilibrium yield can now 

be used to determine an appropriate uniform discount rate for evaluating risky 

investments. It is assumed that the cost of capital assigned to an investment project 

corresponds to the expected yield achievable on the capital market for an investment 

project with identical risk. Thus, the uniform discount rate iu that should be applied 

to take the risk resulting from uncertainty into account is:  

ufMfu )r)(E(rri (8.8)
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A market-oriented assessment of risky investment projects can now be made by 

using this rate as the discount rate in calculating the present value of the future cash 

flow (EN1) and the net present value of the investment (assuming an investment of 

one period’s length): 

1
u10 )i(1ENINPV (8.9)

The present value of the uncertain cash flow(s) then can be interpreted as a market 

value, if it is higher than the initial investment outlay and, thus, the NPV is positive, 

an investment is absolutely profitable. It must be emphasised that the risk-dependent 

interest rate arises from the covariance, and not from an isolated risk premium. 

Therefore, an investment having highly uncertain cash flows may, nevertheless, have 

a positive effect on the overall risk position of a company, due to the effects of 

diversification.

Up until now, it has been assumed that only a company’s internal financial funds 

are used. However, a risk-adjusted interest rate, determined as described above, may 

also be combined with an interest rate on external funds to calculate the weighted

average cost of capital for use as a uniform discount rate. This approach may be 

appropriate, particularly if tax effects are relevant to the investment appraisal, and is 

often recommended, for example, for determining shareholder value by the 

discounted cash flow method. But in this case, another problem arises: the uniform 

discount rate now depends on the capital structure of the company, which is itself 

affected by the uniform discount rate (and the investment being appraised), i.e. there 

is a circularity problem. 

One crucial aspect of using this market-oriented approach is collecting the 

necessary data. Often, the risk-free interest rate is derived from yields on government 

or mortgage bonds with similar terms. The premium yield equals the long-term 

difference between the average yield of risky investment projects (determined by 

analysing the long-term development of stock market indices), and the risk-free 

interest rate. The project-specific beta factor, indicating systematic risk, may be 

derived from the beta factors of comparable companies in the stock market. In the 

case of a diversification project, for example, the beta factor should relate to the risk 

of the targeted business, using the beta factor of a company in this same business 

(the analogy method). However, it should be kept in mind that this transforms a 

company-related beta factor into a project-specific one.  

In evaluating this approach to investment appraisal under uncertainty, it should 

also be noted that the risk premium is derived from the market price of the risk and 

the covariance of the yield relative to that of the market portfolio only. Other 

influences – such as the index of industrial production, short-term real interest rates, 

short- and long-term inflation rates and the loan-loss risks – are not considered. In 

this respect, arbitrage pricing theory represents an extension of the CAPM, because 
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it considers several measures of influence on risk premiums and, according to 

empirical research, explains them better.  

Additionally, the market portfolio and its parameters, all assumed to be given, 

may be affected by the investment project under appraisal. The CAPM in its basic 

form spans one period only, while investments are typically evaluated using models 

that consider more than one time period. Where a constant uniform discount rate 

derived from the CAPM is used in such a dynamic model, this implies that risk rises 

from year to year as specified by the formulae. Therefore, it makes more sense to 

discount a net cash flow with a risk-adjusted uniform discount rate for only one 

period, to produce a certainty equivalent value related to the previous point in time. 

The risk-free interest rate can then be used for the remainder of the planning period. 

In this case the NPV is: 

T

1t

1t
f

1
ut0 )r(1)i(1ENINPV  (8.10) 

One data collection problem of this approach lies in determining the investment-

specific beta factors. Also, the fact that uncertainties are not reflected directly in the 

cash flows – even though cash flow is the measure most affected by most causes of 

uncertainty – together with the concentration on systematic risk, raises the danger 

that a project’s risk is not fully captured and receives insufficient attention. 

Assessing the relative profitability of investments with different risks (and thus 

different uniform discount rates) is also problematic, because capital tie-up 

differences cannot be conclusively balanced (as with the internal rate of return 

method). To sum up, using the CAPM to determine a risk-adjusted discount rate 

does not facilitate an accurate and ‘safe’ assessment of risky investments. However, 

it provides theoretically supported indications of the ‘correct’ uniform discount rate, 

while also indicating relevant measures for defining the market-oriented risk 

premiums needed to adapt the uniform discount rate.

The adjusted present value approach (APV) is another approach to considering risks 

in uniform discount rates. With this method, a project’s basic NPV is calculated first 

– namely, the NPV that arises when only internal funds are used and cash flows are 

discounted using the appropriate project-specific cost of capital. Then, this value is 

adapted to include the side effects of the investment (e.g. debt-financing) by 

calculating the incremental side effect NPVs and adding them to the basic NPV. 

Thus, all cash flows are discounted by uniform discount rates appropriate to their 

associated risks. 

The APV approach gives results identical to a NPV calculation using a weighted 

average cost of capital (including taxes), if identical assumptions are made in both 

approaches. The approach can take into account not only risk-adjusted uniform 

discount rates, but also various forms of financing and, thus, an imperfect capital 

market. Because separate NPV components are added together, it is very transparent. 
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Yet, uncertainty is not reflected at the level of cash flow surpluses, so uncertainty 

effects on individual cash flow components are not differentiated. As with the 

CAPM approach, the derivation of specific discount rates creates problems.

Risk adjustment of cash flows 

Instead of modifying the discount rate, uncertainty can also be included by adjusting 

a project’s cash flows. Different approaches exist and usually assume that a finite 

number of potential cash flow surpluses can be forecasted for the various periods of 

the economic life. Two such approaches are briefly described in this section: the 

certainty equivalent method and the time state preference model. 

The certainty equivalent method accounts for uncertain cash flows in the form of 

certainty equivalents, which represent the certain result that the decision-maker 

- given his specific risk preference – regards as being equivalent to the uncertain 

distribution of potential results. Using the net present value model, the results are 

represented by cash flows. Accordingly, the decision-maker determines period-

specific certainty equivalents CEt for the distributions of potential cash flows, 

discounts them with the risk-free interest rate rf to the beginning of the planning 

period, and includes them in the NPV calculation: 

T

0t

t
ft )r1(CENPV (8.11)

The NPV now takes into account the distributions of potential results as well as the 

risk preference of the decision-maker, and can be applied as though the cash flows 

were certain.  

Certainty equivalents can be determined in various ways, such as allocating 

certainty equivalents ‘intuitively’ to cash flows, deriving them from the decision-

maker’s risk-utility function, or basing them on a market assessment (for example 

using the CAPM). Conversely, it is also possible to determine a risk-adjusted 

discount rate based on a (personal) certainty equivalent. Given the same 

assumptions, the NPV is identical whether discounting certainty equivalent cash 

flows with the risk-free interest rate, or discounting expected cash flows with a risk-

adjusted interest rate. 
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A key strength of this approach is its consistent inclusion of the uncertainty of 

future developments and the risk preferences of the decision-maker. In contrast to 

the adjustment of discount rates, the uncertainty is related directly to the uncertain 

measures. Moreover, this approach avoids the assumption of rising risk that is 

implicit in the constant risk-adjusted discount rate. However, only a (limited) 

number of potential results are assumed possible, and forecasting these results itself 

entails uncertainty. Also, it might be difficult for the decision-maker to determine 

the certainty equivalents or the underlying risk-utility functions. Finally, the 

uncertainty is accounted for (at least in the basic form of this procedure) at the level 

of aggregated cash flow surpluses in particular periods, so the uncertainty of specific 

cash flow components is not differentiated. 

The time state preference model serves to explain the prices of claims that depend 

on states, i.e. these claims become cash flows only under certain conditions. These 

claims are also called ‘pure securities’, in contrast to usual securities for which 

claims arise under all environmental states. The assumptions of this model resemble 

those of the CAPM (i.e. certain initial assets of the investors in an economy, perfect 

capital markets, homogeneous expectations and rational behaviour of the market 

participants). The prices of pure securities are derived based on an equilibrium 

analysis of the decision behaviour of individual investors. The higher the probability 

of a state occurring, the lower the interest rate of risk-free investments, and/or the 

‘poorer’ the national economy in that state, then the higher the price of a claim on a 

cash flow which is received (only) when that state occurs.  

These state-dependent claims can also be applied to the appraisal of investments 

under uncertainty. If a market exists, which sets the prices of claims under every 

potential state in every period of the investment project, then these prices can be 

used for the investment appraisal. Each potential stream of cash flows can be 

interpreted as a bundle of state-dependent claims with associated current values that 

equal the market prices. The market value (MV) of the cash flows in relation to the 

beginning of the planning period (and therefore comparable to the NPV) can be 

stated as: 
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Parameters and indices: 

t  = Time index 
s  = Index for a potential state at time t (s = 1,...,St)

pts  = Price of the claim under state s at time t

NCFts  = Net cash flow under state s at time t 
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This approach can be used, in the same way NPV is used under conditions of 

certainty, to decide whether to accept or reject an investment project under 

conditions of uncertainty.  
Like the CAPM, the time state preference model works with restrictive 

assumptions and highly aggregated cash flows. Data procurement might be very 

difficult and will include a high level of uncertainty about the (uncertainty of) data, 

as is the case for the certainty equivalent method and decision-theoretical rules and 

criteria. The prices of pure securities or state-conditional claims can be determined 

only under a perfect capital market, implying that the number of traded securities 

must equal or exceed the number of possible states (although this assumption is 

unlikely to be fulfilled). However, the model does show that the risk premium 

depends on the distribution of cash flows under the different states, and on the 

correlation of this distribution with the results of the remaining investments: the 

higher the correlation (ceteris paribus), the more the investment under consideration 

increases the company’s total investment risk and, therefore, the higher the risk 

premium should be. With a low correlation, a decrease in overall risk is possible, 

perhaps even justifying a reduction in the discount rate applied. 

8.3  Sensitivity Analysis 

Description of the method 

Sensitivity analysis aims to investigate the relationships between the various data 

and the target values of an investment appraisal and, if possible, the profitability of 

alternatives as well. The following questions are addressed by sensitivity analysis:  

• How does the target value change with given variations of an input measure or 

of several input measures? (type A analysis) 

• Which critical values must an input measure, or a combination of several input 

measures, achieve to reach a given target value? (type B analysis) 

The critical values addressed in the second question may reflect the maximal 

deviation from the original (expected or most likely) input measures that can occur 

without affecting the project’s absolute or relative profitability. 

The target value changes can be analysed in two ways: by starting with the 

original data and changing it by gradual increments, or by using different possible 

input values (e.g. one minimum, one mean, and one maximum value), each in a 

separate calculation. The execution of a sensitivity analysis is based on the 

construction of a decision model and the determination of its input data. The type 

and number of input measures are then determined and the time intervals are fixed. 

At this step, a number of options arise. For example, in determining the NPV of an 

investment to expand production to include a new product type, the following input 

data might be analysed: 
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• The initial investment outlay 

• The product’s sales price 

• The sales or production volume 

• The cash outflows dependent on production volumes 

• The cash outflows independent of production volumes

• The economic life 

• The uniform discount rate 

In addition, it might be possible to disaggregate some of the input measures and to 

perform sensitivity analyses for the resulting components. Moreover, input measures 

can be analysed in isolation or in combination with other measures, and the analysis 

may be related to one, some, or all periods within the planning period. As a result, 

many variations of sensitivity analyses arise. Possible forms of sensitivity analyses 

are illustrated in the following example. 

Example 8-1 (Sensitivity analysis and the net present value model) 

In the following example, the differentiated NPV formula presented in Section 3.2 is 

re-presented, along with its assumptions. The two investment alternatives being 

appraised are characterised by the data given below (the periodic data is assumed to 

remain unchanged over the investment projects’ economic lives): 

Input measures Investment project I Investment project II

Initial investment outlay (I0)  ( )  100,000  60,000

Production and sales volume (x) (units)  1,000  1,000

Sales price (p) (  per unit)  100  100

Cash outflow per unit (dependent on 
production volume) cofv  (  per unit)  50  60

Cash outflow per period (independent of 
production volume) COFf  ( )  16,000  17,500

Liquidation value (L) ( )  0  0

Economic life (T) (years)  5  5

Uniform discount rate (i) (%)  10  10

Net present value (€)  28,886.74  25,292.69

Tab. 8-5: Data for the two investment projects

The NPVs were determined in accordance with the formula mentioned above: 
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To start with, the first alternative I, and the effects of variations in each parameter, 

are examined. These may be determined by means of a type A sensitivity analysis, 

i.e. changing each input measure while holding the values of the others constant, and 

calculating the resulting effects on the target function value (here the NPV). Figure 

8-2 shows these effects in graphical form. 

Fig. 8-2: Changes in the net present value with variations in individual input 

measures 

In the example, linear representations of the NPV arise as functions of all input 

measures, with the exceptions of the uniform discount rate and economic life. The 

figure displays changes in the NPV as a function of changes in individual input 

measures. The steeper the NPV graph, the more sensitive the NPV is to variations in 

an input measure. In this example, p, x and cofv have an especially strong influence 

on NPV.

With the help of this graph, the value of an input measure that leads to a 

minimum acceptable NPV can be estimated, i.e. critical values can be identified to 

form upper or lower limits. The difference between this critical value and the 

original estimated value, and the probability that this deviation might occur, are also 

useful inputs to decision-making.  

The determination of critical values is the primary aim of a type B sensitivity 

analysis. For instance, the critical price pcrit that would achieve a NPV of zero may 

be determined with the help of the NPV formula (8.13): 
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For NPV = 0, this may be transformed into: 
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Thus, for investment project I:  pcrit = 92.38.

Similar calculations for the critical values of most other input measures are possible 

using appropriate formula transformations. These calculations are not viable for the 

uniform discount rate or the economic life, however, because these measures cannot 

be isolated in the NPV formula. The critical values of the uniform discount rate and 

the economic life are the results of the internal rate of return and dynamic payback 

period approaches; these calculations were discussed in Sections 3.4 and 3.5.

The following Figure 8-3 lists the critical values of investment project I for 

NPV = 0, together with the percentage deviations from the original values. These 

may be interpreted as a ‘safety indicator’. 

Input measure Critical value Deviation from original value

 I0 128,886.74  28.89%

 p 92.38 per unit  7.62%

 cofv 57.62 per unit  15.24%

 x 847.60 units  15.24%

 COFf 23,620.30  47.63%

 i 20.76 %  107.60%

 T 3.67 years  26.60%

 L – 46,522.38  –

Fig. 8-3: Critical values of individual input measures 
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A problem arises if changes are analysed for several periods over which the value of 

a measure varies. Then, the average allowable variation may be calculated with the 

help of a variation parameter.

If several input measures are examined simultaneously, the determination of 

critical value combinations results in a critical surface in the graphical illustration 

(the number of dimensions equals the number of analysed input measures -1). If, for 

example, the sales prices, and the sales and production volume are considered, the 

function for the critical combinations of prices and volumes for an NPV of zero is as 

follows:

T

1t

t
crit

T

1t

Tt
f0

vcrit

qx

qLqOFC+I

cofp  (8.17) 

Figure 8-4 shows this function and the change in NPV caused by variations in sales 

prices and in sales and production volumes. This can be interpreted in the same way 

as when only one input measure varies.

Fig. 8-4: Net present value relative to variations in sales prices and volumes 

The previous analyses referred to one investment project only. To assess the relative 

profitability of several investment projects, the specified analyses can be carried out 

for all projects under consideration. Moreover, sensitivity analyses can examine the 
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relative profitability of two investment projects directly. Different critical values 

then can be determined for every input measure. A special type of critical value 

arises if the values of a project’s input measures are kept constant and the resultant 

target value (e.g. NPV) forms the starting point for determining critical values for 

another investment project (type (iii) as shown in Figure 8-5). This approach is 

particularly appropriate if an input measure affects the investment projects under 

consideration in different ways. 

Fig. 8-5: Critical sales and production volumes for two investment alternatives

For uncertain measures that have an identical effect on both alternative projects (e.g. 

the sales or production volumes of a product generated by both projects), it is 

possible to determine a critical value at which both alternatives achieve identical 

target values (type (ii) in Figure 8-5). From this, areas of profitability can be 

pinpointed in regard to the input measures. This sort of critical value can be 

calculated by setting the NPV function of the fictitious differential investment to 

zero, and then deriving the critical value of the uncertain measure common to both 

projects. Figure 8-5 shows the critical values for the two investment projects in 
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isolation from each other (type (i)) and in relation to each other (types (ii) and (iii)), 

using the example of production and sales volume variations. Using this approach, 

the influence of uncertain data on relative profitability may be readily determined for 

two investment projects, but with a high number of investment projects the 

calculations become very complicated.  

Assessment of the method 

Sensitivity analysis, as illustrated above, may be used in conjunction with any 

method for appraising a single investment project. For example, it can be applied to 

the visualisation of financial implications (VoFI) method, or to optimum economic 

life determinations. In addition, sensitivity analysis can also be applied to models 

that incorporate risk by adjusting the uniform discount rate or stream of cash flows 

(as discussed in Section 8.2). 

The results of sensitivity analysis provide an insight into the structure of a model. 

Sensitivity analysis allows the examination of the effects of uncertain model data 

and violated assumptions on the model’s results. It also contributes to project 

comparisons by showing how profitability depends on the data underlying a model’s 

calculation. Yet, sensitivity analysis contains no decision rules, and it remains up to 

the decision-maker to select an investment alternative on the basis of the results 

generated.  

With the help of sensitivity analysis, the relative importance of separate input 

measures can be ascertained and used to select alternatives and manage data 

procurement, planning and control activities. As sensitivity analysis requires little 

computational effort, it is a valuable instrument for investment decision-making 

under uncertainty.  

A disadvantage of sensitivity analysis is that, for those measures not analysed, 

constancy is assumed. This assumption is often unrealistic, as input values seldom 

change independently. The simultaneous examination of changes in the values of 

two or more measures, though possible, leads to difficulties in interpretation. Other 

disadvantages are that only a few input values can be explicitly analysed, and no 

statements about the probability of their deviations are made. These disadvantages 

are avoided with risk analysis, as discussed next. 

8.4  Risk Analysis 

Description of the method 

Risk analysis entails the representation of uncertain input measures as probability 

distributions. Taking into account the associations and interdependencies between 

input measures and between input and target measures, a probability distribution of 
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possible values of a target measure is derived. This can be analysed to support 

decision-making under uncertainty. 

Risk analysis comprises the following steps: 

1. Formulation of a decision model. 

2. Determination of the probability distributions for the input measures that are 

assumed to be uncertain. 

3. Inclusion of dependencies between the uncertain input measures. 

4. Calculation of a probability distribution for the target measure. 

5. Interpretation of the results. 

In contrast to sensitivity analysis, risk analysis covers not only the evaluation of a 

decision model, but other aspects of model analysis such as model construction and 

data procurement.

The initial formulation of a decision model involves, among other things, the 

selection of the input measures that are considered uncertain. The probability 

distributions for these input measures may be either discrete or continuous, like the 

(GAUSSIAN) normal distribution, the beta distribution, the triangular distribution, or 

the trapezoid distribution. Determining probability distributions is always 

problematic because, since all investment projects are unique, their estimation is 

likely to be subjective. 

Another problem may arise from dependencies that exist between uncertain input 

measures. These are called ’stochastic dependencies’, since the outcome of one 

uncertain input measure depends on the outcome of another uncertain input measure. 

They can be included in the analysis either with the help of correlation coefficients, 

or by defining a range of probability distributions for each (dependent) input 

measure that varies with another (independent) input measure. Then, for specific 

outcomes of the independent measure, a specific so-called conditional probability 

distribution of the dependent measure is determined and used in the calculations.  

The fourth step of a risk analysis can involve either an analytic or a simulation 

approach. The analytic approach computes the distribution of the target function 

value from the distributions of the input measures. The application of this approach 

is constrained by certain assumptions, as it requires knowledge of the target value 

distribution. Since only a small number of input measures can be included, the 

analytical approach is not considered further here.

Using the simulation approach, multiple calculations are executed and, in every 

run, a random selection is made from the probability distributions of the input 

measures. The random choice of input measures must reflect their probabilities of 

occurring. A target value is then determined that incorporates both the uncertain 

input measures, taking their stochastic dependencies into account, and the known 

input measures. After multiple runs, a target value distribution is obtained. The 
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number of simulation runs should be large enough to allow random numbers to be 

representative of the input measure probability distributions.  

As a basis for the evaluation, the target values calculated in the multiple runs are 

assigned to different frequency classes. The absolute frequencies that arise for the 

separate classes can be translated into relative frequencies. These form the basis for 

determining a function that characterises the probability distribution (or density 

function), the distribution function, and/or the risk profile of the target measure. This 

procedure is demonstrated in the following example.

Example 8-2 

Two investment projects A and B are under consideration. The following input 

measures are assumed to be uncertain: the sales prices, cash outflows (both 

dependent on and independent of production volumes), the liquidation values for 

both projects, and the production and sales volumes of alternative A. For all input 

measures, with the exception of the production and sales volumes of alternative A, 

the probability distribution is expected to remain unchanged in all periods. A 

triangular probability distribution is used and the distribution parameters (mean, 

minimum, and maximum value) are shown, along with the remaining relevant data, 

in Table 8-6. Stochastic dependencies between input measures and other distribution 

types remain unconsidered. 

Input variable Alternative A Alternative B

I0 130,000 95,000

i 0.1 0.1

 Min. value Mean value Max. value Min. value Mean value Max. value 

L 0 20,000 50,000 0 12,000 30,000

p 92 100 105 92 100 105

cofv 45 50 60 45 50 60

COFf 15,000 16,000 17,000 11,500 12,500 13,500

Xt: t = 1 900 1,000 1,200 800 800 800

 t = 2 950 1,050 1,150 800 800 800

 t = 3 1,000 1,100 1,200 800 800 800

 t = 4 950 1,050 1,150 800 800 800

 t = 5 900 1,000 1,100 800 800 800

Tab. 8-6: Data for the two alternatives

In the following discussion, the risk analysis results are considered first with regard 

to investment project A. Figure 8-6 shows the NPV distribution function for this 

project.
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Fig. 8-6: Distribution function of the net present value of investment project A 

Conclusions about the possible target value (NPV) outcomes can now be drawn 

from the position and shape of the distribution, or the distribution function. For 

example, the steeper the function, the smaller the variability in the target function 

values. Extreme values of the target measure become evident and significant ratios, 

such as expected values, standard deviations, variances, confidence intervals and 

loss probabilities can be determined. Also, the so-called value at risk, i.e. the 

maximum monetary loss with a given probability (confidence) level, can be derived 

from the distribution function (or the density function). In the example, the expected 

value of the NPV is 10,108; the standard deviation is 10,045 and the loss 

probability is approximately 18%. 

The shape of the distribution function and the significant ratios are helpful for 

decision-making. They show the risk associated with an investment, and the 

probability of achieving a particular NPV outcome at best, can be derived for every 

point on the distribution function. When the NPV is zero, the corresponding 

probability indicates the likelihood that the project under consideration will be 

absolutely unprofitable. It can be interpreted as a loss probability and applied as an 

indicator of so-called stochastic dominance over the option to reject the project (it is 

a stochastic dominance because of the inclusion of uncertainties). 

Risk analysis can also be used to assess the relative profitability of investments. 

Using the approach outlined above, a probability distribution, distribution function 

Key Concept:  

When the loss probability is zero, accepting an investment project achieves 

stochastic dominance over the ‘rejection’ option because absolute profitability is 

achieved for each scenario of input measures taken into account. 
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and/or key ratios can be calculated for each alternative and used in decision-making. 

In the current example, the results of the risk analysis for project B (expected value 

of the NPV is 9,666; standard deviation is 6,676; loss probability is approximately 

8%) can be compared with those of project A. Also, the distribution functions can be 

used to assess the relative profitability of alternatives. Stochastic dominance might 

also be identified from the distribution functions.

Assuming the decision-maker is risk-averse, second degree stochastic dominance 

may suffice for decision-making in the absence of first degree dominance.   

Fig. 8-7: Distribution function of the net present values of investment projects

A and B 

Figure 8-7 presents distribution functions for the NPVs of projects A and B. In this 

case no stochastic dominance is present. This is obvious in regard to first degree 

stochastic dominance because the distribution functions intersect. The absence of 

second degree dominance may be deduced either by constituting an area of 

Key Concept:  

Based on the comparison of distribution functions, a project exhibits first degree 

stochastic dominance over an alternative project if its NPV at least equals that of 

the alternative at every cumulative probability and exceeds it at least once. 

A project exhibits second degree stochastic dominance over an alternative if the 

area that is constituted by cumulating the differences between the distribution 

function of the project and that of the alternative is either always positive, or

never negative and positive at least once.  
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cumulated differences as described before, or from the observation that alternative A 

has both a higher loss probability and a higher expected value. Thus, the sign of the 

function of cumulated differences must change and there can be no stochastic 

dominance. 

The relative profitability of two investments may be better assessed using a 

simulation of the differential investment (worked out by comparing the cash flow 

profiles). The NPV of the differential investment then is re-calculated over multiple 

simulation runs, taking into account the probability distributions of any uncertain 

input measures.

Using a simulation of the NPV distribution for the differential investment, 

random influences can be included in the analysis either independently, or by 

considering that components of both projects’ NPVs depend on some of the same 

factors. These components therefore undergo identical random movements for both 

investment projects in every simulation run. This is an advantage of a differential 

investment simulation over separate simulations for the two investment projects. 

Improved evaluation possibilities are another advantage. The results of differential 

investment simulation are similar to those for a single investment (described 

previously), so the probability of achieving specific NPV differences can be deduced 

directly from the distribution function of a differential investment. Accordingly, the 

probability of a particular relative profitability occurring can be also seen from the 

distribution function, at the point where NPV is zero. However, it should be noted 

that it is not possible to assess the absolute profitability of both projects under 

consideration, and multiple differential investments must be formed if several 

alternatives are being assessed. 

Assessment of the method 

As presented, risk analysis determines a probability distribution for an investment’s 

outcome. It takes into account: a relatively large number of potential influences, 

different combinations of data, their probabilities and any stochastic dependencies

between input measures. By showing the range of possible project outcomes, this 

procedure provides appropriate risk measures to support the assessment and 

selection of risky investment alternatives. 

The method does not, however, supply a decision rule. In cases where the project 

acceptance decision fails to achieve stochastic dominance over the ‘rejection’ option 

(e.g. in the assessment of absolute profitability), or a project has no first degree 

stochastic dominance over an alternative investment (e.g. in the assessment of 

relative profitability), the choice must be based on the projects’ data distributions 

and the decision-maker’s personal preferences for certainty.  

The application of risk analysis requires the use of specific computer software. 

Problems often occur with determining the input data, particularly the probability 

distributions and stochastic dependencies. The considerable effort needed to procure 
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this data may be one reason for the limited use of risk analysis in practice. In 

addition, because many decision situations are unique and non-repeatable, figures 

are based on subjective estimations rather than statistical data. The uncertainty of 

data, and therefore of the results, tends to be particularly high in unique decision 

situations. Another disadvantage of risk analysis is that, in the form presented here, 

it cannot identify the influence of individual input measures on the result. However, 

by combining the last two methods described a ‘sensitive risk analysis’ can be 

undertaken.

8.5  Decision-Tree Method  

Description of the method 

The decision-tree method uses a dynamic model that includes several scenarios, their 

probabilities of occurring and the subsequent decisions that are contingent upon their 

occurrence. Since it is assumed that subsequent decisions will be based on these 

various scenarios and their differing expectations of the future, the impact of 

information access is also taken into account. The name of the method is derived 

from the undirected graph, the so-called decision-tree (see Figure 8-8), used to 

illustrate the decision problem. The models considered, as well as the planning 

procedure, are said to be flexible, since the procedure incorporates opportunities to 

react to new information. The branches and knots of the decision-tree can be 

described as follows: 

  D   – Decision knot, i.e. a knot that characterises a decisive event 

  d   – Branch that represents a decision alternative 

  S   – Random knot, i.e. a knot that marks a random event 

  s   – Branch that points to the scenario that results from a random event, 

  R   – Result knot, i.e. a knot that characterises the consequences of a 

sequence of one or more decisions and scenarios 

  R/D  – Knot that signifies when a result exists and a decision is to be made 

The s branches are assigned probabilities to reflect the likelihood of the various 

scenarios occurring. The number of possible scenarios is assumed to be limited. 
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Fig. 8-8: Formal structure of a decision-tree 

In the first step of the method the structure of the decision-tree is determined by 

defining the planning period, its different parts, the alternatives and the possible 

scenarios. Forecasting the other relevant decision-making data is the next step. If an 

NPV model, for example, is used to assess project profitability, the initial investment 

outlays, economic lives, liquidation values, sales and production volumes, prices and 

cash outflows must be forecast, and the probabilities of the scenarios and uniform 

discount rate must be estimated.

The target measure is usually the expected value of the NPV, so: 

To determine this decision sequence, the rollback procedure of MAGEE (based on 

dynamic optimisation) can be used. This procedure first considers the last point in 

time at which decisions should be made. The decision choice faced at this point in 

time is characterised by a specific previous sequence of actions and scenarios that 

determines the current scope for action and expectations. Based on the data 

forecasted for potential scenarios, the alternative with the maximum expected NPV 

is selected, and only this option is examined further. Next, the optimum alternative is 

determined for the preceding decision knots, taking into account previously selected 

actions and their expected NPVs. The continuation of this procedure leads to the 

Key Concept:  

The optimum outcome is achieved by pursuing the decision sequence that shows 

the highest expected NPV. 
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selection of the optimum alternative at the beginning of the planning period. This is 

illustrated in the following examples. 

Example 8-3 

The first example deals with assessing profitability including subsequent decisions.

At the beginning of the planning period two investment alternatives A and B are 

available. By choosing alternative B the decision-maker is able to select one of two 

following investment projects that are under consideration (B1, B2) at the beginning 

of the next period. For simplicity, the planning period includes only two periods. 

Assume all cash outflows and sales prices are known, and that cash inflows and 

outflows occur at the ends of the periods. Certainty is also assumed for the initial 

investment outlay, the uniform discount rate and the liquidation values received at 

the end of the planning period when the investments end. The production and sales 

volumes are uncertain, and it is expected that favourable or unfavourable scenarios 

could occur in every period. The probabilities of the various production and sales 

volumes scenarios appear with the other relevant data in Table 8-7: 

Input measures Alternatives

A B B1 B2

Initial investment outlays (€) 1,000,000 500,000 550,000 300,000

Cash outflows (independent of 
production volumes) (€)

120,000 50,000 50,000 50,000

Cash outflows per unit  (dependent 
on production volumes) (€ per unit)

50 50 50 50

Sales prices (€ per unit) 100 100 100 100

Liquidation values  (€) 100,000 50,000 55,000 30,000

Production and sales volumes 
(units)

    

t = 1: 
high demand (w = 0.6) 
low demand (w = 0.4)

20,000
12,500

10,000
8,000

–
–

–
–

t = 2: 
if high demand at t = 1

high demand (w = 0.6) 
low demand (w = 0.4)

20,000
12,500

10,000
8,000

16,000
12,000

10,000
8,000

if low demand at t = 1 

high demand (w = 0.4) 
low demand (w = 0.6)

20,000
12,500

10,000
8,000

16,000
12,000

10,000
8,000

Uniform discount rate (%) 10

Tab. 8-7: Data for the alternatives

Figure 8-9 presents the decision-tree for this example. It contains three decision 

knots. Decisions must be made at t = 0 and t = 1, the latter under two potential 
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scenarios (high demand (H) and low demand (L) in the first period). One of the 

subsequent investment projects, B1 or B2, may be realised or the decision-maker 

might refrain from investing; an alternative designated Ra.  

Fig. 8-9: Decision-tree of Example 8-3  

Using the rollback procedure, the decision situation is analysed first for t = 1. Thus, 

knot R/D2, which represents the case of an initial decision for B and a high demand 

in period 1, is considered. For the alternative B1, the expected value of the NPV at 

t = 1 is: 

1BENPV  = –550,000 + (0.6 16,000 (100–50)+0.4 12,000 (100–50)) 1.1-1

  Initial  Surpluses of the cash inflows over the quantity-dependent cash 
  investment  outflows under the scenarios in t = 2, weighted by the probabilities 
  outlay  of each scenario and discounted to t = 1 

  – 50,000  1.1-1 + 55,000  1.1-1    
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The expected NPV of alternative B2 may be determined in the same way: 

000,100ENPV
2B

As the expected NPV of the ‘refrain’ alternative Ra is zero, alternative B1 is the 

most profitable. Accordingly, given current information, B1 would be selected if 

option B was chosen at the beginning of the first period and a high demand 

followed. Only this alternative, along with its associated expected NPV, is 

considered further in analysing the preceding decision (i.e. the initial decision at 

t = 0) and regarding the case of a positive scenario (high demand). 

The knot R/D3 is associated with an unfavourable environmental condition (low 

demand) after implementing B. For this knot, the expected NPVs of the alternative 

choices may be calculated as described above. They are:  

0ENPV

18.818,81ENPV

27.727,72ENPV

Ra

B

B

2

1

Accordingly, if option B was selected at t = 0, then B2 is the optimum choice at t = 1 

if unfavourable conditions prevail. Only B2 and its expected NPV is further 

considered, therefore. 

Now, after all the t = 1 decision options have been analysed, the initial decision at 

t = 0 is considered. The expected NPVs for alternatives A and B must be determined 

and, in the case of B, the subsequent alternatives are considered. For alternative A 

the following expected NPV arises (as at t = 0): 

AENPV  = –1,000,000 – 120,000  1,1-1 – 120,000 1.1-1

  Initial Present values of the quantity- 
  investment independent cash outflows 
  outlay in t = 1 and t = 2 

 + (0.6  20,000  (100 – 50) + 0.4  12,500  (100 – 50))  1.1-1

 Present values of the surpluses of the cash inflows over the quantity-dependent 
cash outflows in t=1, weighted by the probabilities of each scenario 

 + 21.1
)50100(500,12)6.04.04.06.0(

)50100(000,20)4.04.06.06.0(

Present values of the surpluses of the cash inflows over the quantity-dependent 
cash outflows in t = 2, weighted by the probabilities of each scenario 

 + -21.1000,100
Present value of the liquidation value 

AENPV  = 324,793.32
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Note, that the probability of a scenario involving several random events appears 

within this calculation as a product of the probabilities of the separate associated 

scenarios.  

For alternative B the expected NPV can be determined (as at t = 0) in the following 

way: 

BENPV  = –500,000 – 50,000  1,1-1 – 50,000 1.1-2

  Initial Present values of the quantity- 
  investment independent cash outflows 
  outlay in t = 1 and t = 2 

 + (0.6  20,000  (100 – 50) + 0.4  12,500  (100 – 50))  1.1-1

 Present values of the surpluses of the cash inflows over the quantity-dependent 
cash outflows in t = 1, weighted by the probabilities of each scenario 

 + 21.1
)50100(000,8)6.04.04.06.0(

)50100(000,10)4.04.06.06.0(

Present values of the surpluses of the cash inflows over the quantity-dependent 
cash outflows in t = 2, weighted by the probabilities of each scenario  

 + -21.1000,50

Present value of the liquidation value

 + 11 1.118.818,814.01.191.090,1096.0    
Present values of the weighted expected NPVs of the optimal follow-up 
investments (weighted by the probabilities of each scenario)

BENPV  = 335,537.14

The expected NPV of alternative B is higher than those of alternative A and the 

‘refrain’ alternative Ra. Accordingly, the optimum decision sequence consists in first 

selecting alternative B and then – depending on the prevailing conditions – either 

alternative B1 (in the case of high demand) or B2 (in the case of low demand). 

However, it should be pointed out that this recommendation is based on the data 

available at the beginning of the planning period (t = 0). Any changes in these data 

may require renewed investment decision-making at t = 1.  

Example 8-4 

The second example deals with a decision about investment timing. A company can 

undertake an investment project immediately (i.e. at t = 0) or at the beginning of the 

following periods (t = 1 or t = 2). Whatever the start time is, an initial investment 

outlay of 100,000 is required. Uncertainty exists regarding future product demand. 

This means that, at the end of the first period (t = 1), there is an equal probability of 

achieving a cash flow surplus of either 14,000 (situation H) or 9,000 (situation L). 
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For the second period, the expected cash flow surplus (at t = 2) depends on that of 

the first period, and there is an equal probability that it will grow by 40% (H) or 

reduce by 10% (L).  Furthermore, it is assumed, for simplicity, that the uncertainty is 

resolved at the end of the second period, and that perpetuity is achieved from t = 3 

onwards, of an amount equalling the cash flow surplus at t = 2. The following 

decision-tree illustrates the problem situation. 

Fig. 8-10: Decision-tree for a decision about investment timing  

Assuming a uniform discount rate of 12% and the aim of maximising the expected 

NPV, the optimum investment time (t = 0, 1 or 2) must be determined. 

To solve this problem, the decision knots at t = 2 should be analysed first. At the 

decision knots R/Dj the following expected NPVs (in ) arise for the alternative 
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t=0 t=1 t=2

R

U

R

R

R

R

R

R

R

R/D6

R/D5

R/D4

R/D3

D0

s

s

s

s

R

R/D1

R/D2

s

s

s

s

R

I

Ra

I

I

I

I

I

I

Ra U

U

U

Ra

H

L

L

H

H

H

H

H

H

H

L

L

L

L

L

L

t=0 t=1 t=2

RR

U

RR

RR

RR

RR

RR

RR

RR

R/D6

R/D5

R/D4

R/D3

D0D0

s

s

s

s

RR

R/D1

R/D2

s

s

s

s

RR

I

Ra

I

I

I

I

I

I

Ra U

U

U

Ra

H

L

L

H

H

H

H

H

H

H

L

L

L

L

L

L



Methods and Models for Appraising Investment Projects under Uncertainty 293 

63,333.33
0.12

19,600
100,000ENPVI3

000,5
0.12

12,600
100,000ENPVENPV I5I4

500,32
0.12

8,100
100,000ENPVI6

As the expected NPV of the ‘refrain’ alternative is zero in each case, it can be 

concluded that an investment should be undertaken at the decision knots R/D3, R/D4
and R/D5, but at knot R/D6 an investment should be rejected. In the latter situation, 

two unfavourable demand developments have rendered the investment’s expected 

future prospects particularly negative (expressed as expected cash flows).  

In the next step, conditional decisions should be made at t = 1. For knot R/D1 the 

following expected NPVs (ENPVI1 or ENPVRa1) are calculated (in ):

67.166,34
12.1

12.0

600,12
600,125.0

12.0

600,19
600,195.0

000,001ENPVI1

95.505,30
12.1

000,55.033.333,635.0
ENPVRa1

Similarly, the expected values of ENPVI2 or ENPVRa2 relating to knot R/D2 are 

(in ):

750,13
12.1

12.0

100,8
100,85.0

12.0

600,12
600,125.0

000,100ENPVI2

14.232,2
12.1

05.0000,55.0
ENPVRa2

Because of the higher expected NPV at knot R/D1, the investment should be made, 

while at knot R/D2 the ‘refrain’ alternative should be chosen. 

Finally, the options existing at the beginning of the planning period (knot D0) can 

be assessed. The expected NPVs (ENPVI0 and ENPVRa0) are (in ):
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I0ENPV  
12.1

000,95.0000,145.0
000,100

212,1

12.0

600,12
600,125.0

12.0

600,19
600,195.05.0

15.668,8
12.1

12.0

100,8
100,85.0

12.0

600,12
600,125.05.0

2

47.249,16
12.1

14.232,25.067.166,345.0
ENPVRa0

The results show that it is profitable: 

• To reject any investment at t = 0. 

• To invest at t = 1 after a positive scenario (high demand) in the first period. 

• And, in the case of an unfavourable scenario (low demand) in the first period, 

to reject the investment at t = 1, but invest at t = 2 if a positive scenario 

follows in the second period. 

The total expected NPV of this decision sequence is 16,249.47.

In the literature, the issue of information access is often neglected. Information 

access here is reflected in scenario-specific expectations about future developments, 

which are included within the likewise scenario-specific choice of subsequent 

investments. The benefit of information access depends on the degree of uncertainty: 

it rises ceteris paribus with growing uncertainty. In addition, the timing of 

information access (the earlier the better) and the quality of the additional 

information influence its impact on the investment outcome. The quality of the 

additional information depends on the number of possible environmental conditions 

in a period, and the extent to which the information differs between scenarios (i.e. on 

the probabilities of possible scenarios and the expected scenario-specific results). 

Figure 8-11 shows differing potential future developments after information is 

accessed at t = 1 (for situations A, B and C). An assumed given number of scenarios 

at t = 1 and a given number of possible (and uncertain) future developments after 

t = 1 are symbolised by straight lines with a terminator point. The terminator point at 

t = T symbolises the expected value of the target values (e.g. NPVs) attainable at 

t = 1. For each, two positive and two negative target values (TV) could be obtained. 

The degree of uncertainty is documented only by the range of possible 

developments. As a simplification, the probabilities of these developments, which 

may also influence the degree of uncertainty, are not considered here.  
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Assess to additional information is particularly valuable if, as in situation A, only 

one development and one corresponding scenario can occur after t = 1. The 

information tends to have a higher (lower) value if the future developments can be 

described in a highly (less) differentiated way. In situation B, the additional 

information has moderate value because only two different future developments can 

occur after each of the scenarios at t = 1. If future developments after t = 1 are 

independent of the scenarios identified at t = 1, then additional information has no 

value (as in situation C). 

Fig. 8-11: Differentiated expectations about future developments 
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Assessment of the method 

The decision-tree method is designed to evaluate flexible models. This form of 

analysis can greatly assist investment decision-making since the aspects it includes 

(potential scenarios and their probabilities of occurring, information access and 

scenario-specific subsequent alternatives, and the flexibility of alternatives) 

significantly affect the profitability of the investment options available at t = 0. The 

inclusion of expected future access to information is especially important for 

decisions about the timing of investments.  

The rollback procedure, complete enumeration, dynamic optimisation and mixed-

integer programming can all be used to determine optimum decision sequences for 

the model forms presented here. Problems arise with all these procedures, however, 

where high numbers of decisions, decision alternatives and possible scenarios are 

being considered, since the decision-tree becomes very complex, complicating data 

collection and the calculation of optimum solutions. Thus, it is necessary to limit the 

number of scenarios analysed. In the form presented here, the decision-tree method 

is feasible only if relatively few uncertain measures are incorporated. Furthermore, 

only a few developments of uncertain measures can be included and only one 

monetary target measure (e.g. NPV) is considered. 

Another disadvantage is that only expected values enter into the decision, not 

potential deviations from these values. In accordance with the BERNOULLI principle, 

this implies risk-neutral decision-makers. Divergent risk attitudes can be included 

via risk utility functions or certainty equivalents in the decision-tree method, 

although this increases the complexity of the calculations. Additionally, risk-

adjusted uniform discount rates may be used, though it should be noted that the risk 

structure varies according to the scenarios and the decisions made. Therefore, a 

single risk-adjusted discount rate cannot reflect risk accurately: scenario-specific 

interest rates are necessary. However, their determination is also problematic. A 

combination of the decision-tree method and sensitivity analysis offers an alternative 

means of including risk, as do market-based estimations of cash flows and the 

options pricing model. The latter will be described in the next section.  

8.6  Options Pricing Models 

Characteristics, types and value of real options 

Companies can reduce the uncertainty associated with investments by exploiting 

their potential to adapt to future developments. For example, they might take an 

opportunity to delay an investment, change it, interrupt it temporarily, or abandon it 

altogether. Such scope for action, or project flexibility, can be called real options (as 

opposed to options on securities, which are financial options). Additionally, in a 

broader sense every investment can be understood as a real option – a chance 

(option) to achieve (uncertain) cash flow surpluses in the future from an initial 
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investment outlay. However, in the following, the term real option is not used in this 

broad sense, but as an expression of the future scope for action associated with 

investment projects.

A real option enables the investor to carry out a particular action without 

obligation. A company will exercise the option only if it expects to receive an 

economic advantage from doing so and will reject it otherwise. Therefore, real 

options help to limit the danger of loss associated with investments, while at the 

same time enabling companies to exploit opportunities. Accordingly, their value is 

always higher than, or equal to, zero. The execution of an option represents an 

irreversible action, resulting in the loss of the option itself. 

Real options can appear in many different forms. These include: 

• Waiting or delay options (flexibility in the timing of an initial investment). 

• Closing options (enabling an end to an investment). 

• Deactivation options (enabling an interruption in the realisation, or use, of an 

investment project for a specific time). 

• Continuation options (where an investment project is subdivided into parts 

and, after the end of a part, a new decision can be made). 

• Extension and restriction options (a company can extend or diminish the 

capacities created by an investment). 

• Changeover options (input factors used and products generated can be varied). 

• Innovation options (investments in research and development that create the 

basis for developing new technologies, products and markets).  

Moreover, options may be differentiated according to other characteristics. A single

option can be carried out independently from others, while a combined option exists 

only in association with others. Exclusive options are reserved for a single company, 

which is not the case for shared options. Call options are related to buying decisions, 

whereas put options concern selling decisions. An american option can be carried 

out at any time during the project’s life, while a european option can be exercised 

only at certain times (real options are usually american options).  

The value of a real option is determined by several factors. Uncertainty about 

future developments is a key factor: with increasing uncertainty, the value of an 

option rises ceteris paribus. A positive correlation also exists, particularly in the case 

of delay options, between the length of the option’s life and its value: the longer the 

option exists, the more time is available to observe environmental developments and 

adapt to them, so the higher the option value. Moreover, the quality of additional 

information is important, since the more the information reduces uncertainty the 

more valuable it is. Another factor is the exclusiveness of the option. When 

increasing numbers of companies can use an option its value drops, due to greater 

competition and the fact that its life tends to shorten because of the danger of another 

company utilising it. The value of financial options is essentially determined by their 
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settlement prices. These correspond, in real options, with the initial cash outflows 

payable for the option (the ‘exercise price’): the higher these cash outflows, the 

smaller the net value of the option.  

Real options can significantly affect the profitability of investment projects: a 

factor that ‘classical’ investment appraisal methods (such as NPV) have been 

accused of disregarding. But, this criticism is valid only where models such as NPV 

assume certainty and, therefore, the potential value of options under conditions of 

uncertainty is overlooked. The criticism does not apply where revised procedures 

like the decision-tree method are combined with the NPV model, since the analysis 

then explicitly includes uncertainty, and subsequent decisions depending on 

scenarios as well as on future episodes of information access. The decision-tree 

method is designed to take real options, like delay or continuation options, into 

account. However, given the substantial effort needed to use the decision-tree model, 

alternative approaches that encompass both uncertainty and future scope for action 

should be considered. Since financial options encompass similar issues, the 

procedures developed by options pricing theory for the valuation of financial options 

might also have potential for assessing real options. The so-called binomial model

seems particularly suitable for valuing real options. This model is presented and 

discussed next.  

The binomial model 

The binomial model was originally developed by COX, ROSS and RUBINSTEIN (1979) 

for valuing financial options. The model assumes it is possible to buy a portfolio of 

traded stocks that has identical cash flows to the option. In a perfect capital market 

(and, thus, a market free of arbitrage), this portfolio would have the same price as the 

option. It is, therefore, termed a duplication or hedge portfolio. The value of the 

option may be derived from the prices of the securities in the duplication portfolio: a 

procedure termed ‘pricing by duplication’. Subjective risk preferences remain 

unconsidered in this valuation, since any risk premiums are implicit in the prices of 

the securities.  

First, the value of options that entitle the holder to acquire one or more shares in a 

particular company is calculated. Using the binomial model, a duplication portfolio, 

comprising risk-free financial investments plus a number of these share options, is 

analysed for the period during which the option may be exercised. This period is 

subdivided into a limited number of equal intervals for purposes of analysis. All 

market participants are assumed to have homogeneous expectations of share price 

movements within each of these time intervals. These movements are specified in 

that, given a known value at the beginning of the period (time t), only two values 

(binomial process) are possible at the end of the period (time t + 1).

Based on the following arguments, a formula for the current value of an option 

with a term of one period can be derived. At the beginning of the option term, a 
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share quotation S is given. At its end, the share price will have changed to either 

u  S (a favourable development) or d  S (an unfavourable development). The option 

holder may buy the share at the end of the option term for a certain price (K), the so-

called settlement price. The decision to exercise the option will depend on the share 

price. If it is above the settlement price, the option will be exercised; otherwise the 

option will be allowed to lapse. Therefore, the option’s value at the end of the term, 

which is called Cu or Cd depending on the change in the share price (u or d), equals 

either the difference between the share price and the settlement price (if this is 

greater than zero) or zero. To calculate the option value at the beginning of the term 

(symbolised by C), a duplication portfolio of  shares and a risk-free financial 

investment of an amount B and with an interest rate i (giving rise to a compounding 

factor r = 1 + i) is considered. The possible changes in the value of this duplication 

portfolio and the option value in the binomial model are presented in Figure 8-11, 

together with the underlying share prices and their probabilities q and 1 – q. 

Fig. 8-12:  Share prices, option values and value of the duplication portfolio in the 

binomial model 
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value are equal for both possible outcomes. This is expressed as: 
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The values for  and B can be derived from these equations using the following 

formula: 

Sd)(u

CC du (8.20)

After transformation, B is: 

rd)(u

CdCu
B ud (8.21)

Since the option and the duplication portfolio are expected to have the same cash 

flows under the assumptions made (particularly the exclusion of arbitrage 

opportunities), they must also have the same price. Therefore: 

BSC (8.22)

And thus: 

rd)(u

CdCu

du

CC
C uddu  (8.23)  

As well as: 

r

C
du

ru
C

du

dr

C
du

 (8.24) 

Using: 

du

dr
q    and   

du

ru
q1 (8.25)

The current value of an option (of one period’s length) becomes: 

r

Cq1Cq
C du (8.26)

The symbol q represents a so-called pseudo probability, as 0 < q < 1 is valid, but q or 

1 – q do not correspond with the actual probabilities of the respective share price 

occurring. This points to an interesting feature of the binomial model – the 

probabilities of the share price developments p and 1 – p are not included in the 

valuation formula for the option and, therefore, need not be estimated subjectively. 

Moreover, the value of the option is not affected directly by the risk preference of 

individual investors. Because of these circumstances, this form of option valuation 
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can be described as ’preference free’. Finally, it is worth noting that the share price 

movement is the only uncertain measure that directly affects the value of the option. 

However, price movements in other securities, risk preferences of investors, or 

expectations about the probabilities of various share price changes can affect the 

measures used in the valuation formula (S, u, d, and r), thereby affecting the option 

value indirectly.  

Up to this point, options of a single-period term have been considered. Multiple 

period options can be valued by calculating backwards using the previous formula. 

First, the value of the option at the beginning of its final period is determined and 

then, successively, the values at the preceding points in time are calculated. In the 

case of american options, the value of the unused option and the value that would 

result from exercising the option must be compared at each point in time, and the 

alternative with the higher value chosen. This determines the settlement strategy – it 

resembles the rollback procedures described for the decision-tree method in 

Section 8.5. 

The use of the binomial model to value real options is discussed next. The first 

step is to construct a valuation model that incorporates all possible actions that could 

be taken. Then, the data required to value the option must be forecasted. For 

example, in the case of a buying or delaying option these are: 

• The initial investment outlay (as the equivalent of the price K of the option 

settlement).

• The investment period corresponding to the term of the option. 

• The expected cash flows or their NPV (as the equivalent of the current share 

price S). 

• Information on the range of possible cash flows (or their NPV) as specified by 

the parameters u and d. 

• The interest rate i that can be achieved by a risk-free financial investment. 

• The cash flows lost by forgoing an immediate investment, or other monetary 

disadvantages (as the equivalent of dividend payments). 

Once this information is gathered, the valuation formula outlined above can be used 

in a reverse calculation to value the real option. 

The valuation of other types of options (i.e. other than buying and delaying 

options) involves similar steps that draw on their specific case data and, possibly, 

use different valuation formulae (e.g. for a sales option). In some cases complex 

models may be needed, for example when valuing combined options.  

The valuation of a real option with the binomial model will now be illustrated 

using an example. The underlying assumptions are discussed in the concluding 

model assessment.
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Example 8-5 (Binomial model) 

The example of the decision-tree method (Example 8.4) is re-considered here. The 

company again has the option to undertake an investment immediately (t = 0) or at 

the beginning of one of the next two periods (t = 1 or t = 2). The appropriate 

investment time decision can be understood as a decision about utilising waiting (or 

delay) options. Therefore, to support its decision-making the company decides to 

evaluate these options using the binomial model, accepting its assumptions.  

The cash flows are expected to be the same as in the original example. The initial 

investment outlay will be 100,000 regardless of the investment’s start time. 

Uncertainty in demand will again lead to cash flows of either 9,000 or 14,000 (in 

accordance with a binomial process) at the end of the first period, and the cash flows 

at the end of the following period will be either 40% greater than the previous 

period’s value, or will decrease by 10%. In addition, it is assumed (for simplicity) 

that, from t = 3 onwards, a perpetuity can be achieved of an amount equal to the cash 

flow at t = 2.

The interest rate of a risk-free investment project is 10%. A company share is 

available that is suitable for use in a duplication portfolio because it has the same 

probabilities of increasing by 40% or decreasing by 10%. Its price S is currently 

1,000. Figure 8-13 shows the possible trends in share prices and the corresponding 

potential cash flows of the real investment, including the NPV of the perpetuity 

discounted to t = 2 using the risk-free interest rate.  

Fig. 8-13: Cash flows and share prices during the investment period 
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The binomial model is now used to decide whether to start or reject the investment 

at t = 2. For this option, values are determined for two years of positive development 

(Cuu2), one year each of positive and negative development (Cud2 and Cdu2), and 

two years of negative development (Cdd2). Using the formula for the NPV of 

perpetuity and the risk-free interest rate, the following is obtained (in ):

000,960;
1.0

600,19
000,100maxCuu2

000,260;
1.0

600,12
000,100maxCC du2ud2

00;
1.0

100,8
000,100maxCdd2

Concluding from these results the investment at t = 2 will be undertaken, provided 

that at least one of the previous two years experienced a positive demand change. 

Two years of negative demand (and cash flow) changes would lead to a decision to 

reject the investment. 

To value the option of waiting to invest until time t = 2, a pseudo-probability q is 

required. It can be determined using u = 1.4, d = 0.9 and r = 1.1: 

du

dr
q 0.4

0.91.4

0.91.1
q

Then, the value of the option to invest at t = 2 can be calculated as at time t = 1 for 

cases where favourable (Cu2) or unfavourable (Cd2) demand had developed in the 

first period (in ):

91.090,49
1.1

000,266.0000,964.0
Cu2

55.454,9
1.1

06.0000,264.0
Cd2

For the case of Cd2 it is shown, that the option value can also be determined using a 

duplication portfolio. This requires the calculation of Sd1, d1 and Bd1, which arise 

at t = 1 after an unfavourable demand change in the first period. In the example: 

du2d1d1d1 CBrSu 26,000B1.19001.4 d1d1

dd2d1d1d1 CBrSd 0B1.19000.9 d1d1

From this, the following are obtained: d1 = 57.78 and Bd1 = -42,545.45. The 

negative sign shows that in this case, instead of the risk-free financial investment 

that was assumed to be undertaken in the general description of the binomial model, 
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a financing project of 42,545.45 (as a counterpart of such an investment) is 

realised. Then, the value of the duplication portfolio at t = 1 (after an unfavourable 

demand change) is:  

d1d1d1 BS 55.454,9)45.545,42(90078.57

Once the future option values are known, the final step is to calculate the value of 

the option to invest at t = 2 as at the beginning of the planning period (t = 0). This 

value (C2) is calculated as follows: 

23,008.27
1.1

9,454.550.649,090.910.4
C2

This current value of the real option to invest at t = 2 is based on the cash flows 

expected after at least one year of favourable demand changes, and the fact that the 

investment can be rejected if two unfavourable demand years occur. However, this 

value is not necessarily directly relevant for decision-making, as there is also an 

opportunity to invest at t = 1. This alternative may be more profitable, since cash 

flows can be achieved earlier.  

 The decision whether to invest at t = 1 will also depend on demand changes. A 

scenario-specific choice must be made between (i) exercising the investment option 

at t = 1, or (ii) not exercising it then, but possibly exercising it later. First, consider 

the case where a favourable demand change has occurred in the first period. The 

option value Cu1 takes into account the settlement price, the scenario-specific NPV 

of the perpetuity, and the expected cash flows at t = 2. In calculating the option 

value, it is assumed that pseudo-probabilities can be used to derive certainty 

equivalents of future cash flows, and that the risk-free interest rate can be used as a 

discount rate: 

54,0000;
1.1

12,600
0.1

12,600
0.619,600

0.1

19,600
0.4

100,000maxCu1

Comparing this result with the value of the option at t = 2 ( 49,090.91), realising the 

option at t = 1 is shown to be more profitable (assuming a positive demand change in 

the first period). Next, the case of an unfavourable demand change in the first period 

(Cd1) should be considered in the same way: 

00;
1.1

100,8
1.0

100,8
6.0600,12

1.0

600,12
4.0

000,100maxCd1
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In this case, the option should not be exercised at time t = 1. Now, the value of the 

option to wait for future investment possibilities at t = 1 and t = 2 related to the 

beginning of the planning period (C1+2) can be derived from the previous results: 

39.793,24
1.1

55.454,96.0000,544.0
C 21

In conclusion, the value of an immediate investment (C0) is calculated in order to 

find the optimum investment time. Again, it is assumed that certainty equivalents of 

future cash flows can be determined using pseudo-probabilities. Then, the optimum 

investment time is found by weighting the different scenarios’ expected cash flows 

and the scenario-specific NPVs of the perpetuity by these pseudo-probabilities, and 

discounting them using the risk-free interest rate:

0C
1.1

000,96.0000,144.0
000,100

21.1

600,12
1.0

600,12
6.0600,19

1.0

600,19
4.0

4.0

000,20
1.1

100,8
1.0

100,8
6.0600,12

1.0

600,12
4.0

6.0
2

Because the value is lower than that of the ‘wait’ option, the investment should not 

go ahead at the beginning of the planning period. Then, the optimum decision is to 

undertake the investment at t = 1 given a favourable demand change during the first 

period, or at t = 2 after successive unfavourable, then favourable, demand changes. If 

two unfavourable years occur, the investment should be rejected. The value of the 

investment opportunity with this decision sequence is 24,793.39.

The optimum decision sequence is identical to the one found using the decision-

tree method. Yet, different target values (i.e. NPVs) arise, due to differences in the 

valuation approach. While the decision-tree method used subjective probabilities and 

a uniform discount rate of 12%, the option model valuation uses pseudo-

probabilities derived from u and d and a risk-free uniform discount rate.

Additionally, it should be noted that the results determined using the option 

pricing theory binomial model can also be also found in another way. If identical 

assumptions are made, the same valuations of real options can be generated from a 

decision-tree model by using scenario-specific, risk-adjusted uniform discount rates 

and a scenario-dependent valuation of cash flows. This can be shown for the 
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example of the investment time determination (Example 8-4). Here, from t = 2 

onwards a risk-free interest rate of 10% is assumed, while for the previous periods 

specifically adapted uniform discount rates must be used. As an example, the case of 

a favourable demand change in the first period and the option of investing at t = 2 is 

regarded (with the expected net present value ENPVU in the decision-tree model and 

the value Cu2 in the real options (binomial) model). Using the risk-free interest rate 

from t = 2 onwards, both the real options and decision-tree models produce expected 

NPVs or option values at t = 2 of either 96,000 or 26,000, depending on demand 

changes. As shown below, using the decision-tree method (i.e. weighting with 

subjective probabilities and discounting with a corresponding risk-adjusted uniform 

discount rate) achieves identical results to an option pricing analysis (i.e. using 

pseudo-probabilities and the risk-free interest rate): 

91.090,49
1.1

000,266.0000,964.0

242592593.1

000,265.0000,965.0

From this equation, it can also be deduced that the corresponding risk-adjusted 

uniform discount rate (0.242592593) depends on the risk-free interest rate (0.1), and 

the relation between the expected value ( 61,000) and the certainty equivalent 

produced using pseudo-probabilities ( 54,000).

Assessment of the binomial model and the options pricing models approach 

The binomial model and other option pricing theory models or procedures are 

suitable for investment decision-making under uncertainty where some scope for 

differing actions (i.e. real options) exists. Compared with the classic decision-tree 

method, these models have the advantage that neither subjectively estimated 

probabilities nor subjective risk preferences contribute directly to the decision-

making process. Instead, a valuation is made based on a ‘preference free’ market-

oriented evaluation. 

Yet options pricing models in general and the binomial model in particular, 

involve assumptions that can substantially limit the applicability and precision of the 

results. For instance, it is assumed in the binomial model that future changes in 

uncertain measures (e.g. share price, value of the option) occur as a discrete but 

random process. Therefore only two values, at multiples (u, d) of the original value, 

are permitted for each scenario, severely limiting the binomial model’s ability to take 

account of future developments. The decision-tree method offers a greater degree of 

freedom in this respect. 

Other option pricing theory models (such as the pioneering BLACK and SCHOLES

model (1973), developed for the valuation of european options) assume different 

random processes. However, BLACK and SCHOLES’ original model, despite being 

suggested for the valuation of real options, can produce only approximate valuations. 
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Moreover, the following assumptions of the binomial and other option pricing 

models reduce their empirical validity: the capital market is perfect and free of 

arbitrage; market participants share homogeneous expectations about future share 

price movements; and, in particular, the parameters u and d, which considerably 

affect the option value, are known. 

Additionally, real options have some peculiarities compared to financial options, 

such as: the (usual) non-tradability of the investment projects; the problems of 

determining a duplication portfolio of securities that correlate with the real option; 

the stronger associations between various options; and influences from competition. 

These effects can be approximated in more complex, and thus more demanding, 

valuation models. 

Furthermore, as already discussed, the results of a binomial option price model 

can also be produced using risk-adjusted interest rates or scenario-specific valuations 

of cash flows, provided identical assumptions are made. The last approach is closely 

related to options pricing theory as regards the assumptions made about capital 

markets. Greater differences might arise compared with the risk-adjusted uniform 

discount rate approach. Although it is difficult to determine risk-adjusted uniform 

discount rates using subjective estimates or capital market theory approaches (e.g. 

CAPM), and there are challenges in determining subjective probabilities for 

scenarios, the alternative of applying options pricing theory models might also be 

problematic. 

Their similar range of applications, and the possibility of generating identical 

results, point to a close relationship between options pricing theory approaches and 

the decision-tree method. The binomial model also shows common characteristics in 

the way it illustrates the decision-situation and presents a solution (rollback) 

procedure, so in these respects it can be seen as a variation on a ’flexible planning’ 

or decision-tree method. 

Taking into account these arguments, general superiority cannot be claimed for 

the options pricing theory models. In fact, some literature rejects the view that 

options pricing theory is suitable for quantitative investment appraisal at all, because 

of the issues discussed above. It is generally agreed, however, that the formal (or 

even informal) consideration of the options dimensions in investments might result 

in qualitative insights that increase decision-makers’ attention to factors affecting the 

flexibility and value of options (e.g. uncertainty, terms, the quality of additional 

information, exclusivity and settlement prices). This is likely to strengthen the 

analysis and management of flexibility-creating investments.  
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Assessment Material Chapter 8 

Exercise 8-1 (Sensitivity Analysis)

A company plans to purchase a machine. The price is 50,000. A volume of 1,000 

units of product X can be manufactured and sold per period using the machine. Cash 

outflows dependent on the production volume total 40 per unit, and a sales price of 

100 per unit can be achieved. The economic life of the machine is expected to be 

three periods. Cash outflows independent of the production volume total 25,000 in 

the first period and rise by 10% in each subsequent period. The interest rate is 

assumed to be 9%.

The investment decision should be made using the NPV method, and a sensitivity 

analysis should provide additional information.

a)  Calculate the NPV of the investment project using the formula 

T

1t

t
ftv0 qCOFx)ofc(pINPV

Parameters: 

 NPV   =   Net present value 

  x   =   Expected annual sales and production volume 

  p   =   Sales price of the product X 
  cofv   =   Cash outflows dependent on the production volume (per unit) 

COFft   =   Cash outflows independent of the production volume at time t 

 I0   =   Initial investment outlay 

tq   = 
tt i)(1

1

q

1
 = Discounting factor in t  

  t   =   Time index 

  T   =   Economic life of the project 

b)  Determine NPVs assuming that sales prices of 60, 80, 120 or 140 (each per 

unit) can be achieved. 

c)  Use sensitivity analysis to determine critical values for the: 

Initial investment outlay 

Sales price 

Sales and production volumes 

Production volume-dependent cash outflows 

Production volume-independent cash outflows 

Liquidation value 

Economic life

Uniform discount rate 
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Exercise 8-2   (Sensitivity Analysis) 

A company plans to acquire a new machine to manufacture a product. The 

forecasted data are: 

Initial investment outlay: 120,000

Economic life: 4 years 

Liquidation value:  10,000

Uniform discount rate: 10% 

Sales price: 48 per unit 

Cash outflows dependent on production volume: 42 per unit 

t 1 2 3 4 

Sales and production volume (units) 10,000  12,000 14,000 12,000 

Cash outflows independent of production 
volume (€) 

30,000 30,000 35,000 35,000 

Tab. 8-8: Production volume and output-independent cash outflows 

Assume that production and sales volumes are always identical. Tax and transfer 

payments can be ignored. The initial investment outlay occurs at t = 0, the 

liquidation value at the end of the economic life, and current cash flows at the end of 

each period. The expected NPV of the investment project is 10,899.53.

Use sensitivity analysis to find the following critical values at which NPV = 0: 

a)  The critical value of the initial investment outlay. 

b)  The critical value of the economic life. 

c)  The critical value of the liquidation value. 

d)  The critical value of the uniform discount rate. 

e)  The critical value of the sales price. 

f)  The critical value of the production volume-dependent cash outflows. 

g)  The critical level of the sales and production volumes. 

h)  The critical level of the production volume-independent cash outflows. 

i)  The critical values of the sales and production volumes at t = 1. 

Exercise 8-3   (Sensitivity Analysis)

In the following exercise, the investment problem in Exercise 5-5 should be 

reconsidered using a sensitivity analysis. 

a)  Assume that investment projects A and B are pursued until the end of their 

technical lives (t = 4 or t = 3). Applying the NPV criterion, determine for each 

project in isolation (without considering subsequent projects): 

a1)  The critical liquidation value. 
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a2)  The critical level of the annual cash flow surpluses which result in a 

change in absolute profitability. 

b)  Based on Exercise 5-5, consider the possibility of prolonging the economic lives 

of projects A and B up to the end of their technical lives. Determine, by what 

percentage the liquidation values of both projects (i.e. A & B jointly) must 

increase at the end of the technical life so that the technical and optimum 

economic lives are identical, assuming: 

 b1)  A single substitution of machine A by machine B (Exercise 5-5, a)). 

 b2)  An unlimited chain of A and B, one after another (Exercise 5-5, b)). 

Exercise 8-4   (Decision-Tree Method)

A company is, at t = 0, considering an investment to extend production capacity. 

This investment requires an initial outlay of 40,000 and raises capacity by 5,000 to 

20,000 product units, with variable cash outflows unchanged at 12 per unit. The 

sales price is constant and independent of the sales volume, at 20 per unit. The 

planning period consists of two periods and the uniform discount rate is set at 10%. 

The sales volume will be 20,000 units at time t = 1 if there is a favourable 

development (H: high demand), which has an expected probability (p) of 0.5. In the 

case of an unfavourable development (L: low demand) (probability p = 0.5), the 

sales volume will be 17,000 units. 

At the end of period 1 the company may execute the same extension investment with 

an initial investment outlay of 30,000, if it has not invested at t = 0. The variable 

cash outflows and the sales price remain unchanged.

If there is high demand in period 1, the probability p of having further demand 

growth (sales volume: 20,000 units) in period 2 is p = 0.75. If there is low demand in 

period 1, this probability reduces to p = 0.25. Further low demand in period 2 would 

result in sales of only 17,000 units in that period. 

a)  Illustrate the decision problem by means of a decision-tree. 

b)  Determine the optimum decision sequence, assuming that the company wants to 

maximise its expected NPV. 

c)  What risk attitude does an investor who maximises the expected NPV have? 
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Exercise 8-5   (Decision-Tree Method)

A company is planning for an investment decision under uncertainty with a two-year 

planning period.

At t = 0, three alternatives exist: 

 I: Big investment (initial investment outlay: 22,000 / maximum attainable 

cash inflow surplus: 100,000)

 II:  Small investment ( 12,000 / 80,000)

 III:  Refrain alternative (no investment) ( 0 / 60,000)

Then at t = 1 the following possibilities exist: 

Provided that I was executed:  

  I a:   No subsequent investment opportunity ( 0 / 100,000)

Provided that II was undertaken: 

  II a: Extension investment ( 13,000 / 100,000)

  II b: No subsequent investment ( 0 / 80,000)

Provided that III was undertaken: 

  III a, III b, III c according to the options at t = 0 

Demand in the second period will be either high (H: maximum attainable cash flow 

surplus 100,000) or low (L: maximum attainable surplus 60,000).

In the first period, the expected probabilities are: H: p = 0.1 and L: p = 0.9. In the 

second period, the probability of H is 0.8, provided that period 1 also had high 

demand, or p = 0.4 otherwise. 

a)   Illustrate the decision problem with the help of a decision-tree. 

b)   Determine the optimum decision sequence for the investor using a uniform 

discount rate of 10%. 

Exercise 8-6   (Decision-Tree Method)

a)  A company must decide between two mutually exclusive strategic investment 

projects, A and B, at t = 0. This company uses the scenario method, and three 

scenarios (optimistic, most likely, pessimistic) are formulated. The occurrence 

of the optimistic scenario (opt) has a probability of 0.3, the most likely scenario 

(mlike) has a probability of 0.5, and the pessimistic scenario (pess) has a 

probability of 0.2. The cash flows from the investment projects are dependent on 

the occurrence of these scenarios, with the following data forecasted:
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Strategy Scenario 
Expected 

market size at 
t = 1 (€) 

Expected market growth 
(% per period related to 

the preceding period) 

Expected market 
share of the 

company (%) 

Opt 1,200,000 20 25 

A Mlike 1,200,000 10 25 

 Pess 1,200,000 –5 25 

 Opt 1,200,000 20 20 

B Mlike 1,200,000 10 20 

 Pess 1,200,000 –5 25 

Strategy Scenario 

Initial 
investment 

outlay  
at t = 0 (€) 

Expected 
liquidation 

value  
at t = 5 (€) 

Expected 
cash 

outflows 
at t = 1 (€) 

Expected change in 
current cash outflows 
(as % of the preceding 
period’s cash outflows) 

Opt 400,000 100,000 200,000 5 

A Mlike 400,000 100,000 200,000 10 

 Pess 400,000 50,000 200,000 10 

 Opt 250,000 50,000 180,000 5 

B Mlike 250,000 50,000 180,000 10 

 Pess 250,000 50,000 180,000 10 

Tab. 8-9: Data for the strategies A and B 

The planning period spans 5 periods, the uniform discount rate is set at 10%. 

Prepare a suitable form of investment appraisal to help with this decision. 

Discuss briefly which project is preferable. 

b)  It is further assumed that project B may be extended at time t = 2. The cash 

flows associated with it are forecasted as follows (in ):

Scenario
Initial investment outlay 

at t = 2  
Current cash outflows 

at t = 3  
Liquidation value 

at t = 5  

Opt 100,000 35,000 10,000 

Mlike 90,000 40,000 10,000 

Pess 90,000 40,000 10,000 

Tab. 8-10: Cash flows of the three scenarios 

For the extended investment project, an economic life of 3 periods is assumed. 

If the extension project goes ahead, the market share will increase by 5% of the 

market size under all three scenarios. Apart from that, the remaining data are 

unchanged.
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b1)  Illustrate the decision problem in graphical form. 

b2)  What decisions should be taken at t = 2? 

 How does this change the decision situation at t = 0? 

Exercise 8-7  (Economic Life and Replacement Time Decisions 
using the Decision-Tree Method)

a)  A company must determine the optimum economic life of a new machine A, 

characterised by the following data ( ’000):

tA 0 1 2 3 4 5 6 7 

Net cash flows 0 150 140 130 120 110 100 90 

Liquidation value – 450 400 350 300 250 170 80 

Tab. 8-11: Data for the new machine A 

The uniform discount rate is 10% and the initial investment outlay is 550,000.

Determine the optimum economic life of machine A, and the NPV that can be 

achieved when:  

a1) There is no replacement. 

a2) There is one identical replacement. 

a3) The machines are replaced twice by identical machines. 

a4) The machines are replaced an infinite number of times by identical 

machines. 

b)  Now, 5 years after starting to use machine A, the company is discussing its 

replacement. There is a rumour that the machine manufacturer may introduce a 

technically improved machine B, which serves the same function, onto the 

market within the next few years. 

For B, an initial investment outlay of 600,000 and the following additional data 

are forecasted ( ’000):

tB 0 1 2 3 4 5 6 

Cash inflows surpluses at tB 0 190 180 170 160 150 140 

Liquidation value at tB – 450 400 350 300 250 170 

Tab. 8-12: Data for machine B 

There is a 60% probability that B will be available at t = 1, and a 30% 

probability it will become available at t = 2. If not available by that time, B will 

not be offered at all. Technical progress exceeding that achieved by B is not 

expected for the next few years.
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All data from a) concerning machine A remain unchanged. 

When should the existing machine A be replaced and how (i.e. by another of 

type A or by machine B)? 

Assume that, based on market trends, the product generated using the machine 

can be sold for only another 5 years. Therefore, the planning period will end at 

t = 5 and the existing machine will be sold at that time. Because of the poor 

future prospects for the product, the existing machine is to be replaced only 

once, or not at all. 

Present a graphical illustration of this problem before solving it with appropriate 

calculations. 

Exercise 8-8   (Decision-Tree Method)

At t = 0, a company has the choice between making an investment or rejecting it 

(refrain alternative). The investment creates a production capacity of 20,000 units 

after an initial investment outlay of 350,000.

If the investment is undertaken, no others are possible. If it is rejected at t = 0, then 

another investment may be undertaken at t = 1 with an initial investment outlay of 

300,000 and a capacity of 17,000 units. No other investment projects are possible 

in later years. 

The planning period totals three periods. With regard to future developments, two 

input measures are assumed to be uncertain. In the first period, maximum sales 

volume is expected to be either 15,000 units (probability 40%) or 20,000 units 

(probability 60%). The cash outflow per unit for the first period is estimated at either 

12 (probability 50%) or 10 (probability 50%). It is assumed that the (random) 

developments that influence the sales volumes and cash outflows per unit are 

independent.

In all periods, the sales price will be 20 (this is certain). It is further assumed that 

the per unit cash outflows experienced in the first period will remain unchanged in 

subsequent periods. 

If in the first period the maximum sales volume amounts to of 20,000 units, it will 

either remain at this level (probability 60%), or rise to 22,000 units (probability 

40%) in the final two periods. 

In the case of a maximum sales volume of 15,000 units in the first period, the 

maximum sales volume is forecasted to either stay the same (probability 50%) or to 

rise to 18,000 units (probability 50%) in the final two periods.  

Other cash outflows need not be considered. The liquidation values at the end of the 

planning period are either 30,000 with investment at t = 0, or 40,000 with 

investment at t = 1. The uniform discount rate is 10%. 
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a) Illustrate the decision problem in the form of a decision-tree. 

b) Determine the optimum decision sequence and the maximum expected NPV. 

Exercise 8-9   (Decision-tree method)

At t = 0, an investor must decide whether to use 510,000 to either make a direct 

investment in Genetic Engineering Inc., a young genetic technologies company, or to 

invest in the capital market earning a yield of 8% per year.

The shares in Genetic Engineering Inc. are traded at the present time (t = 0) on the 

stock exchange at 500 per share. Their nominal value is 100 per share. The 

medium-term trend in the price of these shares is influenced by various factors. 

During the next year, tests will be done on the newest product developed by Genetic 

Engineering Inc., the results of which are expected to be available at the end of the 

year (t = 1). With positive results (probability 40%), the share price is expected to 

increase by 100; with negative results, the share price is expected to decline by 50.

The legislative body has announced that a decision on guaranteeing patent protection 

for gene-technology products will take effect in the second year. Patent protection is 

expected with 50% probability. In the case of favourable test results, this patent 

protection will result in a share price rise at t = 2 of 250; in the case of negative test 

results, the share price rise will be only 100. A refusal of patent protection is 

expected to result in a fall in share prices of 100.

Other factors influencing the share price (e.g. general share price index changes and 

other investor transactions) and tax payments should be ignored. 

The investor is considering purchasing the shares at t = 0 or t = 1. After having 

purchased in t = 0 it will be possible to sell the shares at t = 1 or to hold them until 

t = 2. His aim is to maximise his expected assets – consisting of shares and/or cash – 

as at t = 2. The share will be valued at t = 2 at its current market price (future sales 

expenses are ignored). 

The investor assumes that any funds not invested in the shares can be invested 

elsewhere at 8% per period. Purchase and sales expenses for any share transaction 

are estimated at 2% of the share price. At the end of a period, and independently of 

how the company develops, he expects to receive a dividend of 10% on the nominal 

value of the shares. The dividend payments are made before the purchase or sales 

transactions. Any dividend the investor receives at t = 1 is reinvested for one period 

at 8%. 

Illustrate this decision problem with the help of a decision-tree, and determine the 

optimum investment strategy, taking into account the investor’s compound value 

maximisation target, and using the rollback procedure. 





Chapter 9: Analysing Investment Programmes 
under Uncertainty 

9.1 Overview 

Uncertainty plays a significant role in all investment decision-making. In the 

previous chapter the analysis of single investment projects under conditions of 

uncertainty was discussed. In this chapter analogous methods and models for 

analysing investment programmes under uncertainty will be considered. When 

investment programmes are planned, often many (or even an infinite number of) 

investment alternatives exist, considerably complicating analytical models and/or 

evaluations that attempt to take account of uncertainty. Limitations on the ranges of 

uncertain conditions or investment alternatives then become necessary.  

The most useful analytical models for these circumstances are: 

• Sensitivity analysis 

• Chance-constrained programming 

• Simulation 

• Fuzzy set models 

• Portfolio selection models 

• Flexible planning. 

The portfolio selection and flexible planning models are discussed in detail in 

Sections 9.2 and 9.3. The discussion of flexible planning is supplemented with some 

observations about chance-constrained programming. The following discussion 

outlines the other models less detailed. 

There are various ways that sensitivity analysis can be used to support investment 

programme decisions. A local sensitivity analysis examines the extent to which 

certain key data (model coefficients) can be changed without affecting the optimum 

solution. A global sensitivity analysis considers the entire range of possible values 

for one or more coefficients, to determine the alternative optimum solutions that 

result from various values of the coefficients. This global form of sensitivity analysis 

is also called parametric programming.  

Local and global sensitivity analyses reveal the extent to which the investment 

recommendation depends on the input data, and the significance of each of the 

different coefficients for the investment outcome. However, these analyses can only 

be undertaken in isolation for a small number of input data, and, moreover, problems 

arise when integrity assumptions are necessary (i.e. when the investments must be 

accepted in total rather than in part).

A simulation uses a simulative risk analysis procedure to support investment 

programme decisions. This can be done in various ways. One option is to carry out 
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simulation experiments for selected investment programmes in order to calculate a 

probability distribution of a target measure (e.g. NPV) for each programme. Then, 

based on the probability distributions, one programme is selected. Alternatively, 

possible future developments can be simulated so that a combination of 

circumstances can be considered, with an optimisation carried out for each resultant 

scenario. A distribution of optimum investment programmes and an investment 

recommendation can then be derived. The first approach has the disadvantage that 

only a limited number of investment programmes can be included, so it is likely that 

some promising programmes will be overlooked. The second approach requires 

considerable calculative effort and, moreover, a single ‘over-all optimum’ 

programme cannot be derived from a distribution of ‘optimum’ programmes; using 

heuristic rules, only a ‘good’ programme can be found. 

With the help of fuzzy set models, fuzziness – a specific form of uncertainty – can 

be included in the analysis of investment programme decisions (see also Section 

1.2.3). So far, uncertainty has been considered only in regard to the occurrence of 

particular events or states (uncertainty or risk situations) and it has been assumed 

that this set of possible events or states can be defined unambiguously. In fuzzy set 

models this assumption is no longer valid, and there is no clear distinction between 

the set of elements to which a statement about a particular fact applies and the set to 

which the statement does not apply. Fuzziness can appear in the following forms: 

• Fuzzy relations are relations that are not unambiguously true or false (for 

instance ‘a little bit larger than’ or ‘much better than’). 

• Fuzzy descriptions of phenomena result from articulations of individual 

assessments (intrinsic fuzziness), as in the statement ‘achieving an acceptable 

return’, or from attempts to summarise complex circumstances (informational 

fuzziness), as when defining a ‘strategic investment’. 

Fuzzy relations or descriptions exist in many investment problems. They can be 

included in the analysis by using fuzzy sets.

In fuzzy set theory, there is no strict separation between an element’s membership 

(value 1) or non-membership (value 0) of a set. Instead, fuzzy logic describes an 

element’s (x) membership of the set (A) using values between zero and one. The 

degree of an element x’s membership to a fuzzy set A is described by a membership 

function fA(x), which assigns a value between zero and one to the element x: 

fA(x): x  [0,1] (9.1) 

Many models for investment programme planning are linear optimisation models. It 

is possible to introduce fuzzy sets into the restriction limits, the restriction 

coefficients and/or the target function coefficients of these models. In the following 

the inclusion of fuzzy sets in simultaneous planning models is illustrated using the 

example of a sales restriction.  
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In decision models under conditions of certainty, a sales restriction limits the 

sales volume to an exact amount. With the help of fuzzy set models, it is possible to 

incorporate a sales limit that is not known exactly. If only an interval can be 

determined for it, this can be included in a model using fuzzy logic by allowing a 

‘violation of the restriction’ of the following form:  

‘Try to include sales volumes at or near the lower limit and exclude sales volumes 

identical to or exceeding the upper limit.’  

The extent to which such a restriction is met can be represented by a linear 

membership function, as shown in Figure 9-1.  

Fig. 9-1: Linear membership function for a sales restriction 

Now it is assumed that the investor wants to deviate from the lower limit restriction 

as little as possible. Thus, fuzzy target functions can be derived from the original 

restrictions. A multi-criteria optimisation problem then arises, with the aim of 

satisfying each of the fuzzy target functions as much as possible. The level of 

satisfaction is measured by the value of the membership function, with a higher 

value indicating less deviation from the lower limit. 

The original target function, for instance compound value or NPV maximisation, 

must also be included in such fuzzy, multi-criteria optimisations. But this target 

function (measured in ) is not comparable with the fuzzy target function (measured 

as relative membership satisfaction) without being adapted. To solve this problem, 

the target function can be transformed into a membership function that reflects the 

level of satisfaction with different target function outcomes. Two target function 

values are needed to construct this membership function: the minimum value that 

Membership 
function

Degree of 
membership

Lower 
limit of 
sales

Upper
limit of 
sales

Quantity 
of sales

0

1
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must be reached in all cases (membership value zero), and the maximum attainable 

value (membership value one). They can be calculated by considering all lower and 

upper limit values in the original deterministic model and then determining the 

optimum solutions.

Having completed this step, a number of fuzzy target functions are known. To 

link these target functions, the so-called minimum operator can be used. Generally, 

this combines two membership functions fA(x) and fB(x) into a function fC(x). It 

does so by assigning to every value x the minimum value produced for x by one of 

the two membership functions fA(x) and fB(x). That is: 

fC(x) = fA(x)  fB(x) = min[fA(x),fB(x)] (9.2) 

If the minimum operator is applied to solving the described multi-criteria 

optimisation problem, the target is to maximise the minimum membership value that 

arises for one of the membership functions. A linear optimisation model can be 

formulated to do this (the form of such a model is not considered here). 

The advantage of the fuzzy set approach is that it allows fuzzy statements to be 

included in the model analysis. Also, fuzzy restriction coefficients and fuzzy target 

function coefficients can be considered within linear optimisation models. However, 

problems arise with determining the membership functions and interpreting the 

degree of ’satisfaction’ achieved within the imposed restrictions. When using the 

minimum operator to construct a linear optimisation model, the most unfavourable 

developments become the focus of the analysis, so that other information is lost. In 

place of the minimum operator, other operators can be used which may better 

correspond with human behaviour in the decision-making process. However, this 

means that no linear optimisation model can be formulated, and the model becomes 

more complex. 

9.2  Portfolio Selection 

Description of the model

Portfolio selection models are often used to analyse financial investments, such as 

purchases of shares, bonds or other titles in the capital market. The expected returns 

from financial investments arise from dividends and/or capital market price 

increases. However, these returns are not certain and depend on economic influences 

and, possibly, price movements for other securities. In some cases it is possible to 

estimate risk measures for the expected returns and correlation measures for the 

mutual dependencies between the returns of different financial investments. A 

portfolio of several securities or financial investments can then be described by 

different combinations of the expected return and risk of the securities. An efficient 
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portfolio shows the lowest possible degree of risk for a given expected return, or the 

maximum expected return for a given level of risk. 

Fig. 9-2: Expected profit and risk measures of portfolios 

In Figure 9-2, the profit-risk combinations lying on the curve ABC represent 

efficient portfolios, while combinations in the area D are inefficient. 

In MARKOWITZ’s portfolio models, the variances and covariances of securities 

and portfolios are used as risk measures. The model formulation is based on the 

following considerations (MARKOWITZ, 1952). 

The return from a security, as mentioned, is affected by two components: the 

payments (dividends or interest) received, and price movements. As a relative 

measure, the return on a security of type j can be described as follows: 

100
k

d
100

k

kk
=r

j0

j1

j0

j0j1
Gj1  (9.3) 

With:

rGj1  =  Gross return on the security j at the end of the planning period (t = 1) 

kj0  =  Starting price at the beginning of the planning period (t = 0) 

kj1 =  Final price at time t = 1 

dj1 = Dividend (or interest) received at the end of the planning period (t = 1) 

The inclusion of purchase and sales charges (commission, brokerage etc.) and taxes 

on market profits, dividends and interest received – assuming constant charges and 

tax rates – leads to the following net return rNj1:

Risk measure

Expected profit

D
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With:

rNj1 =  Net return on the security j at the end of the planning period (t = 1) 

rt1 =  Rate of taxation on market profits 

rt2 =  Rate of taxation on dividends and interest 

rs =  Rate of sales charges 

rp =  Rate of purchase charges 

In the subsequent discussions, the net return rNj1 is represented by the symbol rj. The 

return rj can be stated for a prior period. For example, over a period of time share A1
may have earned the return r1t while share A2 earned the return r2t, as shown in 

Figure 9-3. 

Fig. 9-3: Development of share returns 

Future returns are affected by a number of different factors whose effects cannot be 

forecasted accurately. Notably, the final price at a future point in time t = 1 and the 

dividend to be received are crucial to a security’s expected future return, but are 

highly uncertain. The investor may consider several prices possible and, under some 

circumstances, may be able to estimate a probability for each of them.  

In the following discussion, rjl is defined as a random variable affecting the future 

return. This random variable can take the outcomes rj1,rj2,...,rjL and for every 

outcome rjl a subjective probability pjl is estimated. The sum of the probabilities 

must equal 1. 

The expected return (ej) of security j can be calculated as the sum of the possible 

returns rjl weighted by their probabilities. That is: 

Return  

r1t

Return 

r2t

Present Present

Time Time
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L

1=l
jljlpj re  with:   1

L

1=l
jlp  (9.5) 

Figure 9-4 shows two possible returns distributions. For simplicity, they are assumed 

to have a normal distribution. The expected return on the first security is lower than 

the expected return on the second security and has a narrower range of possible 

outcomes.

Fig. 9-4: Distribution of security returns 

As Figure 9-4 shows, the uncertain conditions mean that several different returns 

with different probabilities may occur, and either positive or negative variations 

could occur around the expected return. The variance vj can be used as a risk 

measure for security j: 

L

1=l

2
jjljlpj )e-(rv , with:  j = 1,...,J (9.6) 

Thus, for every security j, the expected return (ej) and the risk measure (vj), which 

are the target measures relevant for combining financial investments within 

portfolios can be described. Now, the expected return (E) and the variance (V) must 

be defined for a portfolio of several securities j.  

The proportion of a portfolio made up of security j is represented by the variable 

xj. It is: 

0  xj  1 and 1x
J

1=j
j  (9.7) 

Then, the expected value of the portfolio return is:

J

1=j
jj xeE  (9.8) 

To determine the portfolio’s variance V, the covariances cji of the returns are 

considered: 
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ijjiji vvKc  with: j  I (9.9) 

And:

Kji  =  Correlation coefficient for the returns of securities j and i 

The variance V is: 

J

1=j

J

1i
ijji xxcV  with:  cjj = vj (9.10)

Or, alternatively: 

J

1=j

1J

1j

J

ji
ijji

2
jjj xxc2xcV  (9.11) 

For portfolios comprising two or three securities, feasible and efficient combinations 

can be presented graphically. With three securities the variance can be expressed as: 

V = c11
2
1x  + 12c  x1  x2 + 13c  x1  x3 + c22

2
2x

  + 23c  x2  x3 + c33
2
3x  min! (9.12) 

Note: for simplification, jic is used for 2cji, where 2cji results from cji = cji.

Furthermore, the sum of the portfolio proportions must amount to one, that is: 

x1 + x2 + x3 = 1   (9.13)

Using this relationship, a variable xj can be substituted in the variance formula. 

Consider the example of variable x3. Using: 

x3 = 1  x1  x2 (9.14)

Variable x3 can be substituted into equation 9.12 to obtain the following: 

V = (c11 13c  + c33) 2
1x  + (c22 23c  + c33) 2

2x

      + ( 12c 13c 23c  + 2c33)  x1 x2 + ( 13c  2c33)  x1  (9.15) 

     + ( 23c  2c33)  x2 + c33  min! 

This is a square function for the x1 versus x2 diagram. The lines of identical 

variances with higher values than the minimum variance form ellipses (iso-variance-

ellipses), as shown in Figure 9-5. 
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Fig. 9-5: Iso-variance-ellipses 

The pole of the x1x2-diagram is at x3 = 1. At any point on the straight line between

x1 = 1 and x2 = 1, x3 is equal to 0.  

The absolute (arithmetic) minimum M of the variances lies in the common centre 

of the iso-variance-ellipses; this point is not a feasible security combination (since 

x1 < 0). 

The minimum variance (Vm) of all feasible portfolio combinations is the point 

MV in Figure 9-5. At this point it is: x1 = 0, x2 > 0 and x3 > 0, i.e. securities 2 and 3 

are combined (in the proportions x2 and x3) to achieve the minimum variance (point 

MV). 

For the expected return (E) of the portfolio, a function dependent on x1 and x2
can be formed. The starting point is: 

E = e1  x1 + e2  x2 + e3  x3 (9.16)

Since the sum of the portfolio proportions must equal 1, and so x3 = 1  x1  x2, it 

follows that: 

E = (e1  e3)  x1 + (e2  e3)  x2 + e3 (9.17)

For constant values of E (e.g. E1 to E5), straight lines arise in the x1x2 diagram as 

shown in Figure 9-6. 

x3 = 1 

V = const. 

x1

x2

1

1
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Fig. 9-6: Iso-variance-ellipses, expected returns and efficient portfolios 

It can be seen from Figure 9-6 that:   

E5 > E4 > E3 > E2 > E1 (9.18)

And:

V4 > V3 > V2 > V1 > Vm (9.19)

All efficient portfolios have a minimum variance V for any given expected return. 

Accordingly, efficient portfolios lie on the line P1 – P2 – P3 – MV. In the graphical 

example (Figure 9-6) the expected value E5 corresponds to a portfolio that consists 

only of security type 1. As variances reduce, combinations of x1 and x3 display 

efficiencies initially (from P1 – P2). Between P2 and P3 combinations of the three 

securities are efficient, and between P3 and MV the variables x2 and x3 are 

combined.  

The combination of the critical line P1 – P2 – P3 – MV can also be represented in 

a return-variance (E-V) diagram (as shown in Figure 9-7). 
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Fig. 9-7:  Efficient portfolios in the return-variance diagram 

With more than three securities, efficient portfolios cannot be illustrated graphically 

and must be determined numerically. Either E can be maximised for a given V, or V 

minimised for a given E. It seems helpful to formulate portfolio selection problems 

as variance minimisation models rather than return maximisation models, because 

more algorithms are available for this. The optimum solution of the resultant convex 

quadratic optimisation problem can be found using quadratic optimisation 

procedures such as those developed by WOLFE (1959) and ROSEN (1960) (1961).  

An optimum can be selected from the efficient portfolios taking into account the 

risk attitude of the investor. Both V and E should be included in a target function 

and one of them should be weighted with a parameter ( ), which indicates the 

investor’s preference for expected returns in relation to risk. Then the optimisation 

problem can be formulated as a minimisation task, as follows:  

Objective function:  

K(X) = V(X)  E(X)  min! (9.20) 

Constraints:

J

1=j
jx  = 1 (9.21) 

xj  0, j = 1,...,J (9.22) 

This represents a problem of convex square optimisation with linear constraints. The 

following example illustrates this approach. 
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Example 9-1 

A portfolio is being constructed from a combination of three securities. Their 

proportions (to be determined) are x1, x2 and x3. The expected returns ei and the 

variances and covariances cij of the returns have already been estimated. They are: 

e1 = 0.3 e2 = 0.1 e3 = 0.2 

C = (cij) = 

01.00004.0008.0

0004.00004.00032.0

008.00032.004.0

Assuming that the parameter  equals 1, the optimisation problem can be specified 

as follows: 

Objective function:  

K(X) =  0.04 2
1x  + 0.0004 2

2x  + 0.01 2
3x  + 0.0064x1x2

+ 0.016x1x3 – 0.0008x2x3 - 1  (0.3x1 + 0.1x2 + 0.2x3)  min! 

Constraints:

x1 + x2 + x3 = 1 

xj  0,  j = 1,2,3 

The resultant optimum solution, which can be found with one of the procedures 

mentioned above, is: 

x1 = 1 x2 = 0 x3 = 0 

That is, only security type 1 is purchased and comprises 100% of the ‘portfolio’. 

Assessment of the model 

Portfolio selection models illustrate the risk and probability structures of financial 

investment returns, and assist in the determination of efficient or optimum portfolios 

(within the model’s assumptions). 

However, the collection of data and the calculation of efficient or optimum 

portfolios can be problematic. The analysis requires forecasts of the expected values, 

variances and covariances of the investment returns. Also, the calculation of efficient 

or optimum portfolios relies on solving non-linear optimisation problems. This can 

be difficult, particularly when a large range of securities is available. 

Additionally, it should be noted that portfolio selection models are based on the 

- criterion (as described in Section 8.1). Thus, criticisms that this criterion results 

in a loss of information also apply here. 
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However, portfolio selection theory not only lends support to programme 

decisions concerning financial investments. It also supplies a theoretical basis for 

general diversification and for other capital market theory models, including the 

capital asset pricing model (CAPM, see Section 8.2). 

9.3  Flexible Planning 

Description of the method/model

Flexible planning models are multi-tier decision models. They consider various 

possible environmental states and their probabilities of occurring, together with 

subsequent decisions made in the event of particular environmental states, and an 

expected information access. In this regard, the models considered here are similar to 

those for the decision-tree method discussed in Section 8.5. However, the decision-

tree method analyses single decisions while the flexible planning method deals with 

investment programme decisions. 

Flexible planning principles can be applied to all multi-tier, simultaneous 

planning models. In the following discussion, a flexible model is formulated based 

on the model described in Section 7.2 for simultaneous investment and financing 

decisions (the HAX and WEINGARTNER model). All assumptions described in Section 

7.2, with the exception of data certainty, still apply. 

As a basis for constructing such a model, the different possible environmental 

states and their probabilities must first be forecasted. These can be illustrated in a

stochastic tree as shown in Figure 9-8.  

Fig. 9-8: Stochastic tree 

In the stochastic tree, a knot s represents an environmental state: often a random 

event. The various developments that may result from these random events are 

represented by the lines (branches) of the tree, and probabilities (p) are assigned to 

them. 

s
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p p
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After identifying the relevant environmental states, the next step is determining 

which investment and financing projects can be undertaken under these different 

states. Then, the appropriate cash flow profiles of all projects must be determined for 

each possible environmental state. 

A flexible model for simultaneous investment and financing decisions is 

presented below, first in general form. The following variables and parameters are 

used:

Variables:

 xj   =  Number of units of investment project j (j = 1,...,J–1) 

 xJs   =  Amount of the short term financial investment (in ) under state s (s S) 

 xJsp   =  Amount of the short term financial investment under state sp preceding 

state s (sp, s S) 

 yi   =  Extent of the financial project i (in ) for i = 1,...,I 

Parameters: 

 ajs   =  Cash outflow surplus per unit of the investment project j (j = 1,...,J–1) 

under state s (s S) 

 dis   =  Cash outflow surplus per unit (in ) of the financial project i under 

state s 

 IFs   =  Internal funds provided under state s 

 Xj   =  Maximum number of units of investment project j (j = 1,...,J–1) 

 Yi   =  Maximum extent of financial project I (i = 1,...,I) 

 c   =  Interest rate payable for the short term financial investment 

 ps   =  Probability of state s occurring, assigned to the end of the planning 

period (s ST)

Sets of indices: 

 S   =  Set of all states s 

 ST   =  Set of all states s at time T  

The expected compound value (ECV) can be used as a target measure for a flexible 

model for simultaneous investment and financial decision-making. This comprises 

the sum of the compound values, weighted by the probabilities of all possible states, 

at the end of the planning period. The compound value under state s (with s  ST)

can be represented by the short-term financial investment xJs. The objective function 

then becomes: 

Ss
Jssp

T

xECV  max! (9.23) 

It is assumed that the solvency of the company is assured throughout the planning 

period and under all states s (s  S). That is, the cash outflow surpluses of all 
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investment and financial projects, under every state, must not exceed the internal 

funds, and the short-term finance investments must never become negative.

Liquidity constraints: 

For the initial state s = 1 in t = 0: 

1-J

1=j
jj1 xa    + 

I

1=i
ii1 yd  + xJ1 = IF1

Cash outflow  Cash outflow  Short-term  Internal 
surpluses of the surpluses of the  financial  financial 
investment projects  financing projects investment  funds 

For all other s  S: 

1-J

1=j
js xaj  + 

I

1=i
iis yd  + xJs – (1 + c)  xJsp = IFs

Cash outflow Cash outflow Short-term Compounded short-term Internal 
surpluses of the surpluses of the financial  financial investment of financial 
investment projects financing projects investment  the preceding state funds  

Additionally, the following project constraints must be noted: 

Project constraints: 
xj Xj and integer,   for j = 1,...,J–1 

yi Yi,  for i = 1,...,I 

xj 0,  for j = 1,...,J–1 

xJs 0,  for all s  S 

yi 0,  for i = 1,...,I 

The model formulated here is a linear model whose optimum solution can be 

determined using integer linear optimisation procedures.  

Example 9-2 

A planning horizon of three periods is assumed for this decision problem. For each 

environmental state, a random event is followed by two possible subsequent states. 

Therefore, fifteen environmental states are considered in total. The stochastic tree in 

Figure 9-9 shows these environmental states, the probabilities that future 

developments will lead to their occurrence, and the terminal probabilities (i.e. the 

probabilities of each state prevailing at the end of the third period).
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Fig. 9-9: Stochastic tree for the example model 

Five different long-term investment projects are available. Projects 1, 2 and 3 can be 

realised at the beginning of the planning period under state 1 (variables x1, x2 and 

x3). The other two projects (4 and 5) can be carried out at time t = 1 under both 

states 2 and 3. Since it has to be decided whether to invest in these projects under 

either state, two variables are introduced in each case. Variable x4 represents the 

number of project type 4 investments that should be made if state 2 occurs. Variable 

x5 is the number of these projects that should be invested in if state 3 occurs instead. 

Variables x6 and x7 are the appropriate numbers of type 5 investment projects under 

states 2 and 3 respectively. No upper limits exist for any of these investment 

projects.

Three financial projects are available to finance the investment projects. Loans 1 

and 2 can be taken out at the beginning of the planning period (variables y1 and y2).

Loan 3 can be taken out at time t = 1 under both states 2 and 3 (variables y3 and y4).

The maximum loan amount is  200,000 for loans 1 and 2 and  225,000 for loan 3. 

The net cash flows of the investment projects (IP) and financial projects (FP) 

(each in ’000s) at the different points in time, and under the different possible 

states, are shown in the following table. 

1

4

2 3

65 7

1098 11 141312 15

t=0

t=1

t=2

t=3=T

0.4 0.6

0.30.7 0.10.9

0.3 0.70.8 0.2 0.40.6 0.50.5

0.224 0.0840.036 0.3240.05 0.216 0.03 0.03=

[0.4·0.7·0.8] Terminal probabilities 
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Net cash flows (in €’000s)

Point 
in time

0 1 2 3 

State 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

IP 1 -40 50 30 40 35 30 25 60 55 50 45 40 35 30 25

IP 2 -60 45 25 45 40 35 30 55 50 45 40 35 30 25 20

IP 3 -60 35 15 35 30 25 20 45 40 35 30 25 20 15 10

IP 4 - -80 - 60 55 - - 90 85 80 75 - - - -

IP 5 - - -80 - - 50 45 - - - - 70 65 60 55

IP 6 - -100 - 90 85 - - 60 55 50 45 - - - -

IP 7 - - -100 - - 80 75 - - - - 40 35 30 25

FP 1 100 -10 -10 -10 -10 -10 -10 -140 -140 -140 -140 -140 -140 -140 -140

FP 2 100 - - - - - - -180 -180 -180 -180 -180 -180 -180 -180

FP 3 - 150 - -40 -40 - - -160 -160 -160 -160 - - - -

FP 4 - - 150 - - -40 -40 - - - - -160 -160 -160 -160

Tab. 9-1: Net cash flows of the investment and financial projects

Note also that at every time (and under every state) a short term financial investment 

(variable x8s, with s = 1,...,15) can be made with an interest rate of 5% (c = 0.05).

The following flexible model can be formulated for this decision problem: 

Objective function: 

ECV =  0.224x8,8 + 0.056x8,9 + 0.036x8,10 + 0.084x8,11

    + 0.324x8,12 + 0.216x8,13 + 0.03x8,14 + 0.03x8,15  max! 

Liquidity constraints: 

s = 1: 
40x1 + 60x2 + 60x3 - 100y1 - 100y2 + x8,1 = 0 

s = 2: 
–50x1 – 45x2 – 35x3 + 80x4 + 100x6 + 10y1 – 150y3 – 1.05x8,1+ x8,2 = 0 

s = 3: 
–30x1 – 25x2 – 15x3 + 80x5 + 100x7 + 10y1 – 150y4 – 1.05x8,1 + x8,3 = 0 

s = 4: 
–40x1 - 45x2 – 35x3 – 60x4 – 90x6 + 10y1 + 40y3 – 1.05x8,2 + x8,4 = 0 

s = 5: 
–35x1 – 40x2 – 30x3 – 55x4 – 85x6 + 10y1 + 40y3 – 1.05x8,2 + x8,5 = 0 

s = 6: 
–30x1 – 35x2 – 25x3 – 50x5 – 80x7 + 10y1 + 40y4 – 1.05x8,3 + x8,6 = 0 
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s = 7: 
–25x1 – 30x2 – 20x3 – 45x5 – 75x7 + 10y1 + 40y4 – 1.05x8,3 + x8,7 = 0 

s = 8: 
–60x1 – 55x2 – 45x3 – 90x4 – 60x6 + 140y1 + 180y2 + 160y3 – 1.05x8,4 + x8,8 = 0 

s = 9: 
–55x1 – 50x2 – 40x3 – 85x4 – 55x6 + 140y1 + 180y2 + 160y3 – 1.05x8,4 + x8,9 = 0 

s = 10: 
–50x1 – 45x2 – 35x3 – 80x4 – 50x6 + 140y1 + 180y2 + 160y3 – 1.05x8,5 + x8,10 = 0 

s = 11: 
–45x1 – 40x2 – 30x3 – 75x4 – 45x6 + 140y1 + 180y2 + 160y3 – 1.05x8,5 + x8,11 = 0 

s = 12: 
–40x1 – 35x2 – 25x3 – 70x5 – 40x7 + 140y1 + 180y2 + 160y4 – 1.05x8,6 + x8,12 = 0 

s = 13: 
–35x1 – 30x2 – 20x3 – 65x5 – 35x7 + 140y1 + 180y2 + 160y4 – 1.05x8,6 + x8,13 = 0 

s = 14: 
–30x1 – 25x2 – 15x3 – 60x5 – 30x7 + 140y1 + 180y2 + 160y4 – 1.05x8,7 + x8,14 = 0 

s = 15: 
–25x1 – 20x2 – 10x3 – 55x5 – 25x7 + 140y1 + 180y2 + 160y4 – 1.05x8,7 + x8,15 = 0 

Project constraints: 

xj 0 and integer,  for j = 1,...,7 

x8s 0,  for s = 1,...,15 

yi 2,  for i = 1, 2 

yi 1.5,  for i = 3, 4 

yi 0,  for i = 1,...,4 

The optimum solution for the model (calculated using integer linear programming 

procedures) is: 

X1 = 10 x2 = 0 x3 = 0 x4 = 8 x5 = 6 x6 = 0 x7 = 0

X8,1 = 0 x8,2 = 0 x8,3 = 0 x8,4 = 817.33 x8,5 = 727.33

x8,6 = 526.67 x8,7 = 446.67 x8,8 = 1,367.53 x8,9 = 1,277.53 x8,10 = 1,093.03

x8,11 = 1,003.03 x8,12 = 519.67 x8,13 = 439.67 x8,14 = 275.67 x8,15 = 195.67 

y1 = 2 y2 = 2 y3 = 1.07 y4 = 1.33

Accordingly, the recommendation is to invest in 10 units of project 1 at the 

beginning of the planning period (t = 0) at a total expense of 400,000. Loans 1 and 

2 should be taken up at the same time to their maximum amounts (i.e. 2 units of 
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100,000 each, corresponding to a total amount of 200,000). A short-term financial 

investment is not made at t = 0. 

At time t = 1, 8 units of investment project 4 will be bought if state 2 occurs, at a 

total expense of 640,000. Loan 3 should be used to finance this (i.e. 1.07 units of 

loan 3 or 160.500 (= 150,000 · 1.07)) and, again, no short-term financial investment 

is made. In contrast, if state 3 occurs, only 6 units of investment project 4 should be 

bought. Due to the lower cash flows, 1.33 units of loan 3 would be required and, 

again, no short-term financial investment is recommended.

In the third and final time period, the values of the short-term financial 

investment differ in each case. Weighting these values by their terminal probabilities 

at time t = 3, the maximum expected value for the compound value of the 

programme can be calculated at 778,950.

Assessment of the method/model

Flexible planning models allow the analysis of programme decision problems taking 

into account: different environmental states and their probabilities; subsequent 

decisions; and an expected information access. It should be noted that the model 

assumes the decision maker is risk neutral, as evidenced by its use of ‘maximise the 

expected compound value’ as the objective. The inclusion of other risk attitudes is 

possible, but it leads to non-linear optimisation models whose optimum solutions are 

difficult to determine, especially if only numerically discrete outcomes are 

allowable.  

Another problem is the requirement that liquidity must be guaranteed under every 

environmental state. This restriction considerably limits the scope of permissible 

investment programmes. In reality, it may be acceptable for an investor to violate 

this liquidity requirement for a situation that has a low probability of occurring. 

Using chance constrained programming models, this can be introduced by 

modifying the formulation of the liquidity restrictions. Using this approach, 

coefficients used in the liquidity restrictions, such as the cash flows assigned to the 

investment and financing variables, are regarded as random variables. These 

coefficients can take various values with related probabilities. The cash flows 

resulting from the random developments must meet a specified minimum probability 

to ensure that the liquidity constraints are not violated. However, one problem with 

this approach, besides the optimum solution determination itself, lies in defining this 

minimum probability. 

Generally, for all flexible planning models the collection of data and the 

determination of the optimum solution are extremely difficult. The relevant data 

must be determined for all possible environmental states and for all investment and 

financing projects. The optimisation can also be complicated depending on the 

number and types of variables and constraints, due to the large range of the models 

and to constraints imposed by the need for numerically discrete variables. Therefore, 



336 Methods and Models that Incorporate Uncertainty 

flexible planning models are practicable only when there is a relatively low number 

of possible environmental states and investment alternatives. 

Determining the appropriate degree of complexity is a fundamental issue when 

formulating and evaluating investment analysis models. The demand for realism 

tends to lead to complex models. Yet, practical problems in collecting data, 

calculating optimum solutions, and interpreting the results suggest it might 

sometimes be advisable to favour less realistic but more ‘useable’ models.
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2-1

a) CA = 68,750 per year; CB = 66,000 per year; CC = 60,000 per year 

 Alternative C is relatively profitable 

b) CA = 87,083.33 per year; CB = 90,000 per year; CC = 100,000 per year 

 Alternative A is relatively profitable 

c) and  d)  See Section 2.1 

2-2

a) C = Cf + Cv with: Cf = fixed costs; Cv = variable costs 

1.7x+ x
100,000

8
-2,400=C 2

A

0.8x+2,966.67=CB

1.5x=CC

b) b1) CA = 7,920 per year; CB = 6,166.67 per year; CC = 6,000 per year 

 Alternative C is relatively profitable 

b2) CA = 10,880 per year; CB = 9,366.67 per year; CC = 12.000 per year 

 Alternative B is relatively profitable 

b3) CA = 11,400 per year; CB = 12,366.67 per year (2,000 units are to be 

bought in from another company, because the required volume exceeds 

the maximum capacity of 8,000 units); CC = 15,000 per year 

 Alternative A is relatively profitable 

2-3

a) PA = 160,000 – 130,580 = 29,420 per year;  

PB = 192,000 – 167,930 = 24,070 per year 

 Alternative A is relatively profitable 

b) ARRA = 30.93 %;  ARRB = 22.83 % 

 Alternative A is relatively profitable 

c) PPA = 4.01 years;  PPB = 4.84 years 

 Alternative A is relatively profitable 

3-1

a) NPV = 22,892.31; NPV > 0 
 The project is absolutely profitable 

b) EV = 156,845.19
c) Ann = 5,287.55; Ann > 0 

 The project is absolutely profitable 
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3-2

a) NPVA = 8,231.55;  NPVB = 20,347.59;  NPVC = 4,551.66

NPVB > NPVA > NPVC
 Project B is relatively profitable 

b) rA  11.25%;  rB  12.65%;  rC  10.50% 

3-3

a) NPVI = 3,641.81; NPVII = 5,476.84

AnnI = 1,051;  AnnII = 1,580.57

 rI  7.46%;  rII  7.59% 

PPI = 3.88 years;   PPII = 3.78 years (PP: dynamic payback period) 

 Net present value method: NPVII > NPVI
 Project II is relatively profitable 

 Annuity method: AnnII > AnnI
 Project II is relatively profitable 

 Internal rate of return method: rII > rI   
 Project II is relatively profitable 

 Dynamic payback period method: PPII < PPI
 Project II is relatively profitable 

b) See Sections 3.2 and 3.4. 

c) See Sections 3.2 – 3.5. 

4-1

a) Mandatory account balancing: (CV = Compound value) 

 CV7I = 98,322.72; CV7II = 124,017.86;
  CV7II > CV7I  Project II is relatively profitable 

  Prohibited account balancing: 

 Project I: CV7I
+ = 1,125,989.65; CV7I

- = –1,089,230.56;

  CV7I = 36,759.09

 Project II: CV5II
+ = 1,146,611.50; CV5II

- = –1,116,689.34;

  CV5II = 29,922.16

  CV7II = 32,989.18

 CV7I > CV7II
 Project I is relatively profitable 

b) Mandatory account balancing: 

 dcI  9.88%; dcII  12.27% 

 Prohibited account balancing: 

 dcI  8.52%; dcII  8.57% 
c)  See Section 4.1 
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d)

The compound value amounts to 294,948.30.

The opportunity income value amounts to 152,000  1.065 = 203,410.29

 Project II is absolutely profitable 

 t=0 t=1 t=2 t=3 t=4 t=5 

 Series of net cash flows  -760,000  240,000  320,000  180,000  120,000  160,000 

 Internal funds 
– Withdrawal of capital       
+ Contribution of capital  152,000      

 Instalment loan 
+ Borrowing       
– Redemption       
– Debt interest       

  Loan with final redemption 
+ Borrowing  228,000      
– Redemption       -240,000 
– Debt interest   -16,800  -16,800  -16,800  -16,800  -16,800 

 Annuity loan 
+ Borrowing  228,000      
– Redemption   -38,864.07  -41,973.20  -45,331.05  -48,957.54  -52,874.14
– Debt interest   -18,240  -15,130.87  -11,773.02  -8,146.53  -4,229.93

 Current account loan 
+ Borrowing  152,000      
– Redemption   -150,895.93  -1,104.07  0   
– Debt interest   -15,200  -110.41  0   

 Financial investment 
– Reinvestment    -244,881.45  -118,340  -64,257  
+ Disinvestment       132,530.15
+ Credit interest     12,244.07  18,161.07  21,373.92

 Financial balance  0  0  0  0  0  0 

 Balances 

 Loans:       
Instalment loan       
Loan with final redemption  240,000  240,000  240,000  240,000  240,000  0 
Annuity loan  228,000  189,135.93  147,162.73  101,831.68  52,874.14  0 
Current account loan  152,000  1,104.07  0  0  0  0 

 Financial investment    244,881.45  363,221.45  427,478.45  294,948.30

 Net balance  -620,000  -430,240  -142,281.28  21,389.77  134,604.31 294,948.30
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e)

 Annual withdrawal: 52,824.87

4-2

a) NPVI = 931.63;  NPVII = 1,136.40

NPVII > NPVI
 Project II is relatively profitable 

NPVdiff = 204.77

b) rI  15.66%;  rII  13.86%;  rD  11.55% 

 Project I is relatively profitable 

For the net present value curves see Section 3.4 

c) PPI = 2.59 years; PPII = 3.72 years 

d) d1) Mandatory account balancing: 

 CV4I = 888.54; CV4II = 830.15

  CV4I > CV4II  Project I is relatively profitable 

 t=0 t=1 t=2 t=3 t=4 t=5 

 Series of net cash flows  -760,000  240,000  320,000  180,000  120,000  160,000 

 Internal funds 
– Withdrawal of capital   -52,824.87  -52,824.87  -52,824.87  -52,824.87  -52,824.87
+ Contribution of capital  152,000      

 Instalment loan 
+ Borrowing       
– Redemption       
– Debt interest       

  Loan with final redemption 
+ Borrowing  228,000      
– Redemption       -240,000 
– Debt interest   -16,800  -16,800  -16,800  -16,800  -16,800 

 Annuity loan 
+ Borrowing  228,000      
– Redemption   -38,864,07  -41,973.20  -45,331.05  -48,957.54  -52,874.14
– Debt interest   -18,240  -15,130.87  -11,773.02  -8,146.53  -4,229.93

 Current account loan 
+ Borrowing  152,000      
– Redemption  -98,071.06  -53,928.94  0  0  0 
– Debt interest  -15,200  -5,392.89  0  0  0 

 Financial investment 
– Reinvestment    -133,949.23  -59,968.52  -2,966.95
+ Disinvestment       196,884.70
+ Credit interest     6,697.46  9,695.89  9,844.24

 Financial balance  0  0  0  0  0  0 

 Balances 

 Loans:       
Instalment loan       
Loan with final redemption  240,000  240,000  240,000  240,000  240,000  0 
Annuity loan  228,000  189,135.93  147,162.73  101,831.68  52,874.14  0 
Current account loan  152,000  53,928.94  0  0  0  0 

 Financial investment    133,949.23  193,917.75  196,884.70  0 

 Net balance  -620,000  -483,064.87  -253,213.50  -147,913.93  -95,989.44  0 
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d2) Prohibited account balancing: 

 Project I:  CV3I
+ = 14,232; CV3I

- = –14,049.28

  CV3I = 182.72; CV4I = 197.34

 Project II:  CV4II
+ = 18,764.74; CV4II

- = –18,882.23

  CV4II = –117.49

 CV4I  CV4II  Project I is relatively profitable 

e) e1) Mandatory account balancing: 

  skI  15.66%; skII  13.86% 

 e2) Prohibited account balancing: 

  skI  12.48%; skII  11.83% 

f) Project I 

The compound value amounts to 7,529.94.

The opportunity income value amounts to 6,475.15 (= 5,000  1.093).

 Project I is absolutely profitable 

 t=0 t=1 t=2 t=3 

 Series of net cash flows  -10,000  5,000  5,000  3,000 

 Internal funds 
– Withdrawal of capital     
+ Contribution of capital  5,000    

 Instalment loan 
+ Borrowing  4,000    
– Redemption   -1,333.33  -1,333.33  -1,333.34
– Debt interest   -440  -293.33  -146.67

 Current account loan 
+ Borrowing  1,000    
– Redemption   -1,000   
– Debt interest   -130   

 Financial investment 
– Reinvestment   -2,096.67  -3,520.11  -1,913.16
+ Disinvestment     
+ Credit interest    146.77  393.17

 Financial balance  0  0  0  0 

 Balances 

 Loans:     
Instalment loan  4,000  2,666.67  1,333.34  0 
Current account loan  1,000  0  0  0 

 Financial investment   2,096.67  5,616.78  7,529.94

 Net balance  -5,000  -570  4,283.44  7,529.94
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Project II 

The compound value of object II amounts to 8,560.27 and exceeds the opportunity 

income value ( 7,057.91 = 5,000  1.094) as well as the compound value of project I 

related to t = 4  

( 8,207.63 = 7,529.94 1.09).

 Project II is absolutely and relatively profitable. 

 t=0 t=1 t=2 t=3 t=4 

 Series of net cash flows -12,000 3,000 4,000 4,000 6,000 

 Internal funds      
– Withdrawal of capital      
+ Contribution of capital 5,000     

 Instalment purchase loan      
+ Borrowing 4,000     
– Redemption  -1,000 -1,000 -1,000 -1,000 
– Debt interest  -440 -330 -220 -110 

  Loan with final redemption      
+ Borrowing 2,000     
– Redemption     -2,000 
– Debt interest  -200 -200 -200 -200 

 Current account loan      
+ Borrowing 1,000     
– Redemption  -1,000    
– Debt interest  -130    

 Financial investment      
– Reinvestment  -230 -2,496.10 -2,770.13 -3,074.04 
+ Disinvestment      
+ Credit interest   16.10 190.13 384.04 

 Financial balance 0 0 0 0 0 

 Balances      

 Loans:      
Installment loan 4,000 3,000 2,000 1,000 0 
Loan with final redemption 2,000 2,000 2,000 2,000 0 
Current account loan 1,000 0 0 0 0 

 Financial investment  230 2,716.10 5,486.23 8,560.27 

 Net balance -7,000 -4,770 -1,283.90 2,486.23 8,560.27 
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5-1

a) NPVI
* = 575.51;  NPVII

* = 858.85

b)
t = 0 t = 1 t = 2 t = 3 t = 4 

Series of net cash flows  -12,000.00  3,000.00  4,000.00  4,000.00  6,000.00

Internal funds      
– Withdrawal of capital      

+ Contribution of capital  5,000.00     

Instalment loan      
+ Borrowing  4,000.00     

– Redemption   -1,000.00  -1,000.00  -1,000.00  -1,000.00 
– Debt interest   -440.00  -330.00  -220.00  -110.00 

Loan with final redemption       
+ Borrowing  2,000.00     
– Redemption      -2,000.00 
– Debt interest   -200.00  -200.00  -200.00  -200.00 

Current account loan      
+ Borrowing  1,000.00     
– Redemption   -1,000.00    

– Debt interest   -130.00    

Financial investment      
– Reinvestment   -538.00  -2,304.60  -2,467.39  -1,837.02 

+ Disinvestment      
+ Credit interest    37.66  198.98  371.70 

Taxes      

– Tax payments    -203.06  -311.59  -1,224.68 

+ Tax refund   308.00    

Financial balance  0  0  0  0  0 

Balances       

Loans:      
Instalment loan  4,000.00  3,000.00  2,000.00  1,000.00  0 
Loan with final redemption  2,000.00  2,000.00  2,000.00  2,000.00  0 

Current account loan  1,000.00  0  0  0  0 

Financial investment  0  538.00  2,842.60  5,309.99  7,147.01 

Net balance  -7,000.00  -4,462.00  -1,157.40  2,309.99  7,147.01 

t = 1 t = 2 t = 3 t = 4 

 Net cash flow  3,000.00  4,000.00  4,000.00  6,000.00 
 – Depreciation  -3,000.00  -3,000.00  -3,000.00  -3,000.00 
 – Gain of liquidation  0  0  0  0 
 – Interest expenses  -770.00  -530.00  -420.00  -310.00 
 + Interest income  0  37.66  198.98  371.70 
 = Change of profit  -770.00  507.66  778.98  3,061.70 

Change of tax payment (tax rate 40%)  -308.00  203.06  311.59  1,224.68 

The opportunity income value amounts to 6,170.67 (= 5,000  1.0544).

 Project II is absolutely profitable 
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5-2

a) NPV = 63,570.69

b) b1) nopt (Optimum economic life) = 7; NPVmax = 65,669.97 

b2) n1opt = 6; NPVCmax = 100,173.17 

b3) n1opt = 5; NPVCmax = 119,659.10 

b4) nopt = 4; Annmax = 15,188.54; NPV  = 151,885.37 

c) See Section 5.3. 

5-3

a) NPV = 8,479.39

b) b1) nopt = 7; NPVmax = 9,726.24 

b2) n1opt = 6; NPVCmax = 15,088.16 

b3) nopt = 4; Annmax = 2,349.41; NPV  = 23,494.10 

5-4

a) a1) nopt = 7; NPVmax = 143,589.65 

a2) nopt = 6; NPVmax = 220,537 

a3) nopt = 6; NPVmax = 263,971.77 

a4) nopt = 6; NPVmax = 320,266.65 

b) nopt = 1; NPVmax = 330,000; Annmax = 33,000 

 replacement at: 31 December 2009 or 31 December 2010 

c) The two-year old machine will be used for three years. 
 Annmax = 38,296.07; NPVmax = 382,960.70

replacement at: 31 December 2009 

5-5

a) nBopt = 2, NPVBmax = ( ’000) 2,235.54 

 nAopt = 3, P3A = 870 > i  NPVBmax = 223.55, P4A = 110 < 223.55 

 NPVA3 = ( ’000) 1,628.85  

 NPVCmax = ( ’000) 3,308.44 

b) NPV1,1 = ( ’000) 1,553.72, Ann1,1 = ( ’000) 895.23 

 NPV1,2 = ( ’000) 2,305.04, Ann1,2 = ( ’000) 926.89  => nAopt = 1, nBopt = 2 

 NPV2,1 = ( ’000) 2,139.75, Ann2,1 = ( ’000) 860.43 

 NPV2,2 = ( ’000) 2,822.76, Ann2,2 = ( ’000) 890.50 

 NPV3,1 = ( ’000) 2,687.52, Ann3,1 = ( ’000) 847.83  

 NPV3,2 = ( ’000) 3,308.44, Ann3,2 = ( ’000) 872.76 
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5-6
a) a1) 

n
 or 
t

–I0 resp. NCFt –I0 resp. NCFt q-t Ln  q-n NPVn

0 –580,000.00 –580,000.00 –580,000.00
1 180,000.00 163,636.36 –416,363.64 445,454.55 29,090.91
2 150,000.00 123,966.94 –292,396.69 338,842.98 46,446.29
3 150,000.00 112,697.22 –179,699.47 232,907.59 53,208.12
4 140,000.00 95,621.88 –84,077.59 170,753.36 86,675.77
5 140,000.00 86,928.99 2,851.39 130,393.48 133,244.87
6 85,000.00 47,980.28 50,831.68 84,671.09 135,502.77

 The optimum economic life is 6 years, NPVmax = 135,502.77.

a2)

n1 NPVn1 NPV2max  q-n1 NPVC

0 0 135,502.77 135,502.77
1 29,090.91 123,184.34 152,275.25
2 46,446.29 111,985.76 158,432.05
3 53,208.12 101,805.24 155,013.36
4 86,675.77 92,550.22 179,225.99
5 133,244.87 84,136.56 217,381.43
6 135,502.77 76,487.78 211,990.55

 The optimum economic life of the first project is 5 years, that of the subsequent 

project 6 years. NPVCmax = 217,381.43.

a3) See Section 5.3.3. 

b) b1) 

n 1 2 3 4 5 6 

rn [%] 15.52 15.00 14.33 15.86 17.78 17.47 

 The optimum economic life is 5 years. 

b2)
 The optimum economic lives of the first and the subsequent project are 5 

years each (no chain effect). 

c)

t Nt It Vt Vt Lt CVt CVt
. 1.086-t

0 –580,000.00 –580,000.00
1 180,000.00 –69,600.00 110,400.00 –469,600.00 490,000.00 20,400.00 29,974.29
2 150,000.00 –56,352.00 93,648.00 –375,952.00 410,000.00 34,048.00 46,321.93
3 150,000.00 –45,114.24 104,885.76 –271,066.24 310,000.00 38,933.76 49,045.32
4 140,000.00 –32,527.95 107,472.05 –163,594.19 250,000.00 86,405.81 100,783.74
5 140,000.00 –19,631.30 120,368.70 –43,225.49 210,000.00 166,774.51 180,116.47
6 85,000.00 –5,187.06 79,812.94 36,587.45 150,000.00 186,587.45 186,587.45

 The optimum economic life is 6 years, CVmax = 186,587.45.

t
n

1t
t0 qNCFI
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5-7
a)

 Project A is relatively profitable  

b) b1)  NPV of investment B at t = 1: 

99.213,12
1.1

000,75

1.1

000,60

1.1

000,55

1.1

000,50
000,175-NPV

4321B

  NPV of investment B at t = 0: 

  11,103.631.1NPVNPV -1
1B0B

 As NPVB0 > NPVA, the investment at t = 0 should be renounced in favour of 

the investment in B at t = 1. 

 b2) Future investments will not yield at the relevant uniform discount rate 

 b3) Calculate and compare compound values at t = 5 (for B1: invest internal 

funds from t = 0 to t = 1, then determine CV at t = 5; compound CVA and 

CVB0 from t = 4 to t = 5; calculate the opportunity income value) 

6-1
a) U(Utility value)A= 0.675; UB = 0.753; UB  UA  Copier B is relatively 

profitable.

b) and c) see Section 6.2. 

6-2
a) Weighting vector of target criteria: 

 (0.2; 0.2; 0.6) 

 Value of consistency = 0 

Weighting vector for the alternatives concerning the criterion "SG": 

 (0.4545; 0.4545; 0.090909) 

 Value of consistency = 0 

Weighting vector for the alternatives concerning the criterion "SI": 

 (0.249855; 0.095337; 0.654806) 

 Value of consistency: 0.015771 

Weighting vector for the alternatives concerning the criterion "LP": 

 (0.209843; 0.549945; 0.240210) 

  Value of consistency = 0.015771 

b) Global priorities 

 Alternative A: 0.2668 

 Alternative B: 0.4399 

 Alternative C: 0.2933 

 Alternative B is relatively profitable. 

c) See Section 6.3. 

NPVA = 4,228.54 absolutely profitable  

NPVB = –2,786.01 absolutely not profitable  
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6-3

a) UMA = 0.2  1 + 0.4  0.0 + 0.4  0 = 0.2 

 UMB = 0.2  0.5 + 0.4  0.625 + 0.4  1 = 0.75 

 UMC = 0.2  0 + 0.4  1 + 0.4  0.25 = 0.5 

 Alternative B is relatively profitable. 

b) See Section 6.4. 

6-4
a)

p1(d1) = 

3,000dfor1,

3,000d0for,
000,3

d

0dfor0,

1

1
1

1

    p2(d2) = 

000,000,2dfor,1
000,000,2d000,000,1for,5.0

000,000,1dfor,0

2

2

2

    p3(d3) = 

000,800dfor,1
000,800d000,100for,5.0

000,100dfor,0

3

3

3

b) Outranking relationship, inflow and outflow measures 

A B C F+

A 0 0.2 0.2 0.4 
B 0.8 0 0.43 1.23 
C 0.5 0.1 0 0.6 

F- 1.3 0.3 0.63  

c)   

A B C

A x – – 
B BPA x BPC 
C CPA – x 

 Alternative B is preferable to A and C; C is preferable to A. 

d) See Section 6.5. 
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7-1
a)

  Optimum investment and financing programme: 

Investment projects: IP 4, IP 1, 2/3 IP 5 or IP 4, IP 5, 11/12 IP 1  

or other combinations with all IP 4 and IP 1 as well as parts of IP 5  

Financing projects: FP D, FP A, FP B 

Endogenous interest rate: 20% 

Maximum compound value: ( ’000) 30

Optimum investment and financing programme: 

Investment projects: IP 4, IP 1, IP 5 

Financing projects: FP D, FP A, FP B, 1/16 FP C 

Maximum compound value: ( ’000) 29.5 
b) See Section 7.1. 

7-2
 Objective function:  x43  max! 

 Liquidity constraints: 

 t = 0: 100x1 + 120x3 – 100y1 + x40 = 200 

 t = 1: –50x1 + 80x2 – 60x3 + 10y1 – 100y2 – (1+0.05)x40 + x41 = 100 

 t = 2: –50x1 – 55x2 – 40x3 + 10y1 – (1+0.05)x41 + x42 = 100 

 t = 3: –50x1 – 55x2 – 40x3 + 115y1 + 118y2 – (1+0.05)x42 + x43 = 0 

 Project constraints: 

 xj  5, j = 1,2,3 

 yi  6, i = 1,2 

 xj  0 and integer, j = 1,2,3 
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 yi  0, i = 1,2 

 x4t  0, t = 0,1,2 

7-3
a) Objective function: 

  x53  max! 

 Liquidity constraints: 

 t = 0: 100x1 + 80x2 + 50x3 + 100x4 – 100y1 – 100y2 + 100x50 = 0 

 t = 1: –60x1 – 50x2 – 0x3 –10x4 – 105x50 + 100x51 = 0 

 t = 2: –60x1 – 50x2 – 0x3 –10x4 – 105x51 + 100x52 = 0 

 t = 3: –50x1 – 40x2 – 90x3 –120x4 + 140y1 + 130y2 – 105x52 + 100x53 = 0 

 Project constraints: 

 yi  10, i = 1,2 

 xj  0,  j = 1,2,3,4 and integer for j = 1,2 

 yi  0, i = 1,2 

 x5t  0, t = 0,1,2 

b) Programme 1: 

The programme is inadmissible as:  

 i) investment project 1 is not divisible 

 ii) liquidity constraints violated at t = 0: 

 100 1.5 + 80 1 + 50 1 + 100 0 – 100 1 – 100 1 + 100 x50 = 0 

 x50 = –0.8 

 Programme 2: 

 The programme is feasible as all constraints are fulfilled. 

 It is not optimal as loan 1 is used before the (cheaper) loan 2 is fully utilised 

c) Under inclusion of cash flows in t > T (discounted to T) the following objective 

function arises: 

      x53 + 10  (1+0.1)-1 x1 + 10  (1+0.1)-2 x1  max! 

d)  i4* = 0.1;  i3* = 0.13;  i2* = 0.2;  i1* = 0.3 

      NPV = –5.96778  the additional project is not profitable. 

7-4
a) a1) Optimum programme: 

 Investment projects: A, B, D (70%)

 Financing projects: 1, 2 

 Maximum compound value: ( ’000) 22.30 

 a2) Optimum programme: 

 Investment projects: A, D 

 Financing projects: 1, 2 (60%) 

 Maximum compound value: ( ’000) 20 
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 a3) Optimum programme: 

 Investment projects: A, C, D 

 Financing projects: 1, 2 

 Maximum compound value: ( ’000) 17

b) Objective function: 

  xG4 + 40  1.05-1xE + 55  1.05-1xF   max ! 

 Liquidity constraints: 

 t = 0: 100xA + 150xB + 80xC + 50xD
  – 0.6y1 – y2 – y3 – y40 + xG0  =  0 

 t = 1: –40xA – 40xB – 25xC – 15xD + 100xE + 150xF
– 0.34y1  + 0.09y2 + 0.2886y3 + 1.07y40 – y41 – 1.03xG0 + xG1  =  80 

 t = 2: –40xA – 50xB – 25xC – 20xD – 40xE – 40xF + 0.1y1 + 0.09y2
  + 0.2886y3 + 1.07y41 – y42 – 1.03xG1 + xG2  =  0 

 t = 3: –40xA – 55xB – 25xC – 15xD – 40xE – 50xF
+ 0.1y1 + 0.59y2 +  0.2886y3 + 1.07y42 – y43 – 1.03xG2 + xG3  =  0 

 t = 4: –40xA – 55xB – 25xC – 10xD – 40xE – 55xF
  + 1.1y1 + 0.545y2 + 0.2886y3 + 1.07y43 – 1.03xG3 + xG4 =  0 

 Project constraints: 
  xA  3,  xC  3, xE  3 

  yi  200, i = 1,2,3 

  xj  0,  j = A,B,C,D,E,F 

  yi  0,  i = 1,2,3

  xj integer, j = A,B,C,D,E,F 

  xGt  0, t = 0,1,2,3,4 

  y4t  0, t = 0,1,2,3 

  y4t  200, t = 0,1,2,3 

c) See Sections 7.1, 7.2 

7-5
a) Objective function: 

 x41  1.1 + 0.2  1,700x10 + 0.2  1,400x20 + 0.2  3,200x30
+ 0.6  1,870x11 + 0.6  1,540x21 + 0.6  3,520x31 + 4z11 + 8z21  max! 

 Capacity constraints: 

 t = 0: 3z10 + 2z20  300 + 60x10
  4z10 + 5z20  400 + 80x20
  6z10 + 7z20  800 + 100x30
 t = 1: 3z11 + 2z21  60(x10 + x11)

  4z11 + 5z21  80(x20 + x21)

  6z11 + 7z21  100(x30 + x31)

 Sales constraints: 

  z1t  1,000  for t = 0, 1;  z2t  16,000  for t = 0, 1 
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 Liquidity constraints: 

 t = 0: 1,700x10 + 1,400x20 + 3,200x30 + x40 = 10,000 

 t = 1: –4z10 – 8z20 + 1,870x11 + 1,540x21 + 3,520x31 – 1.1  x40   

  – 0.2  (1,700  5 + 1,400  5 + 3,200  8) + x41 = 10,000 

 Product variable: zkt  0 for k = 1, 2; t = 0, 1 

 Investment variable: xit  0 and integer for j=1, 2, 3; t = 0, 1 

  x4t  0 for t = 0, 1 

b) See Section 7.3. 

7-6
Objective function: 

 1.1x31 + 0.8  2,000  x11 + 0.8  2,500  x21 + 0.6  2,000  x10 + 0.6  2,500  x20
+ (120 – 0.2  z11)  z11 + (180 – 0.1  z21)  z21 – 55z11 – 110z21  max! 

Capacity constraints: 

 t = 0:  4z10 + 5z20  360 + 90x10
    6z10 + 5z20  100x20
 t = 1:  4z11 + 5z21  90(x10 + x11)

    6z11 + 5z21  100(x20 + x21)

Liquidity constraints: 

 t = 0: 2,000x10 + 2,500x20 + x30 = 40,000 

 t = 1: –(120 – 0.2z10)z10 + 50z10 – (180 – 0.1z20)z20 + 100z20 + 2,000x11
  + 2,500x21 – 1,600 – 1.1x30 + x31 = 0 

Sales constraints: 

 t = 0:  z10  600;  z20  1,800,  t = 1: z11  600;  z21  1,800 

Non-negativity and integrity: 
 xjt  0 and integer for j = 1,2; t = 0,1 

 x30  0, x31  0 

 zkt  0 for k = 1,2; t = 0,1 

8-1
a) NPV = 32,437.15

b)

p [€] NPV [€] 

60 –68,814.64 

80 –18,188.74 

120 83,063.04 

140 133,688.94 

c) Initial investment outlay:    I0crit = 82,437.15

 Sales price:    pcrit = 87.19

 Sales and production volume:    xcrit = 786.43 units 
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 Production volume-dependent cash outflows:  cofvcrit = 52.80

 Production volume-independent cash outflows: crit = 146.71%; 

 (with crit = critical level of volume-independent cash outflows) 

 Liquidation value: Lcrit = –42,007.05

 Economic life: Payback period  1.65 years 

 Uniform discount rate: Internal rate of return  43.95% 

8-2
a) 130,899.53I0crit    f) 42.29=cofvcrit
b) years3.66PP    g) 9518.0crit
c) 5,958Lcrit    h) 1.1066=crit
d) 13827.0r    i) units8001.75xcrit
e) 47.71pcrit

8-3
a) a1) NPVA= –1,703.98  NPVB= –2,197.97

4
crit 1.198.703,1200,1L

A

3
crit 1.197.197,2400,1L

B

80.294,1L
Acrit 50.525,1L

Bcrit

 a2)      critical level of annual cash flow surpluses:  

critA = 78.39%,   critB = 61.07% 

b) b1) NPVopt = 3,308.44

4432 1.1

200,1

1.1

000,1

1.1

500,1

1.1

500,3

1.1

500,3
000,744.308,3

   
77654 1.1

400,1

1.1

300,1

1.1

800,1

1.1

500,3

1.1

500,4

crit = 6.71% 

 b2) necessary NPVtechnical economic life = 926.88 : 0.205405499 = 4,512.44

4432 1.1

200,1

1.1

000,1

1.1

500,1

1.1

500,3

1.1

500,3
000,744.512,4

    
77654 1.1

400,1

1.1

300,1

1.1

800,1

1.1

500,3

1.1

500,4

crit  = 84.99% 

8-4
a) See figure on the following page.  

b) Calculations for the decision knots at t = 1 (knot 2, 3): 

Knot 2: (no investment at t = 0 and high demand) 

  - investment at  t = 1: 

   ENPV = –30,000 + 8  (0.75  5,000 + 0.25  2,000) 1.1-1 = 909.09

  - no investment at t = 1: ENPV = 0
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 => investment at t = 1 is preferred. 

Knot 3: (no investment at t = 0 and low demand) 

  - investment at  t = 1: 

   ENPV = –30,000 + 8  (0.25  5,000 + 0.75  2,000) 1.1-1 = –10,000

  - no investment at  t = 1:  

   ENPV = 0

 => refrain alternative/no investment at  t = 1 is preferred. 

 Calculations for the decision knots at t = 0 (knot 1): 

  - investment at  t = 0: 

 ENPV = –40,000 + 8  (0.5  5,000+ 0.5  2,000) 1.1-1 + 8  (0.75  0.5 

 5,000 + 0.25  0.5  2,000 + 0.25  0.5  5,000 + 0.75 0.5

2,000) 1.1-2

    = 8,595.04

  - no investment at  t = 0: 

   ENPV = 0 + 0.5  909.09  1.1-1 + 0 = 413.22

=> optimum investment strategy: investment at t = 0. 

 Expected net present value:  8,595.04

To a) Decision tree:  

c) See Section 8.5 
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8-5

a) Decision tree:  

b) Calculations for the decision knots at t = 1: 

Knot 2: (small investment at t = 0 and high demand)

 - investment at  t = 1: 

  ENPV= –13,000 + (0.8  20,000 + 0.2  0) 1.1-1 = 1,545.45

 - no investment at  t = 1: 

  ENPV= 0

=> investment at  t = 1 is preferred. 
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Knot 3: (small investment at t = 0 and low demand) 

 - investment at  t = 1: 

  ENPV = –13,000 + (0.4  20,000 + 0.6  0) 1.1-1 = –5,727.27

 - no investment at  t = 1: 

  ENPV= 0

=> refrain alternative/no investment at  t = 1 is preferred. 

Knot 4: (no investment at t = 0 and high demand) 

 - at t = 1 big investment: 

  ENPV = –22,000 + (0.8  40,000 + 0.2  0) 1.1-1 = 7,090.91

 - at t = 1 small investment: 

  ENPV = –12,000 + (0.8  20,000 + 0.2  0) 1.1-1 = 2,545.45

 - at t = 1 no investment: 

  ENPV = 0

=> big investment at t = 1 is preferred. 

Knot 5: (no investment at t = 0 and low demand) 

 - at t = 1 big investment: 

  ENPV = –22,000 + (0.4  40,000 + 0.6  0) 1.1-1 = –7,454.55

 - at t = 1 small investment: 

  ENPV = –12,000 + (0.4  20,000 + 0.6  0) 1.1-1 = –4,727.27

 - at t = 1 no investment: 

  ENPV = 0

=> refrain alternative/no investment at  t = 1 is preferred. 

 Calculations for the decision knot 1 at t = 0: 

 - at t = 0 big investment: 

ENPV =  –22,000 + (0.1  40,000 + 0.9  0) 1.1-1 + (0.8  0.1  40,000

 + 0.2  0.1  0 + 0.4  0.9  40,000 + 0.6  0.9  0) 1.1-2  = –

3,818.18

 - at t = 0 small investment: 

ENPV =  –12,000 + (0.1  20,000 + 0.9  0) 1.1-1 + (0.1  1,545.45 + 0.9 

0) 1.1-1

 + (0.1  0.8  20,000 + 0.9  0.4  20,000) 1.1-2 = –2,768.59 

 - at t = 0 no investment: 

ENPV = 0 + (0.1  0 + 0.9  0) 1.1-1 + (0.1  7,090.91 + 0.9  0)1.1-1 =

644.63

Optimum investment strategy: 

 Refrain alternative/no investment at t = 0 followed at t = 1 by: 

 - big investment in case of high demand at t = 0 and 

 - no investment in case of low demand at t = 0. 

Expected net present value = 644.63.
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8-6
a) Cash flow profiles 

t Aopt Amlike Apess

0 –400,000 –400,000 –400,000 

1 100,000 100,000 100,000 

2 150,000 110,000 65,000 

3 211,500 121,000 28,750 

4 286,875 133,100 –8,987.50 

5 478,978.75 246,410 1,531.88 

t Bopt Bmlike Bpess

0 –250,000 –250,000 –250,000 

1 60,000 60,000 120,000 

2 99,000 66,000 87,000 

3 147,150 72,600 52,950 

4 206,347.50 79,860 17,632.50 

5 328,872.88 137,846 30,813.88 

Net present values of the combinations of strategies and scenarios: 

 NPVAopt = 467,126.72; NPVAmlike = 116,637.59; NPVApess = –

238,959.01

 NPVBopt = 342,061.91; NPVBmlike = 53,773.34; NPVBpess = 1,950.08

Resulting expected net present values: 

 ENPVA = 150,665.01

 ENPVB = 129,895.26

 A is relatively profitable (risk neutral decision maker). 

b) b1) See figure on the following page 

 b2) Calculations for the decision knot 1 at t = 2:

 Net present value at t = 2: 

 NPVI   = –100,000 + (86,400 – 35,000) 1.1-1 + (103,680 – 36,750) 1.1-2

  + (124,416 – 38,587.50 + 10,000) 1.1-3

= 74,038.69

 NPVRa  = 0

 investment! 

 Calculations for the decision knot 2 at t = 2: 

 Net present value at t = 2: 

 NPVI = –90,000 + (72,600 – 40,000) 1.1-1 + (79,860 – 44,000) 1.1-2

   + (87,846 – 48,400 + 10,000) 1.1-3

= 6,422.24

 NPVRa  = 0

 investment! 
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Calculations for the decision knot 3 at t = 2: 

Net present value at t = 2: 

NPVI = –90,000 + (54,150 – 40,000) 1.1-1 + (51,442.50 – 44,000)  

1.1-2 + (48,870.38 – 48,400 + 10,000) 1.1-3

 = –63,118.98

 no investment! 

 Expected net present value at t = 0: 

 ENPV = 129,895.26 + 0.3  74,038.69  1.1-2 + 0.5  6,422.24  1.1-2

   + 0.2  0  1.1-2

= 150,905.78

 B is relatively profitable (risk neutral decision maker). 

 To b1) Decision tree: 

8-7
a) a1) Optimum economic life nopt = 5;

   Net present value NPVopt =  105,230.30 

a2) nopt = 5; NPVopt = 170,570.03 

a3) nopt = 5; NPVopt = 211,140.85 

a4) nopt = 5; NPVopt = 277,594.80 

D

S

t=0 t=1 t=2

R R R R R

t=3 t=4 t=5

S R R R R R

R R R R R

opt
mlike

pess

R/D

R R R

R R R

Ra

R

I

R/D

R R R

R R R

R

I

R/D

R R R

R R R

R

I

opt

mlike

pess

I Investment

Ra ‘Refrain’ alternative

A

B

Ra

Ra

1
0

2

3

D

S

t=0 t=1 t=2

R R R R R

t=3 t=4 t=5

S R R R R R

R R R R R

opt
mlike

pess

R/D

R R R

R R R

Ra

R

I

R/D

R R R

R R R

R

I

R/D

R R R

R R R

R

I

opt

mlike

pess

I Investment

Ra ‘Refrain’ alternative

A

B

Ra

Ra

1
0

2

3



364  Solutions 

b) Decision tree:

Net present values B 

t 1 2 3 4

NPVt –18,181.82 52,066.21 112,171.29 163,397.29 

For the decision knot at t = 2 (knot 4) by comparison of the net present values of 

machine A and machine B with economic life of three years the result arises to 

prefer machine B.  

At knot 2 in t = 1 B is also preferred against a new machine type A (higher net 

present value with economic life of four years). The old machine type A should be 

immediately replaced by a machine type B as it has already passed its optimum 

economic life and because the net present value of B for four years is higher than for 

three years economic life. 

Knot 3: 

Alternative Anew:

 ENPV = 170,000   + 86,602.66 = 256,602.66

Liq.value NPV Anew

 Aold at t = 1 with tNA=4 

  With tNA:  economic life of machine A 
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Alternative: Aold

 ENPV = (80,000 +    90,000    + 0.3  112,171.29 + 0.7  62,697.20) 1.1-1

Liqu.value Net cashflow NPVB with NPVAnew with tNA=3 

  at t = 2 Aold at t = 2     tNB =3 (p = 0.3)  (p = 0.7) 

   = 225,035.83

 with tNB:   Economic life of machine B 

 Replacement of Aold by Anew at t = 1 

Decision at t = 0 (Knot 1) 

Alternative: Anew

ENPV = 250,000 + 105,230.30 = 355,230.30

Liqu.value NPVAnew

 Aold at t = 0 with tNA =5 

Alternative: Aold

ENPV = 0.6  (163,397.29 + 170,000) 1.1-1 + 0.4  256,602.66  1.1-1 + 100,000  1.1-1

NPVB Liqu.value conditional NPV cash flow Aold

 with tNB = 4 Aold at t = 1 Knot 3 

  = 366,072.25

  Decision: t = 0 no investment, t = 1 A or B depending on future development 

8-8
a) See figure on the following page. 

b) Decision at t = 1 

 Knot 1: 

 - investment at  t = 1: 

 ENPV = –300,000 + 17,000  10  1.1-1 + 17,000  10  1.1-2 + 40,000  1.1-2   

= 28,099.17

- no investment at t = 1: 

ENPV = 0  no investment at t = 1 is preferred.

Knot 2: 

- investment at t = 1: 

ENPV = –300,000 + 17,000  8  1.1-1 + 17,000  8  1.1-2 

  + 40,000  1.1-2 

  = –30,909.09

- no investment at t = 1: 

ENPV = 0  no investment at t = 1 is preferred. 

Knot 3: 

- investment at t = 1: 

ENPV = –300,000 + 0.5  17,000  10  1.1-1 + 0.5  15,000  10  1.1-1 

 + 0.5  17,000  10  1.1-2 + 0.5  15,000  10  1.1-2 

 + 40,000  1.1-2 

 = 10,743.80
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- no investment at t = 1: 

ENPV = 0  investment at t = 1 is preferred.

Knot 4: 

- investment at  t = 1: 

ENPV = –300,000 + 0.5  17,000  8  1.1-1 + 0.5  15,000  8  1.1-1 

 + 0.5  17,000  8  1.1-2 + 0.5  15,000  8  1.1-2 

 + 40,000  1.1-2 

 = –44,793.39

- no investment at t = 1: 

ENPV = 0  no investment at t = 1 is preferred.
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Decision at t = 0 

- investment at  t = 0: 

ENPV = –350,000 + 0.5  10  (0.6  20,000 + 0.4  15,000)  1.1-1 

 + 0.5  8  (0.6  20,000 + 0.4  15,000)  1.1-1 

+ 0.5  10  (0.6  20,000 + 0.4  (0.5  18,000 + 0.5  15,000))

 (1.1-2 + 1.1-3)

+ 0.5  8  (0.6  20,000 + 0.4  (0.5  18,000 + 0.5  15,000))

 (1.1-2 + 1.1-3) + 30,000  1.1-3 

= 83,929.38

- no investment at t = 0: 

ENPV = 0.6  0.5  28,099.17  1.1-1 + 0.4  0.5  10,743.80  1.1-1 

= 9,616.83

 investment at t = 0 is preferred. 

8-9
Decision tree: 

D

1

3

R/D

2
R

R

R/D

S

S

Sh

S

R

Sale

Sh

R

R
S

R

Sale

Sh

5

R/D

4 R

R

R/D

S

R

Sh

R

R
S

R

A

F F

F

Sh Share repurchase respectively share holding

F Fixed-interest security (8%)

Pg Patent protection granted

Pd Patent protection denied

t=0 t=1 t=2

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

pos.
res

ult

p=0.4

neg. result

p=0.6

pos.
res

ult

p=0.4

neg. result

p=0.6

D

1

3

R/D

2
R

R

R/D

S

S

Sh

S

R

Sale

Sh

R

R
S

R

Sale

Sh

5

R/D

4 R

R

R/D

S

R

Sh

R

R
S

R

A

F F

F

Sh Share repurchase respectively share holding

F Fixed-interest security (8%)

Pg Patent protection granted

Pd Patent protection denied

t=0 t=1 t=2

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

Pg
p=0.5

P
d p=0.5

pos.
res

ult

p=0.4

neg. result

p=0.6

pos.
res

ult

p=0.4

neg. result

p=0.6



368  Solutions 

 Knot 5: 

 Financial funds: 510,000  1.08 = 550,800

 - Fixed-interest security: ECV = 550,800  1.08 = €594,864 
 - Investment of 1,200 shares at 450 each (550,800 : 459 (= 450  1.02) 

= 1,200) 

  ECV = 0.5  550  1,200 + 0.5  350  1,200 + 1,200  10 (dividends) 

   = 552,000

 Conditional decision:  fixed-interest security 

 Knot 4: 

 Financial funds: 510,000  1.08 = 550,800

 - Fixed-interest security: ECV = 550,800  1.08 = 594,864 

 - Investment of 900 shares at 600 each (550,800 : 612 (= 600  1.02) = 900) 

  ECV = 0.5  850  900 + 0.5  500  900 + 900  10 = €616,500 
 Conditional decision: investment in shares 

 Knot 3: 

 Financial funds: 1,000  450 (shares) + 10,000 (dividends) = 460,000

 - Sales of shares: ECV = (460,000 – 9,000 (sales costs))  1.08 = €487,080
 - Holding of shares: ECV = 0.5  550  1,000 + 0.5  350  1,000

   + 10,000  1.08 + 10,000 = 470,800

 Conditional decision: selling of shares  

 Knot 2: 

 Financial funds: 1,000  600 (shares) + 10,000 (dividends) = 610,000

 - Sales of shares: ECV = (610,000 – 12,000 (sales costs))  1.08 = 645,840

 - Holding of shares: ECV = 0.5  850  1,000 + 0.5  500  1,000

   + 10,000  1.08 + 10,000 = €695,800 
  Conditional decision: holding of shares 

 Knot 1: 

 - at t = 0 no investment in shares 

ECV = 0.6  594,864 + 0.4  616,500 = €603,518.40
 - at t = 0 investment in shares 

ECV = 0.6  487,080 + 0.4  695,800 = 570,568

Optimum investment strategy: 

At t = 0 financial funds should be investment for 8% p.a.  

In case of positive test results an investment in the shares of the company should be 

made at t = 1, while in case of negative results this should be neglected. 
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