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PREFACE

This book is my classic Intermediate Microeconomics text with the math-
ematical treatment that was previously in the chapter appendices incorpo-
rated into the body of the chapters. This makes the analysis flow somewhat
better for those students who are comfortable with elementary calculus.

My aim in writing the original text was to present a treatment of the
methods of microeconomics that would allow students to apply these tools
on their own and not just passively absorb the predigested cases described
in the text. I have found that the best way to do this is to emphasize
the fundamental conceptual foundations of microeconomics and to provide
concrete examples of their application rather than to attempt to provide
an encyclopedia of terminology and anecdote.

The calculus treatment will, I hope, be helpful to students who have
appropriate backgrounds. However, it should be remembered that one can
go a long way with a few simple facts about linear demand functions and
supply functions and some elementary algebra. It is perfectly possible to
be analytical without being excessively mathematical.

The distinction is worth emphasizing. An analytical approach to eco-
nomics is one that uses rigorous, logical reasoning. This does not neces-
sarily require the use of advanced mathematical methods. The language
of mathematics certainly helps to ensure a rigorous analysis and using it
is undoubtedly the best way to proceed when possible, but it may not be
appropriate for all students. This is why there are two versions of the text.

Calculus offers deeper ways to examine the same issues that one can also
explore verbally and graphically. Many arguments are much simpler with a
little mathematics, and all economics students should learn that. In many



XX  PREFACE

cases I've found that with a little motivation, and a few nice economic ex-
amples, students become quite enthusiastic about looking at things from
an analytic perspective.

There are several other innovations in this text. First, the chapters are
generally very short. T’'ve tried to make most of them roughly “lecture
size,” so that they can be read in one sitting. I have followed the standard
order of discussing first consumer theory and then producer theory, but
I've spent a bit more time on consumer theory than is normally the case.
This is not because I think that consumer theory is necessarily the most
important part of microeconomics; rather, I have found that this is the
material that students find the most mysterious, so I wanted to provide a
more detailed treatment of it.

Second, I've tried to put in a lot of examples of how to use the theories
described here. In most books, students look at a lot of diagrams of shifting
curves, but they don’t see much algebra, or much calculation of any sort for
that matter. But it is the algebra that is used to solve problems in practice.
Graphs can provide insight, but the real power of economic analysis comes
in calculating quantitative answers to economic problems. Every economics
student should be able to translate an economic story into an equation or
a numerical example, but all too often the development of this skill is
neglected. For this reason I have also provided a workbook that I feel is
an integral accompaniment to this book. The workbook was written with
my colleague Theodore Bergstrom, and we have put a lot of effort into
generating interesting and instructive problems. We think that it provides
an important aid to the student of microeconomics.

Third, I believe that the treatment of the topics in this book is more
accurate than is usually the case in intermediate micro texts. It is true
that I've sometimes chosen special cases to analyze when the general case
is too difficult, but I've tried to be honest about that when I did it. In
general, I've tried to spell out every step of each argument in detail. I
believe that the discussion I've provided is not only more complete and more
accurate than usual, but this attention to detail also makes the arguments
easier to understand than the loose discussion presented in many other
books.

There Are Many Paths to Economic Enlightenment

There is more material in this book than can comfortably be taught in one
semester, so it is worthwhile picking and choosing carefully the material
that you want to study. If you start on page 1 and proceed through the
chapters in order, you will run out of time long before you reach the end
of the book. The modular structure of the book allows the instructor a
great deal of freedom in choosing how to present the material, and I hope
that more people will take advantage of this freedom. The following chart
illustrates the chapter dependencies.
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The darker colored chapters are “core” chapters—they should probably be
covered in every intermediate microeconomics course. The lighter-colored
chapters are “optional” chapters: I cover some but not all of these every
semester. The gray chapters are chapters I usually don’t cover in my course,
but they could easily be covered in other courses. A solid line going from
Chapter A to Chapter B means that Chapter A should be read before
chapter B. A broken line means that Chapter B requires knowing some
material in Chapter A, but doesn’t depend on it in a significant way.

I generally cover consumer theory and markets and then proceed directly
to producer theory. Another popular path is to do exchange right after
consumer theory; many instructors prefer this route and I have gone to
some trouble to make sure that this path is possible.

Some people like to do producer theory before consumer theory. This is
possible with this text, but if you choose this path, you will need to sup-
plement the textbook treatment. The material on isoquants, for example,
assumes that the students have already seen indifference curves.

Much of the material on public goods, externalities, law, and information
can be introduced earlier in the course. I've arranged the material so that
it is quite easy to put it pretty much wherever you desire.

Similarly, the material on public goods can be introduced as an illus-
tration of Edgeworth box analysis. Externalities can be introduced right
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after the discussion of cost curves, and topics from the information chapter
can be introduced almost anywhere after students are familiar with the
approach of economic analysis.

Changes for this Edition

The text of the book is closely aligned with Intermediate Microeconomics.
I have added a new chapter on measurement which describes some of the
issues involved in estimating economic relationships. The idea is to in-
troduce the student to some basic concepts from econometrics and try to
bridge the theoretical treatment in the book with the practical problems
encountered in practice.

I have offered some new examples drawn from Silicon Valley firms such
as Apple, eBay, Google, Yahoo and others. I discuss topics such as the
complementarity between the iPod and iTunes, the positive feedback asso-
ciated with companies such as Facebook, and the ad auction models used
by Google, Microsoft, and Yahoo. I believe that these are fresh and inter-
esting examples of economics in action.

I've also added an extended discussion of mechanism design issues, in-
cluding two-sided matching markets and the Vickrey-Clarke-Groves mech-
anisms. This field, which was once primarily theoretical in nature, has now
taken on considerable practical importance.

The Test Bank and Workbook

The workbook, Workouts in Intermediate Microeconomics, is an integral
part of the course. It contains hundreds of fill-in-the-blank exercises that
lead the students through the steps of actually applying the tools they have
learned in the textbook. In addition to the exercises, Workouts contains a
collection of short multiple-choice quizzes based on the workbook problems
in each chapter. Answers to the quizzes are also included in Workouts.
These quizzes give a quick way for the student to review the material he
or she has learned by working the problems in the workbook.

But there is more ...instructors who have adopted Workouts for their
course can make use of the Test Bank offered with the textbook. The
Test Bank contains several alternative versions of each Workouts quiz.
The questions in these quizzes use different numerical values but the same
internal logic. They can be used to provide additional problems for students
to practice, or quizzes to be taken in class. Grading is quick and reliable
because the quizzes are multiple choice and can be graded electronically.

In our course, we tell the students to work through all the quiz questions
for each chapter, either by themselves or with a study group. Then during
the term we have a short in-class quiz every other week or so, using the
alternative versions from the Test Bank. These are essentially the Work-
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outs quizzes with different numbers. Hence, students who have done their
homework find it easy to do well on the quizzes.

We firmly believe that you can’t learn economics without working some
problems. The quizzes provided in Workouts and in the Test Bank make
the learning process much easier for both the student and the teacher.

A hard copy of the Test Bank is available from the publisher, as is the
textbook’s Instructor’s Manual, which includes my teaching suggestions
and lecture notes for each chapter of the textbook, and solutions to the
exercises in Workouts.

A number of other useful ancillaries are also available with this text-
book. These include a comprehensive set of PowerPoint slides, as well
as the Norton Economic News Service, which alerts students to economic
news related to specific material in the textbook. For information on
these and other ancillaries, please visit the homepage for the book at
http://www.wwnorton.com/varian.

The Production of the Book

The entire book was typeset by the author using TEX, the wonderful type-
setting system designed by Donald Knuth. I worked on a Linux system
and using GNU emacs for editing, rcs for version control and the TEX
Live system for processing. I used makeindex for the index, and Trevor
Darrell’s psfig software for inserting the diagrams.

The book design was by Nancy Dale Muldoon, with some modifications
by Roy Tedoff and the author. Jack Repchek coordinated the whole effort
in his capacity as editor.
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CHAPTER 1

THE MARKET

The conventional first chapter of a microeconomics book is a discussion of
the “scope and methods” of economics. Although this material can be very
interesting, it hardly seems appropriate to begin your study of economics
with such material. It is hard to appreciate such a discussion until you
have seen some examples of economic analysis in action.

So instead, we will begin this book with an ezample of economic analysis.
In this chapter we will examine a model of a particular market, the market
for apartments. Along the way we will introduce several new ideas and tools
of economics. Don’t worry if it all goes by rather quickly. This chapter
is meant only to provide a quick overview of how these ideas can be used.
Later on we will study them in substantially more detail.

1.1 Constructing a Model

Economics proceeds by developing models of social phenomena. By a
model we mean a simplified representation of reality. The emphasis here
is on the word “simple.” Think about how useless a map on a one-to-one
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scale would be. The same is true of an economic model that attempts to de-
scribe every aspect of reality. A model’s power stems from the elimination
of irrelevant detail, which allows the economist to focus on the essential
features of the economic reality he or she is attempting to understand.

Here we are interested in what determines the price of apartments, so
we want to have a simplified description of the apartment market. There
is a certain art to choosing the right simplifications in building a model. In
general we want to adopt the simplest model that is capable of describing
the economic situation we are examining. We can then add complications
one at a time, allowing the model to become more complex and, we hope,
more realistic.

The particular example we want to consider is the market for apartments
in a medium-size midwestern college town. In this town there are two
sorts of apartments. There are some that are adjacent to the university,
and others that are farther away. The adjacent apartments are generally
considered to be more desirable by students, since they allow easier access
to the university. The apartments that are farther away necessitate taking
a bus, or a long, cold bicycle ride, so most students would prefer a nearby
apartment ... if they can afford one.

We will think of the apartments as being located in two large rings sur-
rounding the university. The adjacent apartments are in the inner ring,
while the rest are located in the outer ring. We will focus exclusively on
the market for apartments in the inner ring. The outer ring should be inter-
preted as where people can go who don’t find one of the closer apartments.
We'll suppose that there are many apartments available in the outer ring,
and their price is fixed at some known level. We’ll be concerned solely with
the determination of the price of the inner-ring apartments and who gets
to live there.

An economist would describe the distinction between the prices of the two
kinds of apartments in this model by saying that the price of the outer-ring
apartments is an exogenous variable, while the price of the inner-ring
apartments is an endogenous variable. This means that the price of
the outer-ring apartments is taken as determined by factors not discussed
in this particular model, while the price of the inner-ring apartments is
determined by forces described in the model.

The first simplification that we’ll make in our model is that all apart-
ments are identical in every respect except for location. Thus it will
make sense to speak of “the price” of apartments, without worrying about
whether the apartments have one bedroom, or two bedrooms, or whatever.

But what determines this price? What determines who will live in
the inner-ring apartments and who will live farther out? What can be
said about the desirability of different economic mechanisms for allocating
apartments? What concepts can we use to judge the merit of different
assignments of apartments to individuals? These are all questions that we
want our model to address.
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1.2 Optimization and Equilibrium

Whenever we try to explain the behavior of human beings we need to have
a framework on which our analysis can be based. In much of economics we
use a framework built on the following two simple principles.

The optimization principle: People try to choose the best patterns of
consumption that they can afford.

The equilibrium principle: Prices adjust until the amount that people
demand of something is equal to the amount that is supplied.

Let us consider these two principles. The first is almost tautological. If
people are free to choose their actions, it is reasonable to assume that they
try to choose things they want rather than things they don’t want. Of
course there are exceptions to this general principle, but they typically lie
outside the domain of economic behavior.

The second notion is a bit more problematic. It is at least conceivable
that at any given time peoples’ demands and supplies are not compati-
ble, and hence something must be changing. These changes may take a
long time to work themselves out, and, even worse, they may induce other
changes that might “destabilize” the whole system.

This kind of thing can happen ... but it usually doesn’t. In the case
of apartments, we typically see a fairly stable rental price from month to
month. It is this equilibrium price that we are interested in, not in how the
market gets to this equilibrium or how it might change over long periods
of time.

It is worth observing that the definition used for equilibrium may be
different in different models. In the case of the simple market we will
examine in this chapter, the demand and supply equilibrium idea will be
adequate for our needs. But in more general models we will need more
general definitions of equilibrium. Typically, equilibrium will require that
the economic agents’ actions must be consistent with each other.

How do we use these two principles to determine the answers to the
questions we raised above? It is time to introduce some economic concepts.

1.3 The Demand Curve

Suppose that we consider all of the possible renters of the apartments and
ask each of them the maximum amount that he or she would be willing to
pay to rent one of the apartments.

Let’s start at the top. There must be someone who is willing to pay
the highest price. Perhaps this person has a lot of money, perhaps he is
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very lazy and doesn’t want to walk far ... or whatever. Suppose that this
person is willing to pay $500 a month for an apartment.

If there is only one person who is willing to pay $500 a month to rent
an apartment, then if the price for apartments were $500 a month, exactly
one apartment would be rented—to the one person who was willing to pay
that price.

Suppose that the next highest price that anyone is willing to pay is $490.
Then if the market price were $499, there would still be only one apartment
rented: the person who was willing to pay $500 would rent an apartment,
but the person who was willing to pay $490 wouldn’t. And so it goes. Only
one apartment would be rented if the price were $498, $497, $496, and so
on ... until we reach a price of $490. At that price, exactly two apartments
would be rented: one to the $500 person and one to the $490 person.

Similarly, two apartments would be rented until we reach the maximum
price that the person with the third highest price would be willing to pay,
and so on.

Economists call a person’s maximum willingness to pay for something
that person’s reservation price. The reservation price is the highest
price that a given person will accept and still purchase the good. In other
words, a person’s reservation price is the price at which he or she is just
indifferent between purchasing or not purchasing the good. In our example,
if a person has a reservation price p it means that he or she would be just
indifferent between living in the inner ring and paying a price p and living
in the outer ring.

Thus the number of apartments that will be rented at a given price p*
will just be the number of people who have a reservation price greater than
or equal to p*. For if the market price is p*, then everyone who is willing
to pay at least p* for an apartment will want an apartment in the inner
ring, and everyone who is not willing to pay p* will choose to live in the
outer ring.

We can plot these reservation prices in a diagram as in Figure 1.1. Here
the price is depicted on the vertical axis and the number of people who are
willing to pay that price or more is depicted on the horizontal axis.

Another way to view Figure 1.1 is to think of it as measuring how many
people would want to rent apartments at any particular price. Such a curve
is an example of a demand curve—a curve that relates the quantity
demanded to price. When the market price is above $500, zero apart-
ments will be rented. When the price is between $500 and $490, one
apartment will be rented. When it is between $490 and the third high-
est reservation price, two apartments will be rented, and so on. The
demand curve describes the quantity demanded at each of the possible
prices.

The demand curve for apartments slopes down: as the price of apart-
ments decreases more people will be willing to rent apartments. If there are
many people and their reservation prices differ only slightly from person to
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The demand curve for apartments. The vertical axis mea-
sures the market price and the horizontal axis measures how
many apartments will be rented at each price.

person, it is reasonable to think of the demand curve as sloping smoothly
downward, as in Figure 1.2. The curve in Figure 1.2 is what the demand
curve in Figure 1.1 would look like if there were many people who want to
rent the apartments. The “jumps” shown in Figure 1.1 are now so small
relative to the size of the market that we can safely ignore them in drawing
the market demand curve.

1.4 The Supply Curve

We now have a nice graphical representation of demand behavior, so let us
turn to supply behavior. Here we have to think about the nature of the
market we are examining. The situation we will consider is where there are
many independent landlords who are each out to rent their apartments for
the highest price the market will bear. We will refer to this as the case of a
competitive market. Other sorts of market arrangements are certainly
possible, and we will examine a few later.

For now, let’s consider the case where there are many landlords who all
operate independently. It is clear that if all landlords are trying to do the
best they can and if the renters are fully informed about the prices the
landlords charge, then the equilibrium price of all apartments in the inner
ring must be the same. The argument is not difficult. Suppose instead
that there is some high price, pp, and some low price, p;, being charged

Figure
1.1
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Demand curve for apartments with many demanders.
Because of the large number of demanders, the jumps between
prices will be small, and the demand curve will have the con-
ventional smooth shape.

for apartments. The people who are renting their apartments for a high
price could go to a landlord renting for a low price and offer to pay a rent
somewhere between p; and p;. A transaction at such a price would make
both the renter and the landlord better off. To the extent that all parties
are seeking to further their own interests and are aware of the alternative
prices being charged, a situation with different prices being charged for the
same good cannot persist in equilibrium.

But what will this single equilibrium price be? Let us try the method
that we used in our construction of the demand curve: we will pick a price
and ask how many apartments will be supplied at that price.

The answer depends to some degree on the time frame in which we are
examining the market. If we are considering a time frame of several years,
so that new construction can take place, the number of apartments will
certainly respond to the price that is charged. But in the “short run”—
within a given year, say—the number of apartments is more or less fixed.
If we consider only this short-run case, the supply of apartments will be
constant at some predetermined level.

The supply curve in this market is depicted in Figure 1.3 as a vertical
line. Whatever price is being charged, the same number of apartments will
be rented, namely, all the apartments that are available at that time.
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1.5 Market Equilibrium

We now have a way of representing the demand and the supply side of the
apartment market. Let us put them together and ask what the equilibrium
behavior of the market is. We do this by drawing both the demand and
the supply curve on the same graph in Figure 1.4.

In this graph we have used p* to denote the price where the quantity
of apartments demanded equals the quantity supplied. This is the equi-
librium price of apartments. At this price, each consumer who is willing
to pay at least p* is able to find an apartment to rent, and each landlord
will be able to rent apartments at the going market price. Neither the con-
sumers nor the landlords have any reason to change their behavior. This
is why we refer to this as an equilibrium: no change in behavior will be
observed.

To better understand this point, let us consider what would happen at
a price other than p*. For example, consider some price p < p* where
demand is greater than supply. Can this price persist? At this price at
least some of the landlords will have more renters than they can handle.
There will be lines of people hoping to get an apartment at that price;
there are more people who are willing to pay the price p than there are
apartments. Certainly some of the landlords would find it in their interest
to raise the price of the apartments they are offering.

Similarly, suppose that the price of apartments is some p greater than p*.
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Equilibrium in the apartment market. The equilibrium
price, p*, is determined by the intersection of the supply and
demand curves.

Then some of the apartments will be vacant: there are fewer people who
are willing to pay p than there are apartments. Some of the landlords are
now in danger of getting no rent at all for their apartments. Thus they will
have an incentive to lower their price in order to attract more renters.

If the price is above p* there are too few renters; if it is below p* there are
too many renters. Only at the price of p* is the number of people who are
willing to rent at that price equal to the number of apartments available
for rent. Only at that price does demand equal supply.

At the price p* the landlords’ and the renters’ behaviors are compatible
in the sense that the number of apartments demanded by the renters at p*
is equal to the number of apartments supplied by the landlords. This is
the equilibrium price in the market for apartments.

Once we’ve determined the market price for the inner-ring apartments,
we can ask who ends up getting these apartments and who is exiled to the
farther-away apartments. In our model there is a very simple answer to
this question: in the market equilibrium everyone who is willing to pay p*
or more gets an apartment in the inner ring, and everyone who is willing
to pay less than p* gets one in the outer ring. The person who has a reser-
vation price of p* is just indifferent between taking an apartment in the
inner ring and taking one in the outer ring. The other people in the inner
ring are getting their apartments at less than the maximum they would be
willing to pay for them. Thus the assignment of apartments to renters is
determined by how much they are willing to pay.
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1.6 Comparative Statics

Now that we have an economic model of the apartment market, we can
begin to use it to analyze the behavior of the equilibrium price. For exam-
ple, we can ask how the price of apartments changes when various aspects
of the market change. This kind of an exercise is known as compara-
tive statics, because it involves comparing two “static” equilibria without
worrying about how the market moves from one equilibrium to another.

The movement from one equilibrium to another can take a substantial
amount of time, and questions about how such movement takes place can
be very interesting and important. But we must walk before we can run,
so we will ignore such dynamic questions for now. Comparative statics
analysis is only concerned with comparing equilibria, and there will be
enough questions to answer in this framework for the present.

Let’s start with a simple case. Suppose that the supply of apartments is
increased, as in Figure 1.5.

RESERVATION
PRICE

New
supply

Old p*

Demand

S S! NUMBER OF APARTMENTS

Increasing the supply of apartments. As the supply of
apartments increases, the equilibrium price decreases.

It is easy to see in this diagram that the equilibrium price of apartments
will fall. Similarly, if the supply of apartments were reduced the equilibrium
price would rise.

Figure
1.5
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Let’s try a more complicated—and more interesting—example. Suppose
that a developer decides to turn several of the apartments into condomini-
ums. What will happen to the price of the remaining apartments?

Your first guess is probably that the price of apartments will go up,
since the supply has been reduced. But this isn’t necessarily right. It is
true that the supply of apartments to rent has been reduced. But the de-
mand for apartments has been reduced as well, since some of the people
who were renting apartments may decide to purchase the new condomini-
ums.

It is natural to assume that the condominium purchasers come from
those who already live in the inner-ring apartments—those people who
are willing to pay more than p* for an apartment. Suppose, for example,
that the demanders with the 10 highest reservation prices decide to buy
condos rather than rent apartments. Then the new demand curve is just
the old demand curve with 10 fewer demanders at each price. Since there
are also 10 fewer apartments to rent, the new equilibrium price is just
what it was before, and exactly the same people end up living in the inner-
ring apartments. This situation is depicted in Figure 1.6. Both the demand
curve and the supply curve shift left by 10 apartments, and the equilibrium
price remains unchanged.

New  Old

RESERVATION
PRICE
supply supply

N old
\demand

New
demand
S S! NUMBER OF APARTMENTS
Figure Effect of creating condominiums. If demand and supply
1.6 both shift left by the same amount the equilibrium price is un-

changed.
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Most people find this result surprising. They tend to see just the reduc-
tion in the supply of apartments and don’t think about the reduction in
demand. The case we’ve considered is an extreme one: all of the condo pur-
chasers were former apartment dwellers. But the other case—where none
of the condo purchasers were apartment dwellers—is even more extreme.

The model, simple though it is, has led us to an important insight. If we
want to determine how conversion to condominiums will affect the apart-
ment market, we have to consider not only the effect on the supply of
apartments but also the effect on the demand for apartments.

Let’s consider another example of a surprising comparative statics anal-
ysis: the effect of an apartment tax. Suppose that the city council decides
that there should be a tax on apartments of $50 a year. Thus each landlord
will have to pay $50 a year to the city for each apartment that he owns.
What will this do to the price of apartments?

Most people would think that at least some of the tax would get passed
along to apartment renters. But, rather surprisingly, that is not the case.
In fact, the equilibrium price of apartments will remain unchanged!

In order to verify this, we have to ask what happens to the demand curve
and the supply curve. The supply curve doesn’t change—there are just as
many apartments after the tax as before the tax. And the demand curve
doesn’t change either, since the number of apartments that will be rented
at each different price will be the same as well. If neither the demand curve
nor the supply curve shifts, the price can’t change as a result of the tax.

Here is a way to think about the effect of this tax. Before the tax is
imposed, each landlord is charging the highest price that he can get that
will keep his apartments occupied. The equilibrium price p* is the highest
price that can be charged that is compatible with all of the apartments
being rented. After the tax is imposed can the landlords raise their prices to
compensate for the tax? The answer is no: if they could raise the price and
keep their apartments occupied, they would have already done so. If they
were charging the maximum price that the market could bear, the landlords
couldn’t raise their prices any more: none of the tax can get passed along
to the renters. The landlords have to pay the entire amount of the tax.

This analysis depends on the assumption that the supply of apartments
remains fixed. If the number of apartments can vary as the tax changes,
then the price paid by the renters will typically change. We’ll examine this
kind of behavior later on, after we’ve built up some more powerful tools
for analyzing such problems.

1.7 Other Ways to Allocate Apartments

In the previous section we described the equilibrium for apartments in
a competitive market. But this is only one of many ways to allocate a
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resource; in this section we describe a few other ways. Some of these may
sound rather strange, but each will illustrate an important economic point.

The Discriminating Monopolist

First, let us consider a situation where there is one dominant landlord who
owns all of the apartments. Or, alternatively, we could think of a number
of individual landlords getting together and coordinating their actions to
act as one. A situation where a market is dominated by a single seller of a
product is known as a monopoly.

In renting the apartments the landlord could decide to auction them off
one by one to the highest bidders. Since this means that different people
would end up paying different prices for apartments, we will call this the
case of the discriminating monopolist. Let us suppose for simplicity
that the discriminating monopolist knows each person’s reservation price
for apartments. (This is not terribly realistic, but it will serve to illustrate
an important point.)

This means that he would rent the first apartment to the fellow who
would pay the most for it, in this case $500. The next apartment would go
for $490 and so on as we moved down the demand curve. Each apartment
would be rented to the person who was willing to pay the most for it.

Here is the interesting feature of the discriminating monopolist: ezactly
the same people will get the apartments as in the case of the market solution,
namely, everyone who valued an apartment at more than p*. The last
person to rent an apartment pays the price p*—the same as the equilibrium
price in a competitive market. The discriminating monopolist’s attempt to
maximize his own profits leads to the same allocation of apartments as the
supply and demand mechanism of the competitive market. The amount the
people pay is different, but who gets the apartments is the same. It turns
out that this is no accident, but we’ll have to wait until later to explain
the reason.

The Ordinary Monopolist

We assumed that the discriminating monopolist was able to rent each apart-
ment at a different price. But what if he were forced to rent all apartments
at the same price? In this case the monopolist faces a tradeoff: if he chooses
a low price he will rent more apartments, but he may end up making less
money than if he sets a higher price.

Let us use D(p) to represent the demand function—the number of apart-
ments demanded at price p. Then if the monopolist sets a price p, he will
rent D(p) apartments and thus receive a revenue of pD(p). The revenue
that the monopolist receives can be thought of as the area of a box: the
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height of the box is the price p and the width of the box is the number of
apartments D(p). The product of the height and the width—the area of
the box—is the revenue the monopolist receives. This is the box depicted
in Figure 1.7.

PRICE

Supply

Demand

D(p) S NUMBER OF APARTMENTS

Revenue box. The revenue received by the monopolist is just
the price times the quantity, which can be interpreted as the
area of the box illustrated.

If the monopolist has no costs associated with renting an apartment, he
would want to choose a price that has the largest associated revenue box.
The largest revenue box in Figure 1.7 occurs at the price p. In this case
the monopolist will find it in his interest not to rent all of the apartments.
In fact this will generally be the case for a monopolist. The monopolist
will want to restrict the output available in order to maximize his profit.
This means that the monopolist will generally want to charge a price that
is higher than the equilibrium price in a competitive market, p*. In the
case of the ordinary monopolist, fewer apartments will be rented, and each
apartment will be rented at a higher price than in the competitive market.

Rent Control

A third and final case that we will discuss will be the case of rent control.
Suppose that the city decides to impose a maximum rent that can be

Figure
1.7
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charged for apartments, say p.q.. We suppose that the price pq. is less
than the equilibrium price in the competitive market, p*. If this is so we
would have a situation of excess demand: there are more people who are
willing to rent apartments at p,,q, than there are apartments available.
Who will end up with the apartments?

The theory that we have described up until now doesn’t have an answer
to this question. We can describe what will happen when supply equals
demand, but we don’t have enough detail in the model to describe what
will happen if supply doesn’t equal demand. The answer to who gets the
apartments under rent control depends on who has the most time to spend
looking around, who knows the current tenants, and so on. All of these
things are outside the scope of the simple model we’ve developed. It may
be that exactly the same people get the apartments under rent control as
under the competitive market. But that is an extremely unlikely outcome.
It is much more likely that some of the formerly outer-ring people will
end up in some of the inner-ring apartments and thus displace the people
who would have been living there under the market system. So under rent
control the same number of apartments will be rented at the rent-controlled
price as were rented under the competitive price: they’ll just be rented to
different people.

1.8 Which Way Is Best?

We’ve now described four possible ways of allocating apartments to people:

The competitive market.

A discriminating monopolist.
An ordinary monopolist.
Rent control.

These are four different economic institutions for allocating apartments.
Each method will result in different people getting apartments or in differ-
ent prices being charged for apartments. We might well ask which economic
institution is best. But first we have to define “best.” What criteria might
we use to compare these ways of allocating apartments?

One thing we can do is to look at the economic positions of the people
involved. It is pretty obvious that the owners of the apartments end up
with the most money if they can act as discriminating monopolists: this
would generate the most revenues for the apartment owner(s). Similarly
the rent-control solution is probably the worst situation for the apartment
owners.

What about the renters? They are probably worse off on average in
the case of a discriminating monopolist—most of them would be paying a
higher price than they would under the other ways of allocating apartments.
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Are the consumers better off in the case of rent control? Some of them are:
the consumers who end up getting the apartments are better off than they
would be under the market solution. But the ones who didn’t get the
apartments are worse off than they would be under the market solution.

What we need here is a way to look at the economic position of all the
parties involved—all the renters and all the landlords. How can we examine
the desirability of different ways to allocate apartments, taking everybody
into account? What can be used as a criterion for a “good” way to allocate
apartments taking into account all of the parties involved?

1.9 Pareto Efficiency

One useful criterion for comparing the outcomes of different economic insti-
tutions is a concept known as Pareto efficiency or economic efficiency.! We
start with the following definition: if we can find a way to make some people
better off without making anybody else worse off, we have a Pareto im-
provement. If an allocation allows for a Pareto improvement, it is called
Pareto inefficient; if an allocation is such that no Pareto improvements
are possible, it is called Pareto efficient.

A Pareto inefficient allocation has the undesirable feature that there is
some way to make somebody better off without hurting anyone else. There
may be other positive things about the allocation, but the fact that it is
Pareto inefficient is certainly one strike against it. If there is a way to make
someone better off without hurting anyone else, why not do it?

The idea of Pareto efficiency is an important one in economics and we
will examine it in some detail later on. It has many subtle implications
that we will have to investigate more slowly, but we can get an inkling of
what is involved even now.

Here is a useful way to think about the idea of Pareto efficiency. Sup-
pose that we assigned the renters to the inner- and outer-ring apartments
randomly, but then allowed them to sublet their apartments to each other.
Some people who really wanted to live close in might, through bad luck, end
up with an outer-ring apartment. But then they could sublet an inner-ring
apartment from someone who was assigned to such an apartment but who
didn’t value it as highly as the other person. If individuals were assigned
randomly to apartments, there would generally be some who would want
to trade apartments, if they were sufficiently compensated for doing so.

For example, suppose that person A is assigned an apartment in the inner
ring that he feels is worth $200, and that there is some person B in the outer
ring who would be willing to pay $300 for A’s apartment. Then there is a

L Pareto efficiency is named after the nineteenth-century economist and sociologist
Vilfredo Pareto (1848-1923) who was one of the first to examine the implications of
this idea.
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“gain from trade” if these two agents swap apartments and arrange a side
payment from B to A of some amount of money between $200 and $300.
The exact amount of the transaction isn’t important. What is important
is that the people who are willing to pay the most for the apartments get
them—otherwise, there would be an incentive for someone who attached a
low value to an inner-ring apartment to make a trade with someone who
placed a high value on an inner-ring apartment.

Suppose that we think of all voluntary trades as being carried out so
that all gains from trade are exhausted. The resulting allocation must be
Pareto efficient. If not, there would be some trade that would make two
people better off without hurting anyone else—but this would contradict
the assumption that all voluntary trades had been carried out. An alloca-
tion in which all voluntary trades have been carried out is a Pareto efficient
allocation.

1.10 Comparing Ways to Allocate Apartments

The trading process we’ve described above is so general that you wouldn’t
think that anything much could be said about its outcome. But there is
one very interesting point that can be made. Let us ask who will end up
with apartments in an allocation where all of the gains from trade have
been exhausted.

To see the answer, just note that anyone who has an apartment in the
inner ring must have a higher reservation price than anyone who has an
apartment in the outer ring—otherwise, they could make a trade and make
both people better off. Thus if there are S apartments to be rented, then
the S people with the highest reservation prices end up getting apartments
in the inner ring. This allocation is Pareto efficient—anything else is not,
since any other assignment of apartments to people would allow for some
trade that would make at least two of the people better off without hurting
anyone else.

Let us try to apply this criterion of Pareto efficiency to the outcomes of
the various resource allocation devices mentioned above. Let’s start with
the market mechanism. It is easy to see that the market mechanism assigns
the people with the .S highest reservation prices to the inner ring—namely,
those people who are willing to pay more than the equilibrium price, p*,
for their apartments. Thus there are no further gains from trade to be
had once the apartments have been rented in a competitive market. The
outcome of the competitive market is Pareto efficient.

What about the discriminating monopolist? Is that arrangement Pareto
efficient? To answer this question, simply observe that the discriminat-
ing monopolist assigns apartments to exactly the same people who receive
apartments in the competitive market. Under each system everyone who is
willing to pay more than p* for an apartment gets an apartment. Thus the
discriminating monopolist generates a Pareto efficient outcome as well.
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Although both the competitive market and the discriminating monop-
olist generate Pareto efficient outcomes in the sense that there will be no
further trades desired, they can result in quite different distributions of
income. Certainly the consumers are much worse off under the discrimi-
nating monopolist than under the competitive market, and the landlord(s)
are much better off. In general, Pareto efficiency doesn’t have much to say
about distribution of the gains from trade. It is only concerned with the
efficiency of the trade: whether all of the possible trades have been made.

What about the ordinary monopolist who is constrained to charge just
one price? It turns out that this situation is not Pareto efficient. All we
have to do to verify this is to note that, since all the apartments will not in
general be rented by the monopolist, he can increase his profits by renting
an apartment to someone who doesn’t have one at any positive price. There
is some price at which both the monopolist and the renter must be better
off. As long as the monopolist doesn’t change the price that anybody else
pays, the other renters are just as well off as they were before. Thus we
have found a Pareto improvement—a way to make two parties better
off without making anyone else worse off.

The final case is that of rent control. This also turns out not to be Pareto
efficient. The argument here rests on the fact that an arbitrary assignment
of renters to apartments will generally involve someone living in the inner
ring (say Mr. In) who is willing to pay less for an apartment than someone
living in the outer ring (say Ms. Out). Suppose that Mr. In’s reservation
price is $300 and Ms. Out’s reservation price is $500.

We need to find a Pareto improvement—a way to make Mr. In and
Ms. Out better off without hurting anyone else. But there is an easy way
to do this: just let Mr. In sublet his apartment to Ms. Out. It is worth $500
to Ms. Out to live close to the university, but it is only worth $300 to Mr. In.
If Ms. Out pays Mr. In $400, say, and trades apartments, they will both be
better off: Ms. Out will get an apartment that she values at more than $400,
and Mr. In will get $400 that he values more than an inner-ring apartment.

This example shows that the rent-controlled market will generally not
result in a Pareto efficient allocation, since there will still be some trades
that could be carried out after the market has operated. As long as some
people get inner-ring apartments who value them less highly than people
who don’t get them, there will be gains to be had from trade.

1.11 Equilibrium in the Long Run

We have analyzed the equilibrium pricing of apartments in the short run—
when there is a fixed supply of apartments. But in the long run the supply
of apartments can change. Just as the demand curve measures the number
of apartments that will be demanded at different prices, the supply curve
measures the number of apartments that will be supplied at different prices.
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The final determination of the market price for apartments will depend on
the interaction of supply and demand.

And what is it that determines the supply behavior? In general, the
number of new apartments that will be supplied by the private market will
depend on how profitable it is to provide apartments, which depends, in
part, on the price that landlords can charge for apartments. In order to
analyze the behavior of the apartment market in the long run, we have
to examine the behavior of suppliers as well as demanders, a task we will
eventually undertake.

When supply is variable, we can ask questions not only about who gets
the apartments, but about how many will be provided by various types of
market institutions. Will a monopolist supply more or fewer apartments
than a competitive market? Will rent control increase or decrease the equi-
librium number of apartments? Which institutions will provide a Pareto
efficient number of apartments? In order to answer these and similar ques-
tions we must develop more systematic and powerful tools for economic
analysis.

Summary

1. Economics proceeds by making models of social phenomena, which are
simplified representations of reality.

2. In this task, economists are guided by the optimization principle, which
states that people typically try to choose what’s best for them, and by the
equilibrium principle, which says that prices will adjust until demand and
supply are equal.

3. The demand curve measures how much people wish to demand at each
price, and the supply curve measures how much people wish to supply at
each price. An equilibrium price is one where the amount demanded equals
the amount supplied.

4. The study of how the equilibrium price and quantity change when the
underlying conditions change is known as comparative statics.

5. An economic situation is Pareto efficient if there is no way to make some
group of people better off without making some other group of people worse
off. The concept of Pareto efficiency can be used to evaluate different ways
of allocating resources.
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REVIEW QUESTIONS

1. Suppose that there were 25 people who had a reservation price of $500,
and the 26th person had a reservation price of $200. What would the
demand curve look like?

2. In the above example, what would the equilibrium price be if there were
24 apartments to rent? What if there were 26 apartments to rent? What
if there were 25 apartments to rent?

3. If people have different reservation prices, why does the market demand
curve slope down?

4. In the text we assumed that the condominium purchasers came from
the inner-ring people—people who were already renting apartments. What
would happen to the price of inner-ring apartments if all of the condo-
minium purchasers were outer-ring people—the people who were not cur-
rently renting apartments in the inner ring?

5. Suppose now that the condominium purchasers were all inner-ring peo-
ple, but that each condominium was constructed from two apartments.
What would happen to the price of apartments?

6. What do you suppose the effect of a tax would be on the number of
apartments that would be built in the long run?

7. Suppose the demand curve is D(p) = 100 — 2p. What price would the
monopolist set if he had 60 apartments? How many would he rent? What
price would he set if he had 40 apartments? How many would he rent?

8. If our model of rent control allowed for unrestricted subletting, who
would end up getting apartments in the inner circle? Would the outcome
be Pareto efficient?



CHAPTER 2

BUDGET
CONSTRAINT

The economic theory of the consumer is very simple: economists assume
that consumers choose the best bundle of goods they can afford. To give
content to this theory, we have to describe more precisely what we mean by
“best” and what we mean by “can afford.” In this chapter we will examine
how to describe what a consumer can afford; the next chapter will focus on
the concept of how the consumer determines what is best. We will then be
able to undertake a detailed study of the implications of this simple model
of consumer behavior.

2.1 The Budget Constraint

We begin by examining the concept of the budget constraint. Suppose
that there is some set of goods from which the consumer can choose. In
real life there are many goods to consume, but for our purposes it is conve-
nient to consider only the case of two goods, since we can then depict the
consumer’s choice behavior graphically.

We will indicate the consumer’s consumption bundle by (x;,z3). This
is simply a list of two numbers that tells us how much the consumer is choos-
ing to consume of good 1, x1, and how much the consumer is choosing to
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consume of good 2, 5. Sometimes it is convenient to denote the consumer’s
bundle by a single symbol like X, where X is simply an abbreviation for
the list of two numbers (a1, z2).

We suppose that we can observe the prices of the two goods, (p1,p2),
and the amount of money the consumer has to spend, m. Then the budget
constraint of the consumer can be written as

p121 + p2xo < M. (2.1)

Here pyxq is the amount of money the consumer is spending on good 1,
and poxy is the amount of money the consumer is spending on good 2.
The budget constraint of the consumer requires that the amount of money
spent on the two goods be no more than the total amount the consumer has
to spend. The consumer’s affordable consumption bundles are those that
don’t cost any more than m. We call this set of affordable consumption
bundles at prices (p1,p2) and income m the budget set of the consumer.

2.2 Two Goods Are Often Enough

The two-good assumption is more general than you might think at first,
since we can often interpret one of the goods as representing everything
else the consumer might want to consume.

For example, if we are interested in studying a consumer’s demand for
milk, we might let 21 measure his or her consumption of milk in quarts per
month. We can then let x5 stand for everything else the consumer might
want to consume.

When we adopt this interpretation, it is convenient to think of good 2
as being the dollars that the consumer can use to spend on other goods.
Under this interpretation the price of good 2 will automatically be 1, since
the price of one dollar is one dollar. Thus the budget constraint will take
the form

p1r1 + 22 < M. (2.2)

This expression simply says that the amount of money spent on good 1,
p1x1, plus the amount of money spent on all other goods, z2, must be no
more than the total amount of money the consumer has to spend, m.

We say that good 2 represents a composite good that stands for ev-
erything else that the consumer might want to consume other than good
1. Such a composite good is invariably measured in dollars to be spent
on goods other than good 1. As far as the algebraic form of the budget
constraint is concerned, equation (2.2) is just a special case of the formula
given in equation (2.1), with po = 1, so everything that we have to say
about the budget constraint in general will hold under the composite-good
interpretation.
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2.3 Properties of the Budget Set
The budget line is the set of bundles that cost exactly m:
P1T1 + Paxo = m. (2.3)
These are the bundles of goods that just exhaust the consumer’s income.
The budget set is depicted in Figure 2.1. The heavy line is the budget

line—the bundles that cost exactly m—and the bundles below this line are
those that cost strictly less than m.

59

Vertical

intercept

= m/p, Budget line;

slope = - p,/p,
Horizontal in‘tercept = m/p; 2l

Figure The budget set. The budget set consists of all bundles that
2.1 are affordable at the given prices and income.

We can rearrange the budget line in equation (2.3) to give us the formula

Lo = — — —X7. (24)

This is the formula for a straight line with a vertical intercept of m/ps
and a slope of —py/p2. The formula tells us how many units of good 2 the
consumer needs to consume in order to just satisfy the budget constraint
if she is consuming x1 units of good 1.
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Here is an easy way to draw a budget line given prices (p1, p2) and income
m. Just ask yourself how much of good 2 the consumer could buy if she
spent all of her money on good 2. The answer is, of course, m/ps. Then
ask how much of good 1 the consumer could buy if she spent all of her
money on good 1. The answer is m/p;. Thus the horizontal and vertical
intercepts measure how much the consumer could get if she spent all of her
money on goods 1 and 2, respectively. In order to depict the budget line
just plot these two points on the appropriate axes of the graph and connect
them with a straight line.

The slope of the budget line has a nice economic interpretation. It mea-
sures the rate at which the market is willing to “substitute” good 1 for
good 2. Suppose for example that the consumer is going to increase her
consumption of good 1 by dx1. How much will her consumption of good 2
have to change in order to satisfy her budget constraint? Let us use dxs to
indicate her change in the consumption of good 2.

Now note that if she satisfies her budget constraint before and after
making the change she must satisfy

P1T1 + p2xa =m

and
p1(x1 + dey) + p2(r2 + drg) = m.

Subtracting the first equation from the second gives
p1dxy + padre = 0.

This says that the total value of the change in her consumption must be
zero. Solving for dxo/dxy, the rate at which good 2 can be substituted for
good 1 while still satisfying the budget constraint, gives

dxo n

dr;  pe

This is just the slope of the budget line. The negative sign is there since
dr; and drs must always have opposite signs. If you consume more of
good 1, you have to consume less of good 2 and vice versa if you continue
to satisfy the budget constraint. Alternatively, we could have taken the
implicit derivative of both sides of the budget constraint with respect to
x1 and obtained the same result.

Economists sometimes say that the slope of the budget line measures
the opportunity cost of consuming good 1. In order to consume more of
good 1 you have to give up some consumption of good 2. Giving up the
opportunity to consume good 2 is the true economic cost of more good 1
consumption; and that cost is measured by the slope of the budget line.
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2.4 How the Budget Line Changes

When prices and incomes change, the set of goods that a consumer can
afford changes as well. How do these changes affect the budget set?

Let us first consider changes in income. It is easy to see from equation
(2.4) that an increase in income will increase the vertical intercept and not
affect the slope of the line. Thus an increase in income will result in a par-
allel shift outward of the budget line as in Figure 2.2. Similarly, a decrease
in income will cause a parallel shift inward.

X2

m'/p,

Budget lines

m/p,

Slope = —py/p,

m/p, m’/pi Xq

Increasing income. An increase in income causes a parallel
shift outward of the budget line.

What about changes in prices? Let us first consider increasing price
1 while holding price 2 and income fixed. According to equation (2.4),
increasing p; will not change the vertical intercept, but it will make the
budget line steeper since p; /pe will become larger.

Another way to see how the budget line changes is to use the trick de-
scribed earlier for drawing the budget line. If you are spending all of
your money on good 2, then increasing the price of good 1 doesn’t change
the maximum amount of good 2 you could buy—thus the vertical inter-
cept of the budget line doesn’t change. But if you are spending all of
your money on good 1, and good 1 becomes more expensive, then your



HOW THE BUDGET LINE CHANGES 25

consumption of good 1 must decrease. Thus the horizontal intercept of
the budget line must shift inward, resulting in the tilt depicted in Fig-
ure 2.3.

29)

m/p,

Budget lines

Slope = —p; /p, Slope = —p,/p,

m/pf m/py %]

Increasing price. If good 1 becomes more expensive, the
budget line becomes steeper.

What happens to the budget line when we change the prices of good 1
and good 2 at the same time? Suppose for example that we double the
prices of both goods 1 and 2. In this case both the horizontal and vertical
intercepts shift inward by a factor of one-half, and therefore the budget
line shifts inward by one-half as well. Multiplying both prices by two is
just like dividing income by 2.

We can also see this algebraically. Suppose our original budget line is

P1T1 + P2y = m.

Now suppose that both prices become ¢ times as large. Multiplying both
prices by t yields
tplxl + tpg.’L‘g =m.

But this equation is the same as

m
P1T1 + Polo = 7

Thus multiplying both prices by a constant amount ¢ is just like dividing
income by the same constant ¢. It follows that if we multiply both prices

Figure
2.3
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by t and we multiply income by ¢, then the budget line won’t change at
all.

We can also consider price and income changes together. What happens
if both prices go up and income goes down? Think about what happens to
the horizontal and vertical intercepts. If m decreases and p; and ps both
increase, then the intercepts m/p; and m/pe must both decrease. This
means that the budget line will shift inward. What about the slope of
the budget line? If price 2 increases more than price 1, so that —pj/po
decreases (in absolute value), then the budget line will be flatter; if price 2
increases less than price 1, the budget line will be steeper.

2.5 The Numeraire

The budget line is defined by two prices and one income, but one of these
variables is redundant. We could peg one of the prices, or the income, to
some fixed value, and adjust the other variables so as to describe exactly
the same budget set. Thus the budget line

P1T1 + p2xe =M

is exactly the same budget line as

m
&xl —+ €ro — —
P2 P2

or
D1

—I + ]21172 = 1,
m m
since the first budget line results from dividing everything by po, and the
second budget line results from dividing everything by m. In the first case,
we have pegged p, = 1, and in the second case, we have pegged m = 1.
Pegging the price of one of the goods or income to 1 and adjusting the
other price and income appropriately doesn’t change the budget set at all.

When we set one of the prices to 1, as we did above, we often refer to that
price as the numeraire price. The numeraire price is the price relative to
which we are measuring the other price and income. It will occasionally be
convenient to think of one of the goods as being a numeraire good, since
there will then be one less price to worry about.

2.6 Taxes, Subsidies, and Rationing
Economic policy often uses tools that affect a consumer’s budget constraint,

such as taxes. For example, if the government imposes a quantity tax, this
means that the consumer has to pay a certain amount to the government
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for each unit of the good he purchases. In the U.S., for example, we pay
about 15 cents a gallon as a federal gasoline tax.

How does a quantity tax affect the budget line of a consumer? From
the viewpoint of the consumer the tax is just like a higher price. Thus a
quantity tax of ¢ dollars per unit of good 1 simply changes the price of good
1 from p; to p1 +t. As we’ve seen above, this implies that the budget line
must get steeper.

Another kind of tax is a value tax. As the name implies this is a tax
on the value—the price—of a good, rather than the quantity purchased of
a good. A value tax is usually expressed in percentage terms. Most states
in the U.S. have sales taxes. If the sales tax is 6 percent, then a good that
is priced at $1 will actually sell for $1.06. (Value taxes are also known as
ad valorem taxes.)

If good 1 has a price of p; but is subject to a sales tax at rate 7, then
the actual price facing the consumer is (1 + 7)p;.> The consumer has to
pay p1 to the supplier and 7p; to the government for each unit of the good
so the total cost of the good to the consumer is (1 + 7)p;.

A subsidy is the opposite of a tax. In the case of a quantity subsidy,
the government gives an amount to the consumer that depends on the
amount of the good purchased. If, for example, the consumption of milk
were subsidized, the government would pay some amount of money to each
consumer of milk depending on the amount that consumer purchased. If
the subsidy is s dollars per unit of consumption of good 1, then from the
viewpoint of the consumer, the price of good 1 would be p; — s. This would
therefore make the budget line flatter.

Similarly an ad valorem subsidy is a subsidy based on the price of the
good being subsidized. If the government gives you back $1 for every $2
you donate to charity, then your donations to charity are being subsidized
at a rate of 50 percent. In general, if the price of good 1 is p; and good 1 is
subject to an ad valorem subsidy at rate o, then the actual price of good 1
facing the consumer is (1 — o)p;.2

You can see that taxes and subsidies affect prices in exactly the same
way except for the algebraic sign: a tax increases the price to the consumer,
and a subsidy decreases it.

Another kind of tax or subsidy that the government might use is a lump-
sum tax or subsidy. In the case of a tax, this means that the government
takes away some fixed amount of money, regardless of the individual’s be-
havior. Thus a lump-sum tax means that the budget line of a consumer
will shift inward because his money income has been reduced. Similarly, a
lump-sum subsidy means that the budget line will shift outward. Quantity

L The Greek letter 7, tau, rhymes with “wow”

ern Greeks pronounce it “taf.”

in mathematical discourse, though mod-

2 The Greek letter o is pronounced “sig-ma.”
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taxes and value taxes tilt the budget line one way or the other depending
on which good is being taxed, but a lump-sum tax shifts the budget line
inward.

Governments also sometimes impose rationing constraints. This means
that the level of consumption of some good is fixed to be no larger than
some amount. For example, during World War II the U.S. government
rationed certain foods like butter and meat.

Suppose, for example, that good 1 were rationed so that no more than
71 could be consumed by a given consumer. Then the budget set of the
consumer would look like that depicted in Figure 2.4: it would be the old
budget set with a piece lopped off. The lopped-off piece consists of all the
consumption bundles that are affordable but have z; > 7.

%)

Budget line

Budget
set

X &

Budget set with rationing. If good 1 is rationed, the section
of the budget set beyond the rationed quantity will be lopped
off.

Sometimes taxes, subsidies, and rationing are combined. For example,
we could consider a situation where a consumer could consume good 1
at a price of p; up to some level T1, and then had to pay a tax t on all
consumption in excess of ;. The budget set for this consumer is depicted
in Figure 2.5. Here the budget line has a slope of —p;1/p2 to the left of 71,
and a slope of —(p1 + t)/p2 to the right of 7.
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X2

Budget line

Slope = - pi/p,

Budget set

Slope = (p; + t)/p,
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1

X1 X
Taxing consumption greater than z;. In this budget set
the consumer must pay a tax only on the consumption of good
1 that is in excess of T1, so the budget line becomes steeper to
the right of 7.

EXAMPLE: The Food Stamp Program

Since the Food Stamp Act of 1964 the U.S. federal government has provided
a subsidy on food for poor people. The details of this program have been
adjusted several times. Here we will describe the economic effects of one
of these adjustments.

Before 1979, households who met certain eligibility requirements were
allowed to purchase food stamps, which could then be used to purchase food
at retail outlets. In January 1975, for example, a family of four could receive
a maximum monthly allotment of $153 in food coupons by participating in
the program.

The price of these coupons to the household depended on the household
income. A family of four with an adjusted monthly income of $300 paid
$83 for the full monthly allotment of food stamps. If a family of four had
a monthly income of $100, the cost for the full monthly allotment would
have been $25.3

The pre-1979 Food Stamp program was an ad valorem subsidy on food.
The rate at which food was subsidized depended on the household income.

3 These figures are taken from Kenneth Clarkson, Food Stamps and Nutrition, Ameri-
can Enterprise Institute, 1975.

Figure
2.5
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The family of four that was charged $83 for their allotment paid $1 to
receive $1.84 worth of food (1.84 equals 153 divided by 83). Similarly, the
household that paid $25 was paying $1 to receive $6.12 worth of food (6.12
equals 153 divided by 25).

The way that the Food Stamp program affected the budget set of a
household is depicted in Figure 2.6A. Here we have measured the amount
of money spent on food on the horizontal axis and expenditures on all other
goods on the vertical axis. Since we are measuring each good in terms of
the money spent on it, the “price” of each good is automatically 1, and the
budget line will therefore have a slope of —1.

If the household is allowed to buy $153 of food stamps for $25, then this
represents roughly an 84 percent (= 1 —25/153) subsidy of food purchases,
so the budget line will have a slope of roughly —.16 (= 25/153) until the
household has spent $153 on food. Each dollar that the household spends
on food up to $153 would reduce its consumption of other goods by about
16 cents. After the household spends $153 on food, the budget line facing
it would again have a slope of —1.

OTHER OTHER
Go0Ds GooDs Budget line
Budget line with food
with food stamps
stamps Budget Budget
line line
without without
food food

stamps stamps

|
|
|
| |
| |
|
| |
|
| |
| |
| |
|
i |
L
$153 FOOD $200 FOOD
A B
Food stamps. How the budget line is affected by the Food

Stamp program. Part A shows the pre-1979 program and part
B the post-1979 program.

These effects lead to the kind of “kink” depicted in Figure 2.6. House-
holds with higher incomes had to pay more for their allotment of food
stamps. Thus the slope of the budget line would become steeper as house-
hold income increased.

In 1979 the Food Stamp program was modified. Instead of requiring that
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households purchase food stamps, they are now simply given to qualified
households. Figure 2.6B shows how this affects the budget set.

Suppose that a household now receives a grant of $200 of food stamps a
month. Then this means that the household can consume $200 more food
per month, regardless of how much it is spending on other goods, which
implies that the budget line will shift to the right by $200. The slope
will not change: $1 less spent on food would mean $1 more to spend on
other things. But since the household cannot legally sell food stamps, the
maximum amount that it can spend on other goods does not change. The
Food Stamp program is effectively a lump-sum subsidy, except for the fact
that the food stamps can’t be sold.

2.7 Budget Line Changes

In the next chapter we will analyze how the consumer chooses an optimal
consumption bundle from his or her budget set. But we can already state
some observations here that follow from what we have learned about the
movements of the budget line.

First, we can observe that since the budget set doesn’t change when we
multiply all prices and income by a positive number, the optimal choice of
the consumer from the budget set can’t change either. Without even ana-
lyzing the choice process itself, we have derived an important conclusion:
a perfectly balanced inflation—one in which all prices and all incomes rise
at the same rate—doesn’t change anybody’s budget set, and thus cannot
change anybody’s optimal choice.

Second, we can make some statements about how well-off the consumer
can be at different prices and incomes. Suppose that the consumer’s income
increases and all prices remain the same. We know that this represents a
parallel shift outward of the budget line. Thus every bundle the consumer
was consuming at the lower income is also a possible choice at the higher
income. But then the consumer must be at least as well-off at the higher
income as at the lower income—since he or she has the same choices avail-
able as before plus some more. Similarly, if one price declines and all others
stay the same, the consumer must be at least as well-off. This simple ob-
servation will be of considerable use later on.

Summary

1. The budget set consists of all bundles of goods that the consumer can
afford at given prices and income. We will typically assume that there are
only two goods, but this assumption is more general than it seems.

2. The budget line is written as p1z1 4+ paxe = m. It has a slope of —p; /pa,
a vertical intercept of m/ps, and a horizontal intercept of m/ps.
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3. Increasing income shifts the budget line outward. Increasing the price
of good 1 makes the budget line steeper. Increasing the price of good 2
makes the budget line flatter.

4. Taxes, subsidies, and rationing change the slope and position of the
budget line by changing the prices paid by the consumer.

REVIEW QUESTIONS

1. Originally the consumer faces the budget line p1x; + poxs = m. Then
the price of good 1 doubles, the price of good 2 becomes 8 times larger,
and income becomes 4 times larger. Write down an equation for the new
budget line in terms of the original prices and income.

2. What happens to the budget line if the price of good 2 increases, but
the price of good 1 and income remain constant?

3. If the price of good 1 doubles and the price of good 2 triples, does the
budget line become flatter or steeper?

4. What is the definition of a numeraire good?

5. Suppose that the government puts a tax of 15 cents a gallon on gasoline
and then later decides to put a subsidy on gasoline at a rate of 7 cents a
gallon. What net tax is this combination equivalent to?

6. Suppose that a budget equation is given by pizi + paxes = m. The
government decides to impose a lump-sum tax of u, a quantity tax on
good 1 of ¢, and a quantity subsidy on good 2 of s. What is the formula
for the new budget line?

7. If the income of the consumer increases and one of the prices decreases
at the same time, will the consumer necessarily be at least as well-off?



CHAPTER 3

PREFERENCES

We saw in Chapter 2 that the economic model of consumer behavior is very
simple: people choose the best things they can afford. The last chapter was
devoted to clarifying the meaning of “can afford,” and this chapter will be
devoted to clarifying the economic concept of “best things.”

We call the objects of consumer choice consumption bundles. This
is a complete list of the goods and services that are involved in the choice
problem that we are investigating. The word “complete” deserves empha-
sis: when you analyze a consumer’s choice problem, make sure that you
include all of the appropriate goods in the definition of the consumption
bundle.

If we are analyzing consumer choice at the broadest level, we would want
not only a complete list of the goods that a consumer might consume, but
also a description of when, where, and under what circumstances they
would become available. After all, people care about how much food they
will have tomorrow as well as how much food they have today. A raft in the
middle of the Atlantic Ocean is very different from a raft in the middle of
the Sahara Desert. And an umbrella when it is raining is quite a different
good from an umbrella on a sunny day. It is often useful to think of the



34 PREFERENCES (Ch. 3)

“same” good available in different locations or circumstances as a different
good, since the consumer may value the good differently in those situations.

However, when we limit our attention to a simple choice problem, the
relevant goods are usually pretty obvious. We'll often adopt the idea de-
scribed earlier of using just two goods and calling one of them “all other
goods” so that we can focus on the tradeoff between one good and ev-
erything else. In this way we can consider consumption choices involving
many goods and still use two-dimensional diagrams.

So let us take our consumption bundle to consist of two goods, and let
1 denote the amount of one good and x5 the amount of the other. The
complete consumption bundle is therefore denoted by (z1,22). As noted
before, we will occasionally abbreviate this consumption bundle by X.

3.1 Consumer Preferences

We will suppose that given any two consumption bundles, (x1,22) and
(y1,y2), the consumer can rank them as to their desirability. That is, the
consumer can determine that one of the consumption bundles is strictly
better than the other, or decide that she is indifferent between the two
bundles.

We will use the symbol > to mean that one bundle is strictly preferred
to another, so that (x1,x2) > (y1,y2) should be interpreted as saying that
the consumer strictly prefers (x1,x2) to (y1,y2), in the sense that she
definitely wants the x-bundle rather than the y-bundle. This preference
relation is meant to be an operational notion. If the consumer prefers
one bundle to another, it means that he or she would choose one over the
other, given the opportunity. Thus the idea of preference is based on the
consumer’s behavior. In order to tell whether one bundle is preferred to
another, we see how the consumer behaves in choice situations involving
the two bundles. If she always chooses (z1,22) when (y;,y2) is available,
then it is natural to say that this consumer prefers (x1, z3) to (y1,y2).

If the consumer is indifferent between two bundles of goods, we use
the symbol ~ and write (x1,22) ~ (y1,y2). Indifference means that the
consumer would be just as satisfied, according to her own preferences,
consuming the bundle (z1, z2) as she would be consuming the other bundle,
(Y1, 2)-

If the consumer prefers or is indifferent between the two bundles we say
that she weakly prefers (1, x2) to (y1,y2) and write (z1,22) = (y1,y2).

These relations of strict preference, weak preference, and indifference
are not independent concepts; the relations are themselves related! For
example, if (x1,22) = (y1,92) and (y1,y2) = (z1,22) we can conclude that
(x1,22) ~ (y1,y2). That is, if the consumer thinks that (x1,z3) is at least
as good as (y1,y2) and that (y1,y2) is at least as good as (x1,x2), then the
consumer must be indifferent between the two bundles of goods.
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Similarly, if (z1,22) = (y1,¥2) but we know that it is not the case that
(x1,22) ~ (y1,y2), we can conclude that we must have (z1,22) = (y1,¥2).
This just says that if the consumer thinks that (z1,22) is at least as good
as (y1,y2), and she is not indifferent between the two bundles, then it must
be that she thinks that (z1,x) is strictly better than (y1,ys).

3.2 Assumptions about Preferences

Economists usually make some assumptions about the “consistency” of
consumers’ preferences. For example, it seems unreasonable—mnot to say
contradictory—to have a situation where (z1,22) > (y1,y2) and, at the
same time, (y1,y2) = (x1,22). For this would mean that the consumer
strictly prefers the x-bundle to the y-bundle ... and vice versa.

So we usually make some assumptions about how the preference relations
work. Some of the assumptions about preferences are so fundamental that
we can refer to them as “axioms” of consumer theory. Here are three such
axioms about consumer preference.

Complete. We assume that any two bundles can be compared. That is,
given any x-bundle and any y-bundle, we assume that (x1,22) = (y1,¥2),

or (y1,y2) ¥ (x1,22), or both, in which case the consumer is indifferent
between the two bundles.

Reflexive. We assume that any bundle is at least as good as itself:
(z1,22) = (21, T2).

Transitive. If (x1,22) > (y1,92) and (y1,y2) = (21, 22), then we assume
that (z1,z2) = (21, 22). In other words, if the consumer thinks that X is at
least as good as Y and that Y is at least as good as Z, then the consumer
thinks that X is at least as good as Z.

The first axiom, completeness, is hardly objectionable, at least for the
kinds of choices economists generally examine. To say that any two bundles
can be compared is simply to say that the consumer is able to make a choice
between any two given bundles. One might imagine extreme situations
involving life or death choices where ranking the alternatives might be
difficult, or even impossible, but these choices are, for the most part, outside
the domain of economic analysis.

The second axiom, reflexivity, is trivial. Any bundle is certainly at least
as good as an identical bundle. Parents of small children may occasionally
observe behavior that violates this assumption, but it seems plausible for
most adult behavior.

The third axiom, transitivity, is more problematic. It isn’t clear that
transitivity of preferences is necessarily a property that preferences would
have to have. The assumption that preferences are transitive doesn’t seem
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compelling on grounds of pure logic alone. In fact it’s not. Transitivity is
a hypothesis about people’s choice behavior, not a statement of pure logic.
Whether it is a basic fact of logic or not isn’t the point: it is whether or not
it is a reasonably accurate description of how people behave that matters.

What would you think about a person who said that he preferred a
bundle X to Y, and preferred Y to Z, but then also said that he preferred
Z to X7 This would certainly be taken as evidence of peculiar behavior.

More importantly, how would this consumer behave if faced with choices
among the three bundles X, Y, and Z? If we asked him to choose his most
preferred bundle, he would have quite a problem, for whatever bundle he
chose, there would always be one that was preferred to it. If we are to have
a theory where people are making “best” choices, preferences must satisfy
the transitivity axiom or something very much like it. If preferences were
not transitive there could well be a set of bundles for which there is no best
choice.

3.3 Indifference Curves

It turns out that the whole theory of consumer choice can be formulated
in terms of preferences that satisfy the three axioms described above, plus
a few more technical assumptions. However, we will find it convenient to
describe preferences graphically by using a construction known as indif-
ference curves.

Consider Figure 3.1 where we have illustrated two axes representing a
consumer’s consumption of goods 1 and 2. Let us pick a certain consump-
tion bundle (z1,z2) and shade in all of the consumption bundles that are
weakly preferred to (x1,x2). This is called the weakly preferred set. The
bundles on the boundary of this set—the bundles for which the consumer
is just indifferent to (1, 22)—form the indifference curve.

We can draw an indifference curve through any consumption bundle we
want. The indifference curve through a consumption bundle consists of all
bundles of goods that leave the consumer indifferent to the given bundle.

One problem with using indifference curves to describe preferences is
that they only show you the bundles that the consumer perceives as being
indifferent to each other—they don’t show you which bundles are better
and which bundles are worse. It is sometimes useful to draw small arrows
on the indifference curves to indicate the direction of the preferred bundles.
We won’t do this in every case, but we will do it in a few of the examples
where confusion might arise.

If we make no further assumptions about preferences, indifference curves
can take very peculiar shapes indeed. But even at this level of generality,
we can state an important principle about indifference curves: indifference
curves representing distinct levels of preference cannot cross. That is, the
situation depicted in Figure 3.2 cannot occur.
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Weakly preferred set. The shaded area consists of all bun-
dles that are at least as good as the bundle (x1,z2).

In order to prove this, let us choose three bundles of goods, X, Y, and
Z, such that X lies only on one indifference curve, Y lies only on the other
indifference curve, and Z lies at the intersection of the indifference curves.
By assumption the indifference curves represent distinct levels of prefer-
ence, so one of the bundles, say X, is strictly preferred to the other bundle,
Y. We know that X ~ Z and Z ~ Y, and the axiom of transitivity there-
fore implies that X ~ Y. But this contradicts the assumption that X > Y.
This contradiction establishes the result—indifference curves representing
distinct levels of preference cannot cross.

What other properties do indifference curves have? In the abstract, the
answer is: not many. Indifference curves are a way to describe preferences.
Nearly any “reasonable” preferences that you can think of can be depicted
by indifference curves. The trick is to learn what kinds of preferences give
rise to what shapes of indifference curves.

3.4 Examples of Preferences

Let us try to relate preferences to indifference curves through some exam-
ples. We'll describe some preferences and then see what the indifference
curves that represent them look like.

Figure
3.1
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Indifference curves cannot cross. If they did, X, Y, and
Z would all have to be indifferent to each other and thus could
not lie on distinct indifference curves.

There is a general procedure for constructing indifference curves given
a “verbal” description of the preferences. First plop your pencil down on
the graph at some consumption bundle (z1,z2). Now think about giving a
little more of good 1, Axy, to the consumer, moving him to (x; + Az, x3).
Now ask yourself how would you have to change the consumption of zo
to make the consumer indifferent to the original consumption point? Call
this change Axs. Ask yourself the question “For a given change in good
1, how does good 2 have to change to make the consumer just indifferent
between (z; + Axq, xe + Axs) and (x1,22)?” Once you have determined
this movement at one consumption bundle you have drawn a piece of the
indifference curve. Now try it at another bundle, and so on, until you
develop a clear picture of the overall shape of the indifference curves.

Perfect Substitutes

Two goods are perfect substitutes if the consumer is willing to substitute
one good for the other at a constant rate. The simplest case of perfect
substitutes occurs when the consumer is willing to substitute the goods on
a one-to-one basis.

Suppose, for example, that we are considering a choice between red pen-
cils and blue pencils, and the consumer involved likes pencils, but doesn’t
care about color at all. Pick a consumption bundle, say (10, 10). Then for
this consumer, any other consumption bundle that has 20 pencils in it is
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just as good as (10, 10). Mathematically speaking, any consumption bun-
dle (x1,z2) such that 21 + 22 = 20 will be on this consumer’s indifference
curve through (10,10). Thus the indifference curves for this consumer are
all parallel straight lines with a slope of —1, as depicted in Figure 3.3.
Bundles with more total pencils are preferred to bundles with fewer total
pencils, so the direction of increasing preference is up and to the right, as
illustrated in Figure 3.3.

How does this work in terms of general procedure for drawing indifference
curves? If we are at (10,10), and we increase the amount of the first good
by one unit to 11, how much do we have to change the second good to get
back to the original indifference curve? The answer is clearly that we have
to decrease the second good by 1 unit. Thus the indifference curve through
(10,10) has a slope of —1. The same procedure can be carried out at any
bundle of goods with the same results—in this case all the indifference
curves have a constant slope of —1.

X2

Indifference curves

2
Perfect substitutes. The consumer only cares about the total
number of pencils, not about their colors. Thus the indifference
curves are straight lines with a slope of —1.

The important fact about perfect substitutes is that the indifference
curves have a constant slope. Suppose, for example, that we graphed blue
pencils on the vertical axis and pairs of red pencils on the horizontal axis.
The indifference curves for these two goods would have a slope of —2, since
the consumer would be willing to give up two blue pencils to get one more
pair of red pencils.

Figure
3.3
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In the textbook we’ll primarily consider the case where goods are perfect
substitutes on a one-for-one basis, and leave the treatment of the general
case for the workbook.

Perfect Complements

Perfect complements are goods that are always consumed together in
fixed proportions. In some sense the goods “complement” each other. A
nice example is that of right shoes and left shoes. The consumer likes shoes,
but always wears right and left shoes together. Having only one out of a
pair of shoes doesn’t do the consumer a bit of good.

Let us draw the indifference curves for perfect complements. Suppose
we pick the consumption bundle (10, 10). Now add 1 more right shoe, so
we have (11,10). By assumption this leaves the consumer indifferent to
the original position: the extra shoe doesn’t do him any good. The same
thing happens if we add one more left shoe: the consumer is also indifferent
between (10,11) and (10, 10).

Thus the indifference curves are L-shaped, with the vertex of the L oc-
curring where the number of left shoes equals the number of right shoes as
in Figure 3.4.

LEFT SHOES

/ Indifference

curves

Z

RIGHT SHOES
Figure Perfect complements. The consumer always wants to con-
3.4 sume the goods in fixed proportions to each other. Thus the

indifference curves are L-shaped.
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Increasing both the number of left shoes and the number of right shoes
at the same time will move the consumer to a more preferred position,
so the direction of increasing preference is again up and to the right, as
illustrated in the diagram.

The important thing about perfect complements is that the consumer
prefers to consume the goods in fixed proportions, not necessarily that
the proportion is one-to-one. If a consumer always uses two teaspoons of
sugar in her cup of tea, and doesn’t use sugar for anything else, then the
indifference curves will still be L-shaped. In this case the corners of the
L will occur at (2 teaspoons sugar, 1 cup tea), (4 teaspoons sugar, 2 cups
tea) and so on, rather than at (1 right shoe, 1 left shoe), (2 right shoes, 2
left shoes), and so on.

In the textbook we’ll primarily consider the case where the goods are
consumed in proportions of one-for-one and leave the treatment of the
general case for the workbook.

Bads

A bad is a commodity that the consumer doesn’t like. For example, sup-
pose that the commodities in question are now pepperoni and anchovies—
and the consumer loves pepperoni but dislikes anchovies. But let us suppose
there is some possible tradeoff between pepperoni and anchovies. That is,
there would be some amount of pepperoni on a pizza that would compen-
sate the consumer for having to consume a given amount of anchovies. How
could we represent these preferences using indifference curves?

Pick a bundle (x1, z2) consisting of some pepperoni and some anchovies.
If we give the consumer more anchovies, what do we have to do with the
pepperoni to keep him on the same indifference curve? Clearly, we have
to give him some extra pepperoni to compensate him for having to put up
with the anchovies. Thus this consumer must have indifference curves that
slope up and to the right as depicted in Figure 3.5.

The direction of increasing preference is down and to the right—that
is, toward the direction of decreased anchovy consumption and increased
pepperoni consumption, just as the arrows in the diagram illustrate.

Neutrals
A good is a neutral good if the consumer doesn’t care about it one way

or the other. What if a consumer is just neutral about anchovies?! In this
case his indifference curves will be vertical lines as depicted in Figure 3.6.

1 Is anybody neutral about anchovies?
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ANCHOVIES
Indifference
curves
PEPPERONI
Figure Bads. Here anchovies are a “bad,” and pepperoni is a “good”
3.5 for this consumer. Thus the indifference curves have a positive
slope.
ANCHOVIES
- - 5 Indifference
curves
PEPPERONI
Figure A neutral good. The consumer likes pepperoni but is neutral
3.6 about anchovies, so the indifference curves are vertical lines.

He only cares about the amount of pepperoni he has and doesn’t care at
all about how many anchovies he has. The more pepperoni the better, but
adding more anchovies doesn’t affect him one way or the other.
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Satiation

We sometimes want to consider a situation involving satiation, where
there is some overall best bundle for the consumer, and the “closer” he is
to that best bundle, the better off he is in terms of his own preferences.
For example, suppose that the consumer has some most preferred bundle
of goods (Z1,T2), and the farther away he is from that bundle, the worse
off he is. In this case we say that (T1,T2) is a satiation point, or a bliss
point. The indifference curves for the consumer look like those depicted in
Figure 3.7. The best point is (T1,Z2) and points farther away from this
bliss point lie on “lower” indifference curves.

X

Indifference
curves

Satiation
point

|
|
|
|
X1 Xq

Satiated preferences. The bundle (Z1,72) is the satiation
point or bliss point, and the indifference curves surround this
point.

In this case the indifference curves have a negative slope when the con-
sumer has “too little” or “too much” of both goods, and a positive slope
when he has “too much” of one of the goods. When he has too much of one
of the goods, it becomes a bad—reducing the consumption of the bad good
moves him closer to his “bliss point.” If he has too much of both goods,
they both are bads, so reducing the consumption of each moves him closer
to the bliss point.

Suppose, for example, that the two goods are chocolate cake and ice
cream. There might well be some optimal amount of chocolate cake and

Figure
3.7
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ice cream that you would want to eat per week. Any less than that amount
would make you worse off, but any more than that amount would also make
you worse off.

If you think about it, most goods are like chocolate cake and ice cream
in this respect—you can have too much of nearly anything. But people
would generally not voluntarily choose to have too much of the goods they
consume. Why would you choose to have more than you want of something?
Thus the interesting region from the viewpoint of economic choice is where
you have less than you want of most goods. The choices that people actually
care about are choices of this sort, and these are the choices with which we
will be concerned.

Discrete Goods

Usually we think of measuring goods in units where fractional amounts
make sense—you might on average consume 12.43 gallons of milk a month
even though you buy it a quart at a time. But sometimes we want to
examine preferences over goods that naturally come in discrete units.

For example, consider a consumer’s demand for automobiles. We could
define the demand for automobiles in terms of the time spent using an
automobile, so that we would have a continuous variable, but for many
purposes it is the actual number of cars demanded that is of interest.

There is no difficulty in using preferences to describe choice behavior
for this kind of discrete good. Suppose that xo is money to be spent on
other goods and z; is a discrete good that is only available in integer
amounts. We have illustrated the appearance of indifference “curves” and
a weakly preferred set for this kind of good in Figure 3.8. In this case the
bundles indifferent to a given bundle will be a set of discrete points. The
set of bundles at least as good as a particular bundle will be a set of line
segments.

The choice of whether to emphasize the discrete nature of a good or not
will depend on our application. If the consumer chooses only one or two
units of the good during the time period of our analysis, recognizing the
discrete nature of the choice may be important. But if the consumer is
choosing 30 or 40 units of the good, then it will probably be convenient to
think of this as a continuous good.

3.5 Well-Behaved Preferences

We’ve now seen some examples of indifference curves. As we’ve seen, many
kinds of preferences, reasonable or unreasonable, can be described by these
simple diagrams. But if we want to describe preferences in general, it will
be convenient to focus on a few general shapes of indifference curves. In



WELL-BEHAVED PREFERENCES 45

0020D
Bundles
N weakly
AN preferred
AN to (1, x,)
N N
N .\\
\\ ~\‘
AN
N \’\
W) N SR
SN e
\\‘
| \\\‘ | |
GOOD
1 2 3 75 3 GO]OD

A Indifference "curves" B Weakly preferrred set

A discrete good. Here good 1 is only available in integer
amounts. In panel A the dashed lines connect together the
bundles that are indifferent, and in panel B the vertical lines
represent bundles that are at least as good as the indicated
bundle.

this section we will describe some more general assumptions that we will
typically make about preferences and the implications of these assumptions
for the shapes of the associated indifference curves. These assumptions
are not the only possible ones; in some situations you might want to use
different assumptions. But we will take them as the defining features for
well-behaved indifference curves.

First we will typically assume that more is better, that is, that we are
talking about goods, not bads. More precisely, if (z1,22) is a bundle of
goods and (y1,y2) is a bundle of goods with at least as much of both goods
and more of one, then (y1,y2) > (z1,22). This assumption is sometimes
called monotonicity of preferences. As we suggested in our discussion of
satiation, more is better would probably only hold up to a point. Thus
the assumption of monotonicity is saying only that we are going to ex-
amine situations before that point is reached—before any satiation sets
in—while more still is better. Economics would not be a very interesting
subject in a world where everyone was satiated in their consumption of
every good.

What does monotonicity imply about the shape of indifference curves?
It implies that they have a negative slope. Consider Figure 3.9. If we start
at a bundle (x1,22) and move anywhere up and to the right, we must be
moving to a preferred position. If we move down and to the left we must be
moving to a worse position. So if we are moving to an indifferent position,
we must be moving either left and up or right and down: the indifference
curve must have a negative slope.

Figure
3.8
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Second, we are going to assume that averages are preferred to extremes.
That is, if we take two bundles of goods (z1,22) and (y1,y2) on the same
indifference curve and take a weighted average of the two bundles such as

1 n 1 1 n 1
25(:1 29172*7:2 292 s

then the average bundle will be at least as good as or strictly preferred
to each of the two extreme bundles. This weighted-average bundle has
the average amount of good 1 and the average amount of good 2 that is
present in the two bundles. It therefore lies halfway along the straight line
connecting the x-bundle and the y—bundle.

27
Better
bundles
Worse
bundles
X1
Figure Monotonic preferences. More of both goods is a better
3.9 bundle for this consumer; less of both goods represents a worse
bundle.

Actually, we're going to assume this for any weight ¢ between 0 and 1,
not just 1/2. Thus we are assuming that if (x1,x2) ~ (y1,y2), then

(titl + (]. — t)yl,t.’EQ + (1 — t)yg) t (l’l,xg)

for any t such that 0 < ¢ < 1. This weighted average of the two bundles
gives a weight of ¢ to the x-bundle and a weight of 1 — ¢ to the y-bundle.
Therefore, the distance from the x-bundle to the average bundle is just
a fraction t of the distance from the x-bundle to the y-bundle, along the
straight line connecting the two bundles.
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What does this assumption about preferences mean geometrically? It
means that the set of bundles weakly preferred to (x1,z2) is a convex set.
For suppose that (y1,y2) and (z1, z2) are indifferent bundles. Then, if aver-
ages are preferred to extremes, all of the weighted averages of (z1, z2) and
(y1,y2) are weakly preferred to (z1,z2) and (y1,y2). A convex set has the
property that if you take any two points in the set and draw the line seg-
ment connecting those two points, that line segment lies entirely in the set.

Figure 3.10A depicts an example of convex preferences, while Figures
3.10B and 3.10C show two examples of nonconvex preferences. Figure
3.10C presents preferences that are so nonconvex that we might want to
call them “concave preferences.”

X;
E ’ e V1, )
Wy va) Averaged
Wi y2) |32 bundle
Averaged /
/ bundle
Averaged
(X, X,) bundle (X, X)) (X, %)
& & 5
A Convex B Nonconvex C Concave
preferences preferences preferences

Various kinds of preferences. Panel A depicts convex pref-
erences, panel B depicts nonconvex preferences, and panel C
depicts “concave” preferences.

Can you think of preferences that are not convex? One possibility might
be something like my preferences for ice cream and olives. I like ice cream
and I like olives ... but I don’t like to have them together! In considering
my consumption in the next hour, I might be indifferent between consuming
8 ounces of ice cream and 2 ounces of olives, or 8 ounces of olives and 2
ounces of ice cream. But either one of these bundles would be better than
consuming 5 ounces of each! These are the kind of preferences depicted in
Figure 3.10C.

Why do we want to assume that well-behaved preferences are convex?
Because, for the most part, goods are consumed together. The kinds
of preferences depicted in Figures 3.10B and 3.10C imply that the con-

Figure
3.10
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sumer would prefer to specialize, at least to some degree, and to consume
only one of the goods. However, the normal case is where the consumer
would want to trade some of one good for the other and end up consuming
some of each, rather than specializing in consuming only one of the two
goods.

In fact, if we look at my preferences for monthly consumption of ice
cream and olives, rather than at my immediate consumption, they would
tend to look much more like Figure 3.10A than Figure 3.10C. Each month
I would prefer having some ice cream and some olives—albeit at different
times—to specializing in consuming either one for the entire month.

Finally, one extension of the assumption of convexity is the assumption
of strict convexity. This means that the weighted average of two in-
different bundles is strictly preferred to the two extreme bundles. Convex
preferences may have flat spots, while strictly convex preferences must have
indifferences curves that are “rounded.” The preferences for two goods that
are perfect substitutes are convex, but not strictly convex.

3.6 The Marginal Rate of Substitution

We will often find it useful to refer to the slope of an indifference curve at
a particular point. This idea is so useful that it even has a name: the slope
of an indifference curve is known as the marginal rate of substitution
(MRS). The name comes from the fact that the MRS measures the rate
at which the consumer is just willing to substitute one good for the other.

Suppose that we take a little of good 1, Axq, away from the consumer.
Then we give him Azs, an amount that is just sufficient to put him back
on his indifference curve, so that he is just as well off after this substitution
of x5 for z1 as he was before. We think of the ratio Azo/Azy as being the
rate at which the consumer is willing to substitute good 2 for good 1.

Now think of Axz; as being a very small change—a marginal change.
When we imagine Ax; becoming infintesimally small, we use the notation
dxi. Then the rate dxo/dx; measures the marginal rate of substitution of
good 2 for good 1, or the slope of the indifference curve, as can be seen in
Figure 3.11.

In economics, we commonly write about marginal changes, which you
will learn to associate with slopes. The ratio defining the MRS will always
describe the slope of the indifference curve: the rate at which the consumer
is just willing to substitute a little more consumption of good 2 for a little
less consumption of good 1.

One slightly confusing thing about the MRS is that it is typically a
negative number. We've already seen that monotonic preferences imply
that indifference curves must have a negative slope. Since the MRS is the
numerical measure of the slope of an indifference curve, it will naturally be
a negative number.
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The marginal rate of substitution (MRS). The marginal
rate of substitution measures the slope of the indifference curve.

The marginal rate of substitution measures an interesting aspect of the
consumer’s behavior. Suppose that the consumer has well-behaved prefer-
ences, that is, preferences that are monotonic and convex, and that he is
currently consuming some bundle (z1,23). We now will offer him a trade:
he can exchange good 1 for 2, or good 2 for 1, in any amount at a “rate of
exchange” of F.

That is, if the consumer gives up dr; units of good 1, he can get Edx,
units of good 2 in exchange. Or, conversely, if he gives up dzo units of good
2, he can get dxo/F units of good 1. Geometrically, we are offering the
consumer an opportunity to move to any point along a line with slope —F
that passes through (z1,2), as depicted in Figure 3.12. Moving up and to
the left from (x1,x2) involves exchanging good 1 for good 2, and moving
down and to the right involves exchanging good 2 for good 1. In either
movement, the exchange rate is F. Since exchange always involves giving
up one good in exchange for another, the exchange rate E corresponds to
a slope of —E.

We can now ask what would the rate of exchange have to be in order for
the consumer to want to stay put at (x1,22)? To answer this question, we
simply note that any time the exchange line crosses the indifference curve,
there will be some points on that line that are preferred to (z1, z9)—that
lie above the indifference curve. Thus, if there is to be no movement from

Figure
3.11
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(z1,x2), the exchange line must be tangent to the indifference curve. That
is, the slope of the exchange line, —F, must be the slope of the indifference
curve at (x1,x2). At any other rate of exchange, the exchange line would
cut the indifference curve and thus allow the consumer to move to a more
preferred point.

Indifference
curves

&

Figure Trading at an exchange rate. Here we are allowing the con-
3.12 sumer to trade the goods at an exchange rate E, which implies
that the consumer can move along a line with slope —E.

Thus the slope of the indifference curve, the marginal rate of substitution,
measures the rate at which the consumer is just on the margin of trading
or not trading. At any rate of exchange other than the MRS, the consumer
would want to trade one good for the other. But if the rate of exchange
equals the MRS, the consumer wants to stay put.

3.7 Other Interpretations of the MRS

We have said that the MRS measures the rate at which the consumer is
just on the margin of being willing to substitute good 1 for good 2. We
could also say that the consumer is just on the margin of being willing to
“pay” some of good 1 in order to buy some more of good 2. So sometimes
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you hear people say that the slope of the indifference curve measures the
marginal willingness to pay.

If good 2 represents the consumption of “all other goods,” and it is
measured in dollars that you can spend on other goods, then the marginal-
willingness-to-pay interpretation is very natural. The marginal rate of sub-
stitution of good 2 for good 1 is how many dollars you would just be willing
to give up spending on other goods in order to consume a little bit more
of good 1. Thus the MRS measures the marginal willingness to give up
dollars in order to consume a small amount more of good 1. But giving up
those dollars is just like paying dollars in order to consume a little more of
good 1.

If you use the marginal-willingness-to-pay interpretation of the MRS, you
should be careful to emphasize both the “marginal” and the “willingness”
aspects. The MRS measures the amount of good 2 that one is willing to
pay for a marginal amount of extra consumption of good 1. How much
you actually have to pay for some given amount of extra consumption may
be different than the amount you are willing to pay. How much you have
to pay will depend on the price of the good in question. How much you
are willing to pay doesn’t depend on the price—it is determined by your
preferences.

Similarly, how much you may be willing to pay for a large change in
consumption may be different from how much you are willing to pay for
a marginal change. How much you actually end up buying of a good will
depend on your preferences for that good and the prices that you face. How
much you would be willing to pay for a small amount extra of the good is
a feature only of your preferences.

3.8 Behavior of the MRS

It is sometimes useful to describe the shapes of indifference curves by de-
scribing the behavior of the marginal rate of substitution. For example,
the “perfect substitutes” indifference curves are characterized by the fact
that the MRS is constant at —1. The “neutrals” case is characterized by
the fact that the MRS is everywhere infinite. The preferences for “perfect
complements” are characterized by the fact that the MRS is either zero or
infinity, and nothing in between.

We've already pointed out that the assumption of monotonicity implies
that indifference curves must have a negative slope, so the MRS always
involves reducing the consumption of one good in order to get more of
another for monotonic preferences.

The case of convex indifference curves exhibits yet another kind of be-
havior for the MRS. For strictly convex indifference curves, the MRS—the
slope of the indifference curve—decreases (in absolute value) as we increase
21. Thus the indifference curves exhibit a diminishing marginal rate of
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substitution. This means that the amount of good 1 that the person is
willing to give up for an additional amount of good 2 increases the amount
of good 1 increases. Stated in this way, convexity of indifference curves
seems very natural: it says that the more you have of one good, the more
willing you are to give some of it up in exchange for the other good. (But
remember the ice cream and olives example—for some pairs of goods this
assumption might not hold!)

Summary

1. Economists assume that a consumer can rank various consumption pos-
sibilities. The way in which the consumer ranks the consumption bundles
describes the consumer’s preferences.

2. Indifference curves can be used to depict different kinds of preferences.

3. Well-behaved preferences are monotonic (meaning more is better) and
convex (meaning averages are preferred to extremes).

4. The marginal rate of substitution (MRS) measures the slope of the in-
difference curve. This can be interpreted as how much the consumer is
willing to give up of good 2 to acquire more of good 1.

REVIEW QUESTIONS

1. If we observe a consumer choosing (x1,x2) when (y1,y2) is available one
time, are we justified in concluding that (z1,22) > (y1,y2)?

2. Consider a group of people A, B, C and the relation “at least as tall as,”
as in “A is at least as tall as B.” Is this relation transitive? Is it complete?

3. Take the same group of people and consider the relation “strictly taller
than.” Is this relation transitive? Is it reflexive? Is it complete?

4. A college football coach says that given any two linemen A and B, he
always prefers the one who is bigger and faster. Is this preference relation
transitive? Is it complete?

5. Can an indifference curve cross itself? For example, could Figure 3.2
depict a single indifference curve?

6. Could Figure 3.2 be a single indifference curve if preferences are mono-
tonic?
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7. If both pepperoni and anchovies are bads, will the indifference curve
have a positive or a negative slope?

8. Explain why convex preferences means that “averages are preferred to
extremes.”

9. What is your marginal rate of substitution of $1 bills for $5 bills?

10. If good 1 is a “neutral,” what is its marginal rate of substitution for
good 27

11. Think of some other goods for which your preferences might be concave.



CHAPTER 4

UTILITY

In Victorian days, philosophers and economists talked blithely of “utility”
as an indicator of a person’s overall well-being. Utility was thought of as
a numeric measure of a person’s happiness. Given this idea, it was natural
to think of consumers making choices so as to maximize their utility, that
is, to make themselves as happy as possible.

The trouble is that these classical economists never really described how
we were to measure utility. How are we supposed to quantify the “amount”
of utility associated with different choices? Is one person’s utility the same
as another’s? What would it mean to say that an extra candy bar would
give me twice as much utility as an extra carrot? Does the concept of utility
have any independent meaning other than its being what people maximize?

Because of these conceptual problems, economists have abandoned the
old-fashioned view of utility as being a measure of happiness. Instead,
the theory of consumer behavior has been reformulated entirely in terms
of consumer preferences, and utility is seen only as a way to describe
preferences.

Economists gradually came to recognize that all that mattered about
utility as far as choice behavior was concerned was whether one bundle
had a higher utility than another—how much higher didn’t really matter.
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Originally, preferences were defined in terms of utility: to say a bundle
(21, x2) was preferred to a bundle (y1,y2) meant that the x-bundle had a
higher utility than the y-bundle. But now we tend to think of things the
other way around. The preferences of the consumer are the fundamen-
tal description useful for analyzing choice, and utility is simply a way of
describing preferences.

A utility function is a way of assigning a number to every possible
consumption bundle such that more-preferred bundles get assigned larger
numbers than less-preferred bundles. That is, a bundle (21, x2) is preferred
to a bundle (y1,y2) if and only if the utility of (z1,x2) is larger than the
utility of (y1,92): in symbols, (z1,22) = (y1,y2) if and only if u(xy,x9) >
u(y1,y2)-

The only property of a utility assignment that is important is how it
orders the bundles of goods. The magnitude of the utility function is only
important insofar as it ranks the different consumption bundles; the size of
the utility difference between any two consumption bundles doesn’t matter.
Because of this emphasis on ordering bundles of goods, this kind of utility
is referred to as ordinal utility.

Consider for example Table 4.1, where we have illustrated several dif-
ferent ways of assigning utilities to three bundles of goods, all of which
order the bundles in the same way. In this example, the consumer prefers
A to B and B to C. All of the ways indicated are valid utility functions
that describe the same preferences because they all have the property that
A is assigned a higher number than B, which in turn is assigned a higher
number than C.

Different ways to assign utilities.

Bundle U, U, U;

A 3 17 -1
B 2 10 —2
C 1 .002 -3

Since only the ranking of the bundles matters, there can be no unique
way to assign utilities to bundles of goods. If we can find one way to assign
utility numbers to bundles of goods, we can find an infinite number of
ways to do it. If u(zy,zs) represents a way to assign utility numbers to
the bundles (x1,22), then multiplying u(x1,x2) by 2 (or any other positive
number) is just as good a way to assign utilities.

Multiplication by 2 is an example of a monotonic transformation. A

Table
4.1
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monotonic transformation is a way of transforming one set of numbers into
another set of numbers in a way that preserves the order of the numbers.

We typically represent a monotonic transformation by a function f(u)
that transforms each number u into some other number f(u), in a way
that preserves the order of the numbers in the sense that u; > wus implies
f(u1) > f(uz). A monotonic transformation and a monotonic function are
essentially the same thing.

Examples of monotonic transformations are multiplication by a positive
number (e.g., f(u) = 3u), adding any number (e.g., f(u) = u+17), raising
u to an odd power (e.g., f(u) = u?), and so on.

Provided that a monotonic function f(u) is differentiable, its derivative
f(u) is given by
f(@) — fu)

u

f(u) = lim

au—u

>0

i —

For a monotonic transformation, f(@)— f(u) always has the same sign as
Zu. Thus a monotonic function always has a positive first derivative. This
means that the graph of a monotonic function will always have a positive
slope, as depicted in Figure 4.1A.

v="Ff(u) v="f(u)

A B

A positive monotonic transformation. Panel A illustrates
a monotonic function—one that is always increasing. Panel B
illustrates a function that is not monotonic, since it sometimes
increases and sometimes decreases.

I What we are calling a “monotonic transformation” is, strictly speaking, called a “posi-
tive monotonic transformation,” in order to distinguish it from a “negative monotonic
transformation,” which is one that reverses the order of the numbers. Monotonic
transformations are sometimes called “monotonous transformations,” which seems
unfair, since they can actually be quite interesting.
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If f(u) is any monotonic transformation of a utility function that repre-
sents some particular preferences, then f(u(z1,22)) is also a utility function
that represents those same preferences.

Why? The argument is given in the following three statements:

1. To say that u(zq,z2) represents some particular preferences means that
u(z1, w2) > u(y1, y2) if and only if (21, 22) > (y1,72).

2. But if f(u) is a monotonic transformation, then w(zy,x2) > u(yi,ye) if
and only if f(u(zy,x2)) > f(u(yr,y2)).

3. Therefore, f(u(z1,22)) > f(u(y1,y2)) if and only if (z1,22) = (y1,¥2),
so the function f(u) represents the preferences in the same way as the
original utility function u(x1, z2).

We summarize this discussion by stating the following principle: a mono-
tonic transformation of a utility function is a utility function that represents
the same preferences as the original utility function.

Geometrically, a utility function is a way to label indifference curves.
Since every bundle on an indifference curve must have the same utility, a
utility function is a way of assigning numbers to the different indifference
curves in a way that higher indifference curves get assigned larger num-
bers. Seen from this point of view a monotonic transformation is just a
relabeling of indifference curves. As long as indifference curves containing
more-preferred bundles get a larger label than indifference curves contain-
ing less-preferred bundles, the labeling will represent the same preferences.

4.1 Cardinal Utility

There are some theories of utility that attach a significance to the magni-
tude of utility. These are known as cardinal utility theories. In a theory
of cardinal utility, the size of the utility difference between two bundles of
goods is supposed to have some sort of significance.

We know how to tell whether a given person prefers one bundle of goods
to another: we simply offer him or her a choice between the two bundles
and see which one is chosen. Thus we know how to assign an ordinal utility
to the two bundles of goods: we just assign a higher utility to the chosen
bundle than to the rejected bundle. Any assignment that does this will be
a utility function. Thus we have an operational criterion for determining
whether one bundle has a higher utility than another bundle for some
individual.

But how do we tell if a person likes one bundle twice as much as another?
How could you even tell if you like one bundle twice as much as another?

One could propose various definitions for this kind of assignment: I like
one bundle twice as much as another if I am willing to pay twice as much
for it. Or, I like one bundle twice as much as another if I am willing to run
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twice as far to get it, or to wait twice as long, or to gamble for it at twice
the odds.

There is nothing wrong with any of these definitions; each one would
give rise to a way of assigning utility levels in which the magnitude of the
numbers assigned had some operational significance. But there isn’t much
right about them either. Although each of them is a possible interpretation
of what it means to want one thing twice as much as another, none of them
appears to be an especially compelling interpretation of that statement.

Even if we did find a way of assigning utility magnitudes that seemed
to be especially compelling, what good would it do us in describing choice
behavior? To tell whether one bundle or another will be chosen, we only
have to know which is preferred—which has the larger utility. Knowing
how much larger doesn’t add anything to our description of choice. Since
cardinal utility isn’t needed to describe choice behavior and there is no
compelling way to assign cardinal utilities anyway, we will stick with a
purely ordinal utility framework.

4.2 Constructing a Utility Function

But are we assured that there is any way to assign ordinal utilities? Given
a preference ordering can we always find a utility function that will order
bundles of goods in the same way as those preferences? Is there a utility
function that describes any reasonable preference ordering?

Not all kinds of preferences can be represented by a utility function.
For example, suppose that someone had intransitive preferences so that
A= B > C = A. Then a utility function for these preferences would have
to consist of numbers u(A), u(B), and u(C) such that u(A) > u(B) >
u(C) > u(A). But this is impossible.

However, if we rule out perverse cases like intransitive preferences, it
turns out that we will typically be able to find a utility function to represent
preferences. We will illustrate one construction here, and another one in
Chapter 14.

Suppose that we are given an indifference map as in Figure 4.2. We know
that a utility function is a way to label the indifference curves such that
higher indifference curves get larger numbers. How can we do this?

One easy way is to draw the diagonal line illustrated and label each
indifference curve with its distance from the origin measured along the
line.

How do we know that this is a utility function? It is not hard to see that
if preferences are monotonic then the line through the origin must intersect
every indifference curve exactly once. Thus every bundle is getting a label,
and those bundles on higher indifference curves are getting larger labels—
and that’s all it takes to be a utility function.
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Constructing a utility function from indifference curves.
Draw a diagonal line and label each indifference curve with how
far it is from the origin measured along the line.

This gives us one way to find a labeling of indifference curves, at least as
long as preferences are monotonic. This won’t always be the most natural
way in any given case, but at least it shows that the idea of an ordinal utility
function is pretty general: nearly any kind of “reasonable” preferences can
be represented by a utility function.

4.3 Some Examples of Utility Functions

In Chapter 3 we described some examples of preferences and the indiffer-
ence curves that represented them. We can also represent these preferences
by utility functions. If you are given a utility function, u(zq, z2), it is rel-
atively easy to draw the indifference curves: you just plot all the points
(z1,22) such that u(zq,z2) equals a constant. In mathematics, the set of
all (z1,x2) such that u(x1,z2) equals a constant is called a level set. For
each different value of the constant, you get a different indifference curve.

EXAMPLE: Indifference Curves from Utility

Suppose that the utility function is given by: u(x1,x2) = x122. What do
the indifference curves look like?

Figure
4.2
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We know that a typical indifference curve is just the set of all 1 and x5
such that & = x1x2 for some constant k. Solving for x5 as a function of x1,
we see that a typical indifference curve has the formula:

Ty = —.
T

This curve is depicted in Figure 4.3 for k =1,2,3---.

X2

Indifference
curves

)

X1

Indifference curves. The indifference curves k = wixo for
different values of k.

Let’s consider another example. Suppose that we were given a utility
function v(x1,22) = 2323, What do its indifference curves look like? By
the standard rules of algebra we know that:

v(z1,z2) = x%x% = (331352)2 = u(ml,x2)2.

Thus the utility function v(z1,z2) is just the square of the utility func-
tion u(x1,x2). Since u(x1,x2) cannot be negative, it follows that v(z, x2)
is a monotonic transformation of the previous utility function, u(z1,xs).
This means that the utility function v(z1,z2) = x323 has to have exactly
the same shaped indifference curves as those depicted in Figure 4.3. The
labeling of the indifference curves will be different—the labels that were
1,2,3,--- willnow be 1, 4,9, - - —but the set of bundles that has v(x1,z2) =
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9 is exactly the same as the set of bundles that has u(x1,22) = 3. Thus
v(x1,x2) describes exactly the same preferences as u(z1, x2) since it orders
all of the bundles in the same way.

Going the other direction—finding a utility function that represents some
indifference curves—is somewhat more difficult. There are two ways to
proceed. The first way is mathematical. Given the indifference curves, we
want to find a function that is constant along each indifference curve and
that assigns higher values to higher indifference curves.

The second way is a bit more intuitive. Given a description of the pref-
erences, we try to think about what the consumer is trying to maximize—
what combination of the goods describes the choice behavior of the con-
sumer. This may seem a little vague at the moment, but it will be more
meaningful after we discuss a few examples.

Perfect Substitutes

Remember the red pencil and blue pencil example? All that mattered to
the consumer was the total number of pencils. Thus it is natural to measure
utility by the total number of pencils. Therefore we provisionally pick the
utility function u(zq, 22) = x1+x2. Does this work? Just ask two things: is
this utility function constant along the indifference curves? Does it assign
a higher label to more-preferred bundles? The answer to both questions is
yes, so we have a utility function.

Of course, this isn’t the only utility function that we could use. We could
also use the square of the number of pencils. Thus the utility function
v(z1,22) = (21 + 22)% = 22 + 22175 + 23 will also represent the perfect-
substitutes preferences, as would any other monotonic transformation of
u(xy, x2).

What if the consumer is willing to substitute good 1 for good 2 at a rate
that is different from one-to-one? Suppose, for example, that the consumer
would require two units of good 2 to compensate him for giving up one unit
of good 1. This means that good 1 is twice as valuable to the consumer as
good 2. The utility function therefore takes the form u(zq,z2) = 2z + 2.
Note that this utility yields indifference curves with a slope of —2.

In general, preferences for perfect substitutes can be represented by a
utility function of the form

u(xy, o) = axy + brs.

Here a and b are some positive numbers that measure the “value” of goods
1 and 2 to the consumer. Note that the slope of a typical indifference curve
is given by —a/b.
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Perfect Complements

This is the left shoe-right shoe case. In these preferences the consumer only
cares about the number of pairs of shoes he has, so it is natural to choose
the number of pairs of shoes as the utility function. The number of complete
pairs of shoes that you have is the minimum of the number of right shoes
you have, 1, and the number of left shoes you have, x5. Thus the utility
function for perfect complements takes the form u(xy, z2) = min{z, x2}.

To verify that this utility function actually works, pick a bundle of goods
such as (10,10). If we add one more unit of good 1 we get (11,10),
which should leave us on the same indifference curve. Does it? Yes, since
min{10,10} = min{11,10} = 10.

So u(x1,xe) = min{xy, 22} is a possible utility function to describe per-
fect complements. As usual, any monotonic transformation would be suit-
able as well.

What about the case where the consumer wants to consume the goods
in some proportion other than one-to-one? For example, what about the
consumer who always uses 2 teaspoons of sugar with each cup of tea? If x;
is the number of cups of tea available and x5 is the number of teaspoons
of sugar available, then the number of correctly sweetened cups of tea will
be min{xz1, S22}

This is a little tricky so we should stop to think about it. If the number
of cups of tea is greater than half the number of teaspoons of sugar, then
we know that we won’t be able to put 2 teaspoons of sugar in each cup.
In this case, we will only end up with %xz correctly sweetened cups of tea.
(Substitute some numbers in for z; and x5 to convince yourself.)

Of course, any monotonic transformation of this utility function will
describe the same preferences. For example, we might want to multiply by
2 to get rid of the fraction. This gives us the utility function u(zq,z2) =
min{2x1, .1?2}.

In general, a utility function that describes perfect-complement prefer-
ences is given by

u(xy, xe) = min{axy, by},

where a and b are positive numbers that indicate the proportions in which
the goods are consumed.

Quasilinear Preferences

Here’s a shape of indifference curves that we haven’t seen before. Suppose
that a consumer has indifference curves that are vertical translates of one
another, as in Figure 4.4. This means that all of the indifference curves are
just vertically “shifted” versions of one indifference curve. It follows that
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the equation for an indifference curve takes the form xo = k —v(z1), where
k is a different constant for each indifference curve. This equation says that
the height of each indifference curve is some function of 1, —v(x1), plus a
constant k. Higher values of k give higher indifference curves. (The minus
sign is only a convention; we’ll see why it is convenient below.)

X

Indifference
curves

%)

Quasilinear preferences. FEach indifference curve is a verti-
cally shifted version of a single indifference curve.

The natural way to label indifference curves here is with k—roughly
speaking, the height of the indifference curve along the vertical axis. Solv-
ing for k and setting it equal to utility, we have

u(zy,x9) =k =v(x1) + 2.

In this case the utility function is linear in good 2, but (possibly) non-
linear in good 1; hence the name quasilinear utility, meaning “partly
linear” utility. Specific examples of quasilinear utility would be u(z1, z2) =
VZ1 + 2, or u(xy,x2) = Inxy + x2. Quasilinear utility functions are not
particularly realistic, but they are very easy to work with, as we’ll see in
several examples later on in the book.

Cobb-Douglas Preferences
Another commonly used utility function is the Cobb-Douglas utility func-
tion

u(zy, ) = x$ad,

Figure
4.4
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where ¢ and d are positive numbers that describe the preferences of the
consumer.?

The Cobb-Douglas utility function will be useful in several examples.
The preferences represented by the Cobb-Douglas utility function have the
general shape depicted in Figure 4.5. In Figure 4.5A, we have illustrated the
indifference curves for ¢ = 1/2, d = 1/2. In Figure 4.5B, we have illustrated
the indifference curves for ¢ = 1/5, d = 4/5. Note how different values of

the parameters ¢ and d lead to different shapes of the indifference curves.

X \ Xy

[

Xq

A c=1/2d=1/2 B c=1/5d=4/5

Cobb-Douglas indifference curves. Panel A shows the case
where ¢ = 1/2, d = 1/2 and panel B shows the case where
c=1/5d=4/5.

Cobb-Douglas indifference curves look just like the nice convex mono-
tonic indifference curves that we referred to as “well-behaved indifference
curves” in Chapter 3. Cobb-Douglas preferences are the standard exam-
ple of indifference curves that look well-behaved, and in fact the formula
describing them is about the simplest algebraic expression that generates
well-behaved preferences. We'll find Cobb-Douglas preferences quite useful
to present algebraic examples of the economic ideas we’ll study later.

Of course a monotonic transformation of the Cobb-Douglas utility func-
tion will represent exactly the same preferences, and it is useful to see a
couple of examples of these transformations.

2 Paul Douglas was a twentieth-century economist at the University of Chicago who
later became a U.S. senator. Charles Cobb was a mathematician at Amherst College.
The Cobb-Douglas functional form was originally used to study production behavior.
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First, if we take the natural log of utility, the product of the terms will
become a sum so that we have

v(xy,20) = In(2$2d) = clnxy + dInxy.

The indifference curves for this utility function will look just like the ones
for the first Cobb-Douglas function, since the logarithm is a monotonic
transformation. (For a brief review of natural logarithms, see the Mathe-
matical Appendix at the end of the book.)
For the second example, suppose that we start with the Cobb-Douglas
form
v(xy, xg) = 228,

Then raising utility to the 1/(c + d) power, we have

_c _d_
c+d c+d
xy ey
Now define a new number .
c+d

We can now write our utility function as

l—a

v(xy, x2) = xi Ty

This means that we can always take a monotonic transformation of the
Cobb-Douglas utility function that make the exponents sum to 1. This
will turn out to have a useful interpretation later on.

The Cobb-Douglas utility function can be expressed in a variety of ways;
you should learn to recognize them, as this family of preferences is very
useful for examples.

4.4 Marginal Utility

Consider a consumer who is consuming some bundle of goods, (z1,%3).
How does this consumer’s utility change as we give him or her a little more
of good 17 This rate of change is called the marginal utility with respect
to good 1. We write it as M U7 and think of it as being a ratio that measures
the rate of change in utility associated with a small change in the amount
of good 1, holding the amount of good 2 fixed.

As elsewhere in economics, “marginal” just means a derivative. So the
marginal utility of good 1 is just

MU =l 2@t A2, 2) —u(zy, 23) _ Ou(zy, 22)
1 Az, —0 A(El 81'1 .
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Note that we have used the partial derivative here, since the marginal
utility of good 1 is computed holding good 2 constant.

This definition implies that to calculate the change in utility associated
with a small change in consumption of good 1, we can just multiply the
change in consumption by the marginal utility of the good:

dU = MUldJ?l.
The marginal utility with respect to good 2 is defined in a similar manner:

MU, = lim u(l'th + A.’ﬂQ) — u(xl,xg) _ 8u(x17x2)'
Aa}g—)o AQ’,’Q 8.’1}2

Note that when we compute the marginal utility with respect to good 2 we
keep the amount of good 1 constant. We can calculate the change in utility
associated with a change in the consumption of good 2 by the formula

dU = MUQd.TQ.

It is important to realize that the magnitude of marginal utility depends
on the magnitude of utility. Thus it depends on the particular way that we
choose to measure utility. If we multiplied utility by 2, then marginal utility
would also be multiplied by 2. We would still have a perfectly valid utility
function in that it would represent the same preferences, but it would just
be scaled differently.

This means that marginal utility itself has no behavioral content. How
can we calculate marginal utility from a consumer’s choice behavior? We
can’t. Choice behavior only reveals information about the way a consumer
ranks different bundles of goods. Marginal utility depends on the partic-
ular utility function that we use to reflect the preference ordering and its
magnitude has no particular significance. However, it turns out that mar-
ginal utility can be used to calculate something that does have behavioral
content, as we will see in the next section.

4.5 Marginal Utility and MRS

A utility function wu(z1,22) can be used to measure the marginal rate of
substitution (MRS) defined in Chapter 3. Recall that the MRS measures
the slope of the indifference curve at a given bundle of goods; it can be
interpreted as the rate at which a consumer is just willing to substitute a
small amount of good 2 for good 1.

The algebraic sign of the MRS is negative: if you get more of good 1 you
have to get less of good 2 in order to keep the same level of utility. However,
it gets very tedious to keep track of that pesky minus sign, so economists
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often refer to the MRS by its absolute value—that is, as a positive number.
We'll follow this convention as long as no confusion will result.

We can formally derive the MRS in two ways: first by using differentials,
and second by using implicit functions.

For the first method, we consider making a change (dz1,dxs) that keeps
utility constant. So we want
_ 8u(w1,x2)dxl n 8u(x1,x2)dx2 _o

6.2?1 8$2

The first term measures the increase in utility from the small change dzq,
and the second term measures the increase in utility from the small change
dxs. We want to pick these changes so that the total change in utility, du,
is zero. Solving for dzo/dz, gives us

@ B 78u(x1,x2)/3:171
dry  Ou(wy,x)/0zs

du

As for the second method, we now think of the indifference curve as being
described by a function xa(x1). That is, for each value of 1, the function
2o(x1) tells us how much x5 we need to get on that specific indifference
curve. Thus the function x5 (1) has to satisfy the identity

u(xy, xa(x1)) = K,

where k is the utility label of the indifference curve in question.
We can differentiate both sides of this identity with respect to x; to get

=0.

ou(xy, x2) n ou(xy, o) 0xo(x1)
axl 6952 81‘1

Notice that z; occurs in two places in this identity, so changing z; will
change the function in two ways, and we have to take the derivative at
each place that z; appears.

We then solve this equation for dzg(z1)/dz1 to find

Oxo(x1)  Ou(wy,72)/014

0x, _au($17$2)/8$2’

just as we had before.

The implicit function method is a little more rigorous, but the differential
method is more direct, as long as you don’t do something silly.

Suppose that we take a monotonic transformation of a utility function,
say, v(x1,22) = f(u(z1,22)). Let’s calculate the MRS for this utility func-
tion. Using the chain rule

Ov/O0xy  Of/0u Ou/Oxy

ov/dxry  Of/Ou Oudx,
ou/0x,

_au/a@

MRS = —
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since the df/Ju term cancels out from both the numerator and denomina-
tor. This shows that the MRS is independent of the utility representation.

This gives a useful way to recognize preferences that are represented by
different utility functions: given two utility functions, just compute the
marginal rates of substitution and see if they are the same. If they are,
then the two utility functions have the same indifference curves. If the
direction of increasing preference is the same for each utility function, then
the underlying preferences must be the same.

Now here is the interesting thing about the MRS calculation: the MRS
can be measured by observing a person’s actual behavior—we find that
rate of exchange where he or she is just willing to stay put, as described in
Chapter 3.

The utility function, and therefore the marginal utility function, is not
uniquely determined. Any monotonic transformation of a utility function
leaves you with another equally valid utility function. Thus, if we multiply
utility by 2, for example, the marginal utility is multiplied by 2. Thus the
magnitude of the marginal utility function depends on the choice of utility
function, which is arbitrary. It doesn’t depend on behavior alone; instead
it depends on the utility function that we use to describe behavior.

But the ratio of marginal utilities gives us an observable magnitude—
namely the marginal rate of substitution. The ratio of marginal utilities
is independent of the particular transformation of the utility function you
choose to use. Look at what happens if you multiply utility by 2. The
MRS becomes

2M U,

MRS = ~5MT,

The 2s just cancel out, so the MRS remains the same.

The same sort of thing occurs when we take any monotonic transforma-
tion of a utility function. Taking a monotonic transformation is just rela-
beling the indifference curves, and the calculation for the MRS described
above is concerned with moving along a given indifference curve. Even
though the marginal utilities are changed by monotonic transformations,
the ratio of marginal utilities is independent of the particular way chosen
to represent the preferences.

EXAMPLE: Cobb-Douglas Preferences

The MRS for Cobb-Douglas preferences is easy to calculate by using the
formula derived above.
If we choose the log representation where

u(zy,2) = clnzy + dlnwo,
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then we have
Ou(xy,xe) /021
ou(zxy, ) /0xs
_c/z

d/xg

C To

d.’E1.

MRS = —

Note that the MRS only depends on the ratio of the two parameters and
the quantity of the two goods in this case.
What if we choose the exponent representation where

u(zy, xg) = 25xd?

Then we have
ou(xy,x2)/0x,
ou(xy,xe)/Oxs

c—1 _.d
_cwy

d—1
2

MRS = —

dx§x

CXo

dx 1 ’
which is the same as we had before. Of course you knew all along that a
monotonic transformation couldn’t change the marginal rate of substitu-
tion!

4.6 Utility for Commuting

Utility functions are basically ways of describing choice behavior: if a bun-
dle of goods X is chosen when a bundle of goods Y is available, then X
must have a higher utility than Y. By examining choices consumers make
we can estimate a utility function to describe their behavior.

This idea has been widely applied in the field of transportation economics
to study consumers’ commuting behavior. In most large cities commuters
have a choice between taking public transit or driving to work. Each of
these alternatives can be thought of as representing a bundle of different
characteristics: travel time, waiting time, out-of-pocket costs, comfort, con-
venience, and so on. We could let z1 be the amount of travel time involved
in each kind of transportation, xo the amount of waiting time for each kind,
and so on.

If (z1,229,...,2,) represents the values of n different characteristics of
driving, say, and (y1,y2, . - ., yn) represents the values of taking the bus, we
can consider a model where the consumer decides to drive or take the bus
depending on whether he prefers one bundle of characteristics to the other.
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More specifically, let us suppose that the average consumer’s preferences
for characteristics can be represented by a utility function of the form

U($1,$2,...7xn) :ﬁlfl +ﬁ2x2+"'+5nxna

where the coefficients (1,32, and so on are unknown parameters. Any
monotonic transformation of this utility function would describe the choice
behavior equally well, of course, but the linear form is especially easy to
work with from a statistical point of view.

Suppose now that we observe a number of similar consumers making
choices between driving and taking the bus based on the particular pattern
of commute times, costs, and so on that they face. There are statistical
techniques that can be used to find the values of the coefficients (3; for ¢ =
1,...,n that best fit the observed pattern of choices by a set of consumers.
These statistical techniques give a way to estimate the utility function for
different transportation modes.

One study reports a utility function that had the form?

UTW, TT,C) = —0.147TW — 0.0411TT — 2.24C, (4.1)

where

TW = total walking time to and from bus or car
TT = total time of trip in minutes
C = total cost of trip in dollars

The estimated utility function in the Domenich-McFadden book correctly
described the choice between auto and bus transport for 93 percent of the
households in their sample.

The coefficients on the variables in Equation (4.1) describe the weight
that an average household places on the various characteristics of their
commuting trips; that is, the marginal utility of each characteristic. The
ratio of one coefficient to another measures the marginal rate of substitu-
tion between one characteristic and another. For example, the ratio of the
marginal utility of walking time to the marginal utility of total time indi-
cates that walking time is viewed as being roughly 3 times as onerous as
travel time by the average consumer. In other words, the consumer would
be willing to substitute 3 minutes of additional travel time to save 1 minute
of walking time.

3 See Thomas Domenich and Daniel McFadden, Urban Travel Demand (North-Holland
Publishing Company, 1975). The estimation procedure in this book also incorporated
various demographic characteristics of the households in addition to the purely eco-
nomic variables described here. Daniel McFadden was awarded the Nobel Prize in
economics in 2000 for his work in developing techniques to estimate models of this
sort.
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Similarly, the ratio of cost to travel time indicates the average consumer’s
tradeoff between these two variables. In this study, the average commuter
valued a minute of commute time at 0.0411/2.24 = 0.0183 dollars per
minute, which is $1.10 per hour. For comparison, the hourly wage for the
average commuter in 1967, the year of the study, was about $2.85 an hour.

Such estimated utility functions can be very valuable for determining
whether or not it is worthwhile to make some change in the public trans-
portation system. For example, in the above utility function one of the
significant factors explaining mode choice is the time involved in taking
the trip. The city transit authority can, at some cost, add more buses to
reduce this travel time. But will the number of extra riders warrant the
increased expense?

Given a utility function and a sample of consumers we can forecast which
consumers will drive and which consumers will choose to take the bus. This
will give us some idea as to whether the revenue will be sufficient to cover
the extra cost.

Furthermore, we can use the marginal rate of substitution to estimate
the value that each consumer places on the reduced travel time. We saw
above that in the Domenich-McFadden study the average commuter in
1967 valued commute time at a rate of $1.10 per hour. Thus the commuter
should be willing to pay about $0.37 to cut 20 minutes from his or her
trip. This number gives us a measure of the dollar benefit of providing
more timely bus service. This benefit must be compared to the cost of
providing more timely bus service in order to determine if such provision
is worthwhile. Having a quantitative measure of benefit will certainly be
helpful in making a rational decision about transport policy.

Summary

1. A utility function is simply a way to represent or summarize a prefer-
ence ordering. The numerical magnitudes of utility levels have no intrinsic
meaning.

2. Thus, given any one utility function, any monotonic transformation of
it will represent the same preferences.

3. The marginal rate of substitution, MRS, can be calculated from the
utility function via the formula MRS = Az /Axy = —MU; /MUs.

REVIEW QUESTIONS

1. The text said that raising a number to an odd power was a monotonic
transformation. What about raising a number to an even power? Is this a
monotonic transformation? (Hint: consider the case f(u) = u?.)
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2. Which of the following are monotonic transformations? (1) v = 2v —13;
(2) u=—1/v% 3) u=1/v% (4) u = Inv; (5) u = —e¥; (6) u = v%
(7) u = v? for v > 0; (8) u = v? for v < 0.

3. We claimed in the text that if preferences were monotonic, then a diag-
onal line through the origin would intersect each indifference curve exactly
once. Can you prove this rigorously? (Hint: what would happen if it
intersected some indifference curve twice?)

4. What kind of preferences are represented by a utility function of the
form w(xzq,z2) = /21 + 227 What about the utility function v(zy,z2) =
13z; + 13227

5. What kind of preferences are represented by a utility function of the form
u(xy,x2) = x1 + /72?7 Is the utility function v(xy, x9) = 2% +221\/Z2 + T2
a monotonic transformation of u(xy,z2)?

6. Consider the utility function u(zi,22) = \/T1z2. What kind of pref-
erences does it represent? Is the function v(z1,22) = 2322 a monotonic
transformation of u(z1,22)? Is the function w(zy, x2) = r223 a monotonic
transformation of u(xy,x2)?

7. Can you explain why taking a monotonic transformation of a utility
function doesn’t change the marginal rate of substitution?



CHAPTER 5

CHOICE

In this chapter we will put together the budget set and the theory of prefer-
ences in order to examine the optimal choice of consumers. We said earlier
that the economic model of consumer choice is that people choose the best
bundle they can afford. We can now rephrase this in terms that sound more
professional by saying that “consumers choose the most preferred bundle
from their budget sets.”

5.1 Optimal Choice

A typical case is illustrated in Figure 5.1. Here we have drawn the budget
set and several of the consumer’s indifference curves on the same diagram.
We want to find the bundle in the budget set that is on the highest indif-
ference curve. Since preferences are well-behaved, so that more is preferred
to less, we can restrict our attention to bundles of goods that lie on the
budget line and not worry about those beneath the budget line.

Now simply start at the right-hand corner of the budget line and move to
the left. As we move along the budget line we note that we are moving to
higher and higher indifference curves. We stop when we get to the highest
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indifference curve that just touches the budget line. In the diagram, the
bundle of goods that is associated with the highest indifference curve that
just touches the budget line is labeled (z7,x3).

The choice (z7,z%) is an optimal choice for the consumer. The set
of bundles that she prefers to (z7, 25)—the set of bundles above her indif-
ference curve—doesn’t intersect the bundles she can afford—the bundles
beneath her budget line. Thus the bundle (x7,x3%) is the best bundle that
the consumer can afford.

X2

Indifference
curves

Optimal
choice

*
X &

Optimal choice. The optimal consumption position is where
the indifference curve is tangent to the budget line.

Note an important feature of this optimal bundle: at this choice, the
indifference curve is tangent to the budget line. If you think about it a
moment you’ll see that this has to be the case: if the indifference curve
weren’t tangent, it would cross the budget line, and if it crossed the budget
line, there would be some nearby point on the budget line that lies above
the indifference curve—which means that we couldn’t have started at an
optimal bundle.
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Does this tangency condition really have to hold at an optimal choice?
Well, it doesn’t hold in all cases, but it does hold for most interesting cases.
What is always true is that at the optimal point the indifference curve can’t
cross the budget line. So when does “not crossing” imply tangent? Let’s
look at the exceptions first.

First, the indifference curve might not have a tangent line, as in Fig-
ure 5.2. Here the indifference curve has a kink at the optimal choice, and
a tangent just isn’t defined, since the mathematical definition of a tangent
requires that there be a unique tangent line at each point. This case doesn’t
have much economic significance—it is more of a nuisance than anything
else.

2%9)

Indifference
curves

*
xXjfF-——---

Budget line

X1

Kinky tastes. Here is an optimal consumption bundle where Figure
the indifference curve doesn’t have a tangent. 5.2

The second exception is more interesting. Suppose that the optimal
point occurs where the consumption of some good is zero as in Figure 5.3.
Then the slope of the indifference curve and the slope of the budget line
are different, but the indifference curve still doesn’t cross the budget line.
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We say that Figure 5.3 represents a boundary optimum, while a case
like Figure 5.1 represents an interior optimum.

If we are willing to rule out “kinky tastes” we can forget about the
example given in Figure 5.2.1 And if we are willing to restrict ourselves only
to interior optima, we can rule out the other example. If we have an interior
optimum with smooth indifference curves, the slope of the indifference curve
and the slope of the budget line must be the same ... because if they were
different the indifference curve would cross the budget line, and we couldn’t
be at the optimal point.

X2

Indifference
curves

Budget
line

X X1

Boundary optimum. The optimal consumption involves con-
suming zero units of good 2. The indifference curve is not tan-
gent to the budget line.

We've found a necessary condition that the optimal choice must satisfy.
If the optimal choice involves consuming some of both goods—so that it is
an interior optimum—then necessarily the indifference curve will be tangent
to the budget line. But is the tangency condition a sufficient condition for
a bundle to be optimal? If we find a bundle where the indifference curve
is tangent to the budget line, can we be sure we have an optimal choice?

Look at Figure 5.4. Here we have three bundles where the tangency
condition is satisfied, all of them interior, but only two of them are optimal.

1 Otherwise, this book might get an R rating.



OPTIMAL CHOICE 77

So in general, the tangency condition is only a necessary condition for
optimality, not a sufficient condition.

X2

Indifference
curves

Optimal
bundles

Nonoptimal
bundle

Budget line

2

More than one tangency. Here there are three tangencies,
but only two optimal points, so the tangency condition is nec-
essary but not sufficient.

However, there is one important case where it is sufficient: the case
of convex preferences. In the case of convex preferences, any point that
satisfies the tangency condition must be an optimal point. This is clear
geometrically: since convex indifference curves must curve away from the
budget line, they can’t bend back to touch it again.

Figure 5.4 also shows us that in general there may be more than one
optimal bundle that satisfies the tangency condition. However, again con-
vexity implies a restriction. If the indifference curves are strictly convex—
they don’t have any flat spots—then there will be only one optimal choice
on each budget line. Although this can be shown mathematically, it is also
quite plausible from looking at the figure.

The condition that the MRS must equal the slope of the budget line at
an interior optimum is obvious graphically, but what does it mean econom-
ically? Recall that one of our interpretations of the MRS is that it is that
rate of exchange at which the consumer is just willing to stay put. Well,
the market is offering a rate of exchange to the consumer of —p;/po—if

Figure
5.4
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you give up one unit of good 1, you can buy p;/ps units of good 2. If the
consumer is at a consumption bundle where he or she is willing to stay put,
it must be one where the MRS is equal to this rate of exchange:

MRS = — 2L,

D2

Another way to think about this is to imagine what would happen if the
MRS were different from the price ratio. Suppose, for example, that the
MRS is Azg/Axz; = —1/2 and the price ratio is 1/1. Then this means the
consumer is just willing to give up 2 units of good 1 in order to get 1 unit of
good 2—but the market is willing to exchange them on a one-to-one basis.
Thus the consumer would certainly be willing to give up some of good 1 in
order to purchase a little more of good 2. Whenever the MRS is different
from the price ratio, the consumer cannot be at his or her optimal choice.

5.2 Consumer Demand

The optimal choice of goods 1 and 2 at some set of prices and income is
called the consumer’s demanded bundle. In general when prices and
income change, the consumer’s optimal choice will change. The demand
function is the function that relates the optimal choice—the quantities
demanded—to the different values of prices and incomes.

We will write the demand functions as depending on both prices and
income: x1(p1,p2, m) and xa(p1, p2, m). For each different set of prices and
income, there will be a different combination of goods that is the optimal
choice of the consumer. Different preferences will lead to different demand
functions; we’ll see some examples shortly. Our major goal in the next
few chapters is to study the behavior of these demand functions—how the
optimal choices change as prices and income change.

5.3 Some Examples

Let us apply the model of consumer choice we have developed to the exam-
ples of preferences described in Chapter 3. The basic procedure will be the
same for each example: plot the indifference curves and budget line and
find the point where the highest indifference curve touches the budget line.

Perfect Substitutes
The case of perfect substitutes is illustrated in Figure 5.5. We have three

possible cases. If po > p1, then the slope of the budget line is flatter than
the slope of the indifference curves. In this case, the optimal bundle is
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where the consumer spends all of his or her money on good 1. If p; > po,
then the consumer purchases only good 2. Finally, if p; = po, there is a
whole range of optimal choices—any amount of goods 1 and 2 that satisfies
the budget constraint is optimal in this case. Thus the demand function
for good 1 will be

m/p1 when p; < po;
21 = ¢ any number between 0 and m/p; when p; = po;
0 when p; > po.

Are these results consistent with common sense? All they say is that
if two goods are perfect substitutes, then a consumer will purchase the
cheaper one. If both goods have the same price, then the consumer doesn’t
care which one he or she purchases.

X2

Indifference
curves

Slope = -1

Budget line

Optimal choice

x{=m/p, %

Optimal choice with perfect substitutes. If the goods are
perfect substitutes, the optimal choice will usually be on the
boundary.

Perfect Complements

The case of perfect complements is illustrated in Figure 5.6. Note that
the optimal choice must always lie on the diagonal, where the consumer is
purchasing equal amounts of both goods, no matter what the prices are.

Figure
5.5
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In terms of our example, this says that people with two feet buy shoes in
pairs.?

Let us solve for the optimal choice algebraically. We know that this
consumer is purchasing the same amount of good 1 and good 2, no matter
what the prices. Let this amount be denoted by x. Then we have to satisfy
the budget constraint

P1T + pox = m.
Solving for x gives us the optimal choices of goods 1 and 2:

m
p1+Dp2

T =Xy =T =

The demand function for the optimal choice here is quite intuitive. Since
the two goods are always consumed together, it is just as if the consumer
were spending all of her money on a single good that had a price of p; + po.

Xy

Indifference
curves

Optimal choice

Budget line

*
X Xq

Optimal choice with perfect complements. If the goods
are perfect complements, the quantities demanded will always
lie on the diagonal since the optimal choice occurs where
equals zs.

2 , , .
< Don’t worry, we’ll get some more exciting results later on.
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X2 Xy

Optimal choice Budget line

N
N
N

Budget line Optimal choice
N
& . _
B
.__
e
.\\\
B
1 1 1
1 2 30X 1 2 30X
A Zero units demanded B 1 unit demanded

Discrete goods. In panel A the demand for good 1 is zero,
while in panel B one unit will be demanded.

Neutrals and Bads

In the case of a neutral good the consumer spends all of her money on the
good she likes and doesn’t purchase any of the neutral good. The same
thing happens if one commodity is a bad. Thus, if commodity 1 is a good
and commodity 2 is a bad, then the demand functions will be

m
xry = —
P
xQZO.

Discrete Goods

Suppose that good 1 is a discrete good that is available only in integer
units, while good 2 is money to be spent on everything else. If the con-
sumer chooses 1,2,3,--- units of good 1, she will implicitly choose the
consumption bundles (1,m —p1), (2, m —2p1), (3, m —3p1), and so on. We
can simply compare the utility of each of these bundles to see which has
the highest utility.

Alternatively, we can use the indifference-curve analysis in Figure 5.7. As
usual, the optimal bundle is the one on the highest indifference “curve.” If
the price of good 1 is very high, then the consumer will choose zero units
of consumption; as the price decreases the consumer will find it optimal to
consume 1 unit of the good. Typically, as the price decreases further the
consumer will choose to consume more units of good 1.

Figure
5.7
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Concave Preferences

Consider the situation illustrated in Figure 5.8. Is X the optimal choice?
No! The optimal choice for these preferences is always going to be a bound-
ary choice, like bundle Z. Think of what nonconvex preferences mean. If
you have money to purchase ice cream and olives, and you don’t like to
consume them together, you’ll spend all of your money on one or the other.

X

Indifference
curves

Nonoptimal
choice

Optimal
choice

Z X1
Figure Optimal choice with concave preferences. The optimal
5.8 choice is the boundary point, Z, not the interior tangency point,

X, because Z lies on a higher indifference curve.

Solving the Preference Maximization Problem

It is very useful to be able to solve the preference-maximization problem
and get algebraic examples of actual demand functions.

First, we will generally want to represent the consumer’s preferences by
a utility function, u(z1, z2). We've seen in Chapter 4 that this is not a very
restrictive assumption; most well-behaved preferences can be described by
a utility function.
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The first thing to observe is that we already know how to solve the
optimal-choice problem. We just have to put together the facts that we
learned in the last three chapters. We know from this chapter that an
optimal choice (1, 22) must satisfy the condition

_h

MRS(Z‘l,Jfg) = 5 (51)
P2

and we saw in Chapter 4 that the MRS can be expressed as the negative
of the ratio of derivatives of the utility function. Making this substitution
and cancelling the minus signs, we have

Ou(x1,22)/0x1 _ p1

ou(xy,x2)/0x2  po’ (5.2)

From Chapter 2 we know that the optimal choice must also satisfy the
budget constraint
P1T1 + Paxa = M. (5.3)

This gives us two equations—the MRS condition and the budget constraint—
and two unknowns, x; and zo. All we have to do is to solve these two
equations to find the optimal choices of 1 and x5 as a function of the
prices and income. There are a number of ways to solve two equations in
two unknowns. One way that always works, although it might not always
be the simplest, is to solve the budget constraint for one of the choices, and
then substitute that into the MRS condition.

Rewriting the budget constraint, we have

m N

T9g = — — —I1 (54)
b2 P2

and substituting this into equation (5.2) we get

ou(xzy,m/pz — (p1/p2)x1)/0x1 P2

u(zi,m/ps — (p1/p2)x1)/dx2  p2’

This rather formidable looking expression has only one unknown variable,
21, and it can typically be solved for x; in terms of (p1,p2, m). Then the
budget constraint yields the solution for x5 as a function of prices and
income.

We can also derive the solution to the utility maximization problem in
a more systematic way, using calculus conditions for maximization. To
do this, we first pose the utility maximization problem as a constrained
maximization problem:

max u(xy, T2)

Z1,T2

such that p1x1 + paxe = m.
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This problem asks that we choose values of x7 and x5 that do two things:
first, they have to satisfy the constraint, and second, they give a larger value
for u(x1,x9) than any other values of 21 and x5 that satisfy the constraint.

There are two useful ways to solve this kind of problem. The first way is
simply to solve the constraint for one of the variables in terms of the other
and then substitute it into the objective function.

For example, for any given value of x1, the amount of x5 that we need
to satisfy the budget constraint is given by the linear function

$2(l‘1) = — — —XI7. (55)

Now substitute zo(x1) for xs in the utility function to get the uncon-
strained maximization problem

max u(x1, m/ps — (p1/p2)x1).
T1

This is an unconstrained maximization problem in x; alone, since we have
used the function xo(z1) to ensure that the value of x5 will always satisfy
the budget constraint, whatever the value of x is.

We can solve this kind of problem just by differentiating with respect to
1 and setting the result equal to zero in the usual way. This procedure
will give us a first-order condition of the form

ou(xy, z2(x1)) n Ou(w1, v2(71)) dxo

8x1 8362 diEl =0 <56)

Here the first term is the direct effect of how increasing z; increases
utility. The second term consists of two parts: the rate of increase of
utility as zo increases, du/dxo, times dxs/dzy, the rate of increase of x5 as
21 increases in order to continue to satisfy the budget equation. We can
differentiate (5.5) to calculate this latter derivative

dry
dx, P2

Substituting this into (5.6) gives us

ou(xy,x3)/0x _n
Ou(z},23)/0x2  p2’

which just says that the marginal rate of substitution between z; and x»
must equal the price ratio at the optimal choice (27, x5). This is exactly
the condition we derived above: the slope of the indifference curve must
equal the slope of the budget line. Of course the optimal choice must also
satisfy the budget constraint pyx] + paxs = m, which again gives us two
equations in two unknowns.
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The second way that these problems can be solved is through the use
of Lagrange multipliers. This method starts by defining an auxiliary
function known as the Lagrangian:

L = u(zy,72) — A(p171 + p2v2 — m).

The new variable A is called a Lagrange multiplier since it is multiplied
by the constraint.> Then Lagrange’s theorem says that an optimal choice
(7, 25) must satisfy the three first-order conditions

OL  Ou(xy,x3)

om - on =0
oL ou(xy, x3) B
31‘2 - 3%2 /\p2 =0
oL

) = p1x] + paxy —m = 0.

There are several interesting things about these three equations. First,
note that they are simply the derivatives of the Lagrangian with respect to
T1, T, and A, each set equal to zero. The last derivative, with respect to
A, is just the budget constraint. Second, we now have three equations for
the three unknowns, x1, x2, and \. We have a hope of solving for z; and
o in terms of py, po, and m.

Lagrange’s theorem is proved in any advanced calculus book. It is used
quite extensively in advanced economics courses, but for our purposes we
only need to know the statement of the theorem and how to use it.

In our particular case, it is worthwhile noting that if we divide the first
condition by the second one, we get

ou(xy,x3)/0x1 _n
ou(zy, xs) /0y po’

which simply says the MRS must equal the price ratio, just as before.
The budget constraint gives us the other equation, so we are back to two
equations in two unknowns.

Cobb-Douglas Preferences

In Chapter 4 we introduced the Cobb-Douglas utility function

u(zy, x9) = x5xd.

3 The Greek letter \ is pronounced “lamb-da.”
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Since utility functions are only defined up to a monotonic transformation,
it is convenient to take logs of this expression and work with

Inu(xzy,x2) = clnxy + dlnas.

Let’s find the demand functions for z; and xs for the Cobb-Douglas
utility function. The problem we want to solve is

max clnxy + dlnxs
T1,T2

such that p1x1 + paxe = m.

There are at least three ways to solve this problem. One way is just
to write down the MRS condition and the budget constraint. Using the
expression for the MRS derived in Chapter 4, we have

crs _pu

dxy P2
P1T1 + P2y = M.

These are two equations in two unknowns that can be solved for the optimal
choice of z1 and z5. One way to solve them is to substitute the second into
the first to get

c(m/p2 —zip1/p2) p1

dx, D2

Cross multiplying gives
c(m —x1p1) = dpray.
Rearranging this equation gives
em = (c+ d)p1ay

or

__¢c m

c+dp’

This is the demand function for x;. To find the demand function for xs,
substitute into the budget constraint to get

m pp ¢ m

Loy = — — — —
P2 p2ct+dp:
_dm
S ctdpy

The second way is to substitute the budget constraint into the maxi-
mization problem at the beginning. If we do this, our problem becomes

max clnzy + dIn(m/py — x1p1/p2).
1
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The first-order condition for this problem is

€ gD b

X m —pi1T1 P2

=0.

A little algebra—which you should do!—gives us the solution

¢ om
c+dp’

Substitute this back into the budget constraint xe = m/ps — x1p1/ps2 to
get
o d m
ct+dpy
These are the demand functions for the two goods, which, happily, are the
same as those derived earlier by the other method.
Now for Lagrange’s method. Set up the Lagrangian

L=clnz; +dlnze — A(p121 + paxa — m)

and differentiate to get the three first-order conditions

oL

_— = — — )\ =

8.T1 T P

oL

- = >\ =

6332 X9 P2

o - i + pa2ro —m = 0.

Now the trick is to solve them! The best way to proceed is to first solve
for A and then for x; and x5. So we rearrange and cross multiply the first
two equations to get

c= Ap171

d = Apaxs.

These equations are just asking to be added together:
c+d=\Np171 + p2x2) = Am,

which gives us
A= otd
m

Substitute this back into the first two equations and solve for x; and x5 to
get

c m
T = —
! c+dpy
d m

- c+dpsy’
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just as before. The Cobb-Douglas preferences have a convenient property.
Consider the fraction of his income that a Cobb-Douglas consumer spends
on good 1. If he consumes z; units of good 1, this costs him pyz1, so this
represents a fraction pjzq/m of total income. Substituting the demand
function for xz; we have

pizy _p ¢ om ¢
m me+dp, c+d

Similarly the fraction of his income that the consumer spends on good 2 is
d/(c+d).

Thus the Cobb-Douglas consumer always spends a fixed fraction of his
income on each good. The size of the fraction is determined by the exponent
in the Cobb-Douglas function.

This is why it is often convenient to choose a representation of the Cobb-
Douglas utility function in which the exponents sum to 1. If u(zq,22) =
x¢x3 ™%, then we can immediately interpret a as the fraction of income spent
on good 1. For this reason we will usually write Cobb-Douglas preferences
in this form. Because of the convenient properties of Cobb-Douglas pref-
erences, they are often used in algebraic examples, so you should probably
memorize the Cobb-Douglas demand functions.

5.4 Estimating Utility Functions

We've now seen several different forms for preferences and utility functions
and have examined the kinds of demand behavior generated by these pref-
erences. But in real life we usually have to work the other way around: we
observe demand behavior, but our problem is to determine what kind of
preferences generated the observed behavior.

For example, suppose that we observe a consumer’s choices at several
different prices and income levels. An example is depicted in Table 5.1.
This is a table of the demand for two goods at the different levels of prices
and incomes that prevailed in different years. We have also computed
the share of income spent on each good in each year using the formulas
s1 = prx1/m and sy = paxa/m.

For these data, the expenditure shares are relatively constant. There are
small variations from observation to observation, but they probably aren’t
large enough to worry about. The average expenditure share for good 1 is
about 1/4, and the average income share for good 2 is about 3/4. It appears

that a utility function of the form w(xi,z9) = x%mg seems to fit these
data pretty well. That is, a utility function of this form would generate
choice behavior that is pretty close to the observed choice behavior. For
convenience we have calculated the utility associated with each observation
using this estimated Cobb-Douglas utility function.
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Some data describing consumption behavior.

Year |p1|p2| m | z1 | x2 | s1 | s2 | Utility
1 1| 11]100 25| 75 |.25 |.75 57.0
2 1 ]2 {100 241 38 |.24 |.76 33.9
3 2 | 1100 13| 74 .26 |.74 47.9
4 1|2 1]200 48| 76 |.24 |.76 67.8
5 |2 | 11]200 | 25|150 [.25 .75 | 95.8
6 1 |4 (400 [100| 75 [.25 .75 | 80.6
7 4 |1 ]400 241304 |.24 |.76 | 161.1

As far as we can tell from the observed behavior 1t appears as though the

consumer is maximizing the function u(xl, T2) = 1:1 :1:2 It may well be that
further observations on the consumer’s behavior would lead us to reject this
hypothesis. But based on the data we have, the fit to the optimizing model
is pretty good.

This has very important implications, since we can now use this “fitted”
utility function to evaluate the impact of proposed policy changes. Suppose,
for example, that the government was contemplating imposing a system of
taxes that would result in this consumer facing prices (2, 3) and having an
income of 200. According to our estimates, the demanded bundle at these

prices would be
1200

=2

Tr1 = 4 2 5
3200

Ty = 4 3 = 50.

The estimated utility of this bundle is
u(zy,x2) = 255507 ~ 42.

This means that the new tax policy would make the consumer better off
than he was in year 2, but worse off than he was in year 3. Thus we can use
the observed choice behavior to value the implications of proposed policy
changes on this consumer.

Since this is such an important idea in economics, let us review the
logic one more time. Given some observations on choice behavior, we try
to determine what, if anything, is being maximized. Once we have an
estimate of what it is that is being maximized, we can use this both to
predict choice behavior in new situations and to evaluate proposed changes
in the economic environment.

Of course we have described a very simple situation. In reality, we nor-
mally don’t have detailed data on individual consumption choices. But we
often have data on groups of individuals—teenagers, middle-class house-
holds, elderly people, and so on. These groups may have different prefer-
ences for different goods that are reflected in their patterns of consumption

Table
5.1
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expenditure. We can estimate a utility function that describes their con-
sumption patterns and then use this estimated utility function to forecast
demand and evaluate policy proposals.

In the simple example described above, it was apparent that income
shares were relatively constant so that the Cobb-Douglas utility function
would give us a pretty good fit. In other cases, a more complicated form
for the utility function would be appropriate. The calculations may then
become messier, and we may need to use a computer for the estimation,
but the essential idea of the procedure is the same.

5.5 Implications of the MRS Condition

In the last section we examined the important idea that observation of de-
mand behavior tells us important things about the underlying preferences
of the consumers that generated that behavior. Given sufficient observa-
tions on consumer choices it will often be possible to estimate the utility
function that generated those choices.

But even observing one consumer choice at one set of prices will allow
us to make some kinds of useful inferences about how consumer utility will
change when consumption changes. Let us see how this works.

In well-organized markets, it is typical that everyone faces roughly the
same prices for goods. Take, for example, two goods like butter and milk.
If everyone faces the same prices for butter and milk, and everyone is
optimizing, and everyone is at an interior solution ... then everyone must
have the same marginal rate of substitution for butter and milk.

This follows directly from the analysis given above. The market is offer-
ing everyone the same rate of exchange for butter and milk, and everyone
is adjusting their consumption of the goods until their own “internal” mar-
ginal valuation of the two goods equals the market’s “external” valuation
of the two goods.

Now the interesting thing about this statement is that it is independent
of income and tastes. People may value their total consumption of the two
goods very differently. Some people may be consuming a lot of butter and
a little milk, and some may be doing the reverse. Some wealthy people
may be consuming a lot of milk and a lot of butter while other people may
be consuming just a little of each good. But everyone who is consuming
the two goods must have the same marginal rate of substitution. Everyone
who is consuming the goods must agree on how much one is worth in terms
of the other: how much of one they would be willing to sacrifice to get some
more of the other.

The fact that price ratios measure marginal rates of substitution is very
important, for it means that we have a way to value possible changes in
consumption bundles. Suppose, for example, that the price of milk is $1
a quart and the price of butter is $2 a pound. Then the marginal rate of
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substitution for all people who consume milk and butter must be 2: they
have to have 2 quarts of milk to compensate them for giving up 1 pound
of butter. Or conversely, they have to have 1 pound of butter to make
it worth their while to give up 2 quarts of milk. Hence everyone who is
consuming both goods will value a marginal change in consumption in the
same way.

Now suppose that an inventor discovers a new way of turning milk into
butter: for every 3 quarts of milk poured into this machine, you get out
1 pound of butter, and no other useful byproducts. Question: is there
a market for this device? Answer: the venture capitalists won’t beat a
path to his door, that’s for sure. For everyone is already operating at a
point where they are just willing to trade 2 quarts of milk for 1 pound
of butter; why would they be willing to substitute 3 quarts of milk for 1
pound of butter? The answer is they wouldn’t; this invention isn’t worth
anything.

But what would happen if he got it to run in reverse so he could dump
in a pound of butter get out 3 quarts of milk? Is there a market for this
device? Answer: yes! The market prices of milk and butter tell us that
people are just barely willing to trade one pound of butter for 2 quarts of
milk. So getting 3 quarts of milk for a pound of butter is a better deal than
is currently being offered in the marketplace. Sign me up for a thousand
shares! (And several pounds of butter.)

The market prices show that the first machine is unprofitable: it produces
$2 of butter by using $3 of milk. The fact that it is unprofitable is just
another way of saying that people value the inputs more than the outputs.
The second machine produces $3 worth of milk by using only $2 worth of
butter. This machine is profitable because people value the outputs more
than the inputs.

The point is that, since prices measure the rate at which people are just
willing to substitute one good for another, they can be used to value policy
proposals that involve making changes in consumption. The fact that prices
are not arbitrary numbers but reflect how people value things on the margin
is one of the most fundamental and important ideas in economics.

If we observe one choice at one set of prices we get the MRS at one
consumption point. If the prices change and we observe another choice we
get another MRS. As we observe more and more choices we learn more
and more about the shape of the underlying preferences that may have
generated the observed choice behavior.

5.6 Choosing Taxes
Even the small bit of consumer theory we have discussed so far can be used

to derive interesting and important conclusions. Here is a nice example
describing a choice between two types of taxes. We saw that a quantity
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tax is a tax on the amount consumed of a good, like a gasoline tax of
15 cents per gallon. An income tax is just a tax on income. If the
government wants to raise a certain amount of revenue, is it better to raise
it via a quantity tax or an income tax? Let’s apply what we’ve learned to
answer this question.

First we analyze the imposition of a quantity tax. Suppose that the
original budget constraint is

P1x1 + p2x2 = m.

What is the budget constraint if we tax the consumption of good 1 at a
rate of t? The answer is simple. From the viewpoint of the consumer it is
just as if the price of good 1 has increased by an amount ¢. Thus the new
budget constraint is

(p1 +t)T1 + p2xo = M. (5.7)

Therefore a quantity tax on a good increases the price perceived by
the consumer. Figure 5.9 gives an example of how that price change might
affect demand. At this stage, we don’t know for certain whether this tax will
increase or decrease the consumption of good 1, although the presumption
is that it will decrease it. Whichever is the case, we do know that the
optimal choice, (7, 23), must satisfy the budget constraint

(p1 +t)a] + paxy = m. (5.8)

The revenue raised by this tax is R* = ta].
Let’s now consider an income tax that raises the same amount of revenue.
The form of this budget constraint would be

P11 + par2 = m — R
or, substituting for R*,
p121 + paxe = m — tx].

Where does this budget line go in Figure 5.97

It is easy to see that it has the same slope as the original budget line,
—p1/p2, but the problem is to determine its location. As it turns out, the
budget line with the income tax must pass through the point (z7,z3). The
way to check this is to plug (z7,z3) into the income-tax budget constraint
and see if it is satisfied.

Is it true that

p1a] + paxs = m — tay?

Yes it is, since this is just a rearrangement of equation (5.8), which we
know to be true.
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25
Indifference
curves

Optimal choice
with income tax

Original

choice Budget constraint

. with income tax
Optlmal I slope =-p/p
choice 2
with
quantity
tax

X{ Budget constraint X
with quantity tax
slope =—(p, + t)/p,

Income tax versus a quantity tax. Here we consider a quan-
tity tax that raises revenue R* and an income tax that raises
the same revenue. The consumer will be better off under the
income tax, since he can choose a point on a higher indifference
curve.

This establishes that (x7,x3) lies on the income tax budget line: it is an
affordable choice for the consumer. But is it an optimal choice? It is easy
to see that the answer is no. At (z7,x3) the MRS is —(p; +t)/p2. But the
income tax allows us to trade at a rate of exchange of —pj/ps. Thus the
budget line cuts the indifference curve at (7, «3), which implies that there
will be some point on the budget line that will be preferred to (z7,z3).

Therefore the income tax is definitely superior to the quantity tax in
the sense that you can raise the same amount of revenue from a consumer
and still leave him or her better off under the income tax than under the
quantity tax.

This is a nice result, and worth remembering, but it is also worthwhile
understanding its limitations. First, it only applies to one consumer. The
argument shows that for any given consumer there is an income tax that
will raise as much money from that consumer as a quantity tax and leave
him or her better off. But the amount of that income tax will typically differ
from person to person. So a uniform income tax for all consumers is not

Figure
5.9
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necessarily better than a uniform quantity tax for all consumers. (Think
about a case where some consumer doesn’t consume any of good 1—this
person would certainly prefer the quantity tax to a uniform income tax.)

Second, we have assumed that when we impose the tax on income the
consumer’s income doesn’t change. We have assumed that the income tax
is basically a lump sum tax—one that just changes the amount of money
a consumer has to spend but doesn’t affect any choices he has to make.
This is an unlikely assumption. If income is earned by the consumer, we
might expect that taxing it will discourage earning income, so that after-tax
income might fall by even more than the amount taken by the tax.

Third, we have totally left out the supply response to the tax. We've
shown how demand responds to the tax change, but supply will respond
too, and a complete analysis would take those changes into account as well.

Summary

1. The optimal choice of the consumer is that bundle in the consumer’s
budget set that lies on the highest indifference curve.

2. Typically the optimal bundle will be characterized by the condition that
the slope of the indifference curve (the MRS) will equal the slope of the
budget line.

3. If we observe several consumption choices it may be possible to estimate
a utility function that would generate that sort of choice behavior. Such a
utility function can be used to predict future choices and to estimate the
utility to consumers of new economic policies.

4. If everyone faces the same prices for the two goods, then everyone will
have the same marginal rate of substitution, and will thus be willing to
trade off the two goods in the same way.

REVIEW QUESTIONS

1. If two goods are perfect substitutes, what is the demand function for
good 27

2. Suppose that indifference curves are described by straight lines with a
slope of —b. Given arbitrary prices and money income p1, pa, and m, what
will the consumer’s optimal choices look like?

3. Suppose that a consumer always consumes 2 spoons of sugar with each
cup of coffee. If the price of sugar is p; per spoonful and the price of coffee
is po per cup and the consumer has m dollars to spend on coffee and sugar,
how much will he or she want to purchase?
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4. Suppose that you have highly nonconvex preferences for ice cream and
olives, like those given in the text, and that you face prices p1, p2 and have
m dollars to spend. List the choices for the optimal consumption bundles.

5. If a consumer has a utility function u(x,7s) = 2125, what fraction of
her income will she spend on good 27

6. For what kind of preferences will the consumer be just as well-off facing
a quantity tax as an income tax?



CHAPTER 6

DEMAND

In the last chapter we presented the basic model of consumer choice: how
maximizing utility subject to a budget constraint yields optimal choices.
We saw that the optimal choices of the consumer depend on the consumer’s
income and the prices of the goods, and we worked a few examples to see
what the optimal choices are for some simple kinds of preferences.

The consumer’s demand functions give the optimal amounts of each
of the goods as a function of the prices and income faced by the consumer.
We write the demand functions as

T1 =$1(p1»p27m)

Ty = o(p1, p2, m).

The left-hand side of each equation stands for the quantity demanded. The
right-hand side of each equation is the function that relates the prices and
income to that quantity.

In this chapter we will examine how the demand for a good changes as
prices and income change. Studying how a choice responds to changes in the
economic environment is known as comparative statics, which we first
described in Chapter 1. “Comparative” means that we want to compare



NORMAL AND INFERIOR GOODS 97

two situations: before and after the change in the economic environment.
“Statics” means that we are not concerned with any adjustment process
that may be involved in moving from one choice to another; rather we will
only examine the equilibrium choice.

In the case of the consumer, there are only two things in our model
that affect the optimal choice: prices and income. The comparative statics
questions in consumer theory therefore involve investigating how demand
changes when prices and income change.

6.1 Normal and Inferior Goods

We start by considering how a consumer’s demand for a good changes
as his income changes. We want to know how the optimal choice at one
income compares to the optimal choice at another level of income. During
this exercise, we will hold the prices fixed and examine only the change in
demand due to the income change.

We know how an increase in money income affects the budget line when
prices are fixed—it shifts it outward in a parallel fashion. So how does this
affect demand?

We would normally think that the demand for each good would increase
when income increases, as shown in Figure 6.1. Economists, with a singular
lack of imagination, call such goods normal goods. If good 1 is a normal
good, then the demand for it increases when income increases, and de-
creases when income decreases. For a normal good the quantity demanded
always changes in the same way as income changes:

dxl
— > 0.
dm -

If something is called normal, you can be sure that there must be a
possibility of being abnormal. And indeed there is. Figure 6.2 presents
an example of nice, well-behaved indifference curves where an increase of
income results in a reduction in the consumption of one of the goods. Such
a good is called an inferior good. This may be “abnormal,” but when
you think about it, inferior goods aren’t all that unusual. There are many
goods for which demand decreases as income increases; examples might
include gruel, bologna, shacks, or nearly any kind of low-quality good.

Whether a good is inferior or not depends on the income level that we
are examining. It might very well be that very poor people consume more
bologna as their income increases. But after a point, the consumption of
bologna would probably decline as income continued to increase. Since in
real life the consumption of goods can increase or decrease when income
increases, it is comforting to know that economic theory allows for both
possibilities.
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Indifference
curves

Optimal choices

Budget lines

X1

Figure Normal goods. The demand for both goods increases when
6.1 income increases, so both goods are normal goods.

6.2 Income Offer Curves and Engel Curves

We have seen that an increase in income corresponds to shifting the budget
line outward in a parallel manner. We can connect together the demanded
bundles that we get as we shift the budget line outward to construct the
income offer curve. This curve illustrates the bundles of goods that are
demanded at the different levels of income, as depicted in Figure 6.3A.
The income offer curve is also known as the income expansion path. If
both goods are normal goods, then the income expansion path will have a
positive slope, as depicted in Figure 6.3A.

For each level of income, m, there will be some optimal choice for each
of the goods. Let us focus on good 1 and consider the optimal choice at
each set of prices and income, x1(p1,p2, m). This is simply the demand
function for good 1. If we hold the prices of goods 1 and 2 fixed and look
at how demand changes as we change income, we generate a curve known
as the Engel curve. The Engel curve is a graph of the demand for one of
the goods as a function of income, with all prices being held constant. For
an example of an Engel curve, see Figure 6.3B.
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An inferior good. Good 1 is an inferior good, which means
that the demand for it decreases when income increases.

Figure
6.2
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How demand changes as income changes. The income of-
fer curve (or income expansion path) shown in panel A depicts
the optimal choice at different levels of income and constant
prices. When we plot the optimal choice of good 1 against in-
come, m, we get the Engel curve, depicted in panel B.

Figure
6.3
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6.3 Some Examples

Let’s consider some of the preferences that we examined in Chapter 5 and
see what their income offer curves and Engel curves look like.

Perfect Substitutes

The case of perfect substitutes is depicted in Figure 6.4. If p; < po, so
that the consumer is specializing in consuming good 1, then if his income
increases he will increase his consumption of good 1. Thus the income offer
curve is the horizontal axis, as shown in Figure 6.4A.

X m
Indifference
curves
Engel
curve
Taftezl Income
P offer
budget
line curve
\ Slope = p,
& X
A Income offer curve B Engel curve

Perfect substitutes. The income offer curve (A) and an Engel
curve (B) in the case of perfect substitutes.

Since the demand for good 1 is x; = m/p; in this case, the Engel curve
will be a straight line with a slope of p1, as depicted in Figure 6.4B. (Since
m is on the vertical axis, and x; on the horizontal axis, we can write
m = p1x1, which makes it clear that the slope is p;.)

Perfect Complements

The demand behavior for perfect complements is shown in Figure 6.5. Since
the consumer will always consume the same amount of each good, no matter
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what, the income offer curve is the diagonal line through the origin as
depicted in Figure 6.5A. We have seen that the demand for good 1 is
x1 = m/(p1 + p2), so the Engel curve is a straight line with a slope of
p1 + p2 as shown in Figure 6.5B.

5% m
Indifference
curves

Income
offer Engel
curve curve

Budg% Slope = p; + p,
lines B

X Ql
A Income offer curve B Engel curve

Perfect complements. The income offer curve (A) and an
Engel curve (B) in the case of perfect complements.

Cobb-Douglas Preferences

For the case of Cobb-Douglas preferences it is easier to look at the algebraic
form of the demand functions to see what the graphs will look like. If
u(xy,2) = xfry”®, the Cobb-Douglas demand for good 1 has the form
x1 = am/p;. For a fixed value of p;, this is a linear function of m. Thus
doubling m will double demand, tripling m will triple demand, and so on.
In fact, multiplying m by any positive number ¢ will just multiply demand
by the same amount.

The demand for good 2 is 3 = (1—a)m/p2, and this is also clearly linear.
The fact that the demand functions for both goods are linear functions
of income means that the income expansion paths will be straight lines
through the origin, as depicted in Figure 6.6A. The Engel curve for good 1
will be a straight line with a slope of p;/a, as depicted in Figure 6.6B.

Figure
6.5
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Cobb-Douglas. An income offer curve (A) and an Engel curve
(B) for Cobb-Douglas utility.

Homothetic Preferences

All of the income offer curves and Engel curves that we have seen up to now
have been straightforward—in fact they’ve been straight lines! This has
happened because our examples have been so simple. Real Engel curves do
not have to be straight lines. In general, when income goes up, the demand
for a good could increase more or less rapidly than income increases. If the
demand for a good goes up by a greater proportion than income, we say
that it is a luxury good, and if it goes up by a lesser proportion than
income we say that it is a necessary good.

The dividing line is the case where the demand for a good goes up by
the same proportion as income. This is what happened in the three cases
we examined above. What aspect of the consumer’s preferences leads to
this behavior?

Suppose that the consumer’s preferences only depend on the ratio of
good 1 to good 2. This means that if the consumer prefers (z1,z2) to
(y1,y2), then she automatically prefers (2z1,2x2) to (2y1,2y2), (321, 322)
to (3y1, 3y2), and so on, since the ratio of good 1 to good 2 is the same for
all of these bundles. In fact, the consumer prefers (tx1,tx2) to (ty1,tys) for
any positive value of t. Preferences that have this property are known as
homothetic preferences. It is not hard to show that the three examples
of preferences given above—perfect substitutes, perfect complements, and
Cobb-Douglas—are all homothetic preferences.
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If the consumer has homothetic preferences, then the income offer curves
are all straight lines through the origin, as shown in Figure 6.7. More
specifically, if preferences are homothetic, it means that when income is
scaled up or down by any amount ¢ > 0, the demanded bundle scales up
or down by the same amount. This can be established rigorously, but it is
fairly clear from looking at the picture. If the indifference curve is tangent
to the budget line at (z7, 23), then the indifference curve through (tz7, ta})
is tangent to the budget line that has ¢ times as much income and the same
prices. This implies that the Engel curves are straight lines as well. If you
double income, you just double the demand for each good.

5% i m
Indifference
curves
Engel
curve
Budget
. | —
lines =1
Income
offer curve
X1 X
A Income offer curve B Engel curve

Homothetic preferences. An income offer curve (A) and an
Engel curve (B) in the case of homothetic preferences.

Homothetic preferences are very convenient since the income effects are
so simple. Unfortunately, homothetic preferences aren’t very realistic for
the same reason! But they will often be of use in our examples.

Quasilinear Preferences

Another kind of preferences that generates a special form of income offer
curves and Engel curves is the case of quasilinear preferences. Recall the
definition of quasilinear preferences given in Chapter 4. This is the case

Figure
6.7
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where all indifference curves are parallel or “shifted” versions of one indif-
ference curve as in Figure 6.8. These preferences can be represented by a
utility function of the form

u(xy, o) = v(xy) + wa.
The maximization problem for a utility function like this is

max v(x1) + T2
Z1,T2

S.t. prx1 + pexe = m.

Solving the budget constraint for zs as a function of x; and substituting
into the objective function, we have

max v(z1) +m/ps — pra1/pa.
1
Differentiating gives us the first-order condition

v (a)) =2
@) =2
This demand function has the interesting feature that the demand for
good 1 must be independent of income. The inverse demand curve is given
by
pi(z1) = v'(21)p2.

That is, the inverse demand function for good 1 is the derivative of the
utility function times py. Once we have the demand function for good 1,
the demand function for good 2 comes from the budget constraint.

We can also think of this feature in terms of budget lines. What happens
if we shift the budget line outward? In this case, if an indifference curve is
tangent to the budget line at a bundle (z7, %), then another indifference
curve must also be tangent at (x7, 23 + k) for any constant k. Increasing
income doesn’t change the demand for good 1 at all, and all the extra
income goes entirely to the consumption of good 2. If preferences are
quasilinear, we sometimes say that there is a “zero income effect” for good 1.
Thus the Engel curve for good 1 is a vertical line—as you change income,
the demand for good 1 remains constant.

For example, let us calculate the demand functions for the utility function

u(xy, xe) = Inxy + wo.
Applying the first-order condition gives

L_m

1 P2
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so the direct demand function for good 1 is

P2
Ty = —,
p1
and the inverse demand function is
D2
T1) = —.
P1( 1) I

The direct demand function for good 2 comes from substituting x; =
p2/p1 into the budget constraint:

m
Qing—l.
b2

A warning is in order concerning these demand functions. Note that the
demand for good 1 is independent of income in this example. This is a
general feature of a quasilinear utility function—the demand for good 1
remains constant as income changes. However, this can only be true for
some values of income. A demand function can’t literally be independent of
income for all values of income; after all, when income is zero, all demands
are zero. It turns out that the quasilinear demand function derived above
is only relevant when a positive amount of each good is being consumed.

In this example, when m < ps, the optimal consumption of good 2 will
be zero. As income increases the marginal utility of consumption of good
1 decreases. When m = psy, the marginal utility from spending additional
income on good 1 just equals the marginal utility from spending additional
income on good 2. After that point, the consumer spends all additional
income on good 2.

So a better way to write the demand for good 2 is:

{0 when m < po
2 m/ps —1 when m > ps °

What would be a real-life situation where this kind of thing might occur?
Suppose good 1 is pencils and good 2 is money to spend on other goods.
Initially I may spend my income only on pencils, but when my income
gets large enough, I stop buying additional pencils—all of my extra income
is spent on other goods. Other examples of this sort might be salt or
toothpaste. When we are examining a choice between all other goods and
some single good that isn’t a very large part of the consumer’s budget, the
quasilinear assumption may well be plausible, at least when the consumer’s
income is sufficiently large.

For more on the properties of quasilinear demand functions see Hal R.
Varian, Microeconomic Analysis, 3rd ed. (New York: Norton, 1992).
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Quasilinear preferences. An income offer curve (A) and an
Engel curve (B) with quasilinear preferences.

6.4 Ordinary Goods and Giffen Goods

Let us now consider price changes. Suppose that we decrease the price of
good 1 and hold the price of good 2 and money income fixed. Then what
can happen to the quantity demanded of good 17 Intuition tells us that
the quantity demanded of good 1 should increase when its price decreases.
Indeed this is the ordinary case, as depicted in Figure 6.9.

When the price of good 1 decreases, the budget line becomes flatter. Or
said another way, the vertical intercept is fixed and the horizontal intercept
moves to the right. In Figure 6.9, the optimal choice of good 1 moves to
the right as well: the quantity demanded of good 1 has increased. But we
might wonder whether this always happens this way. Is it always the case
that, no matter what kind of preferences the consumer has, the demand
for a good must increase when its price goes down?

As it turns out, the answer is no. It is logically possible to find well-
behaved preferences for which a decrease in the price of good 1 leads to a
reduction in the demand for good 1. Such a good is called a Giffen good,
after the nineteenth-century economist who first noted the possibility. An
example is illustrated in Figure 6.10.

What is going on here in economic terms? What kind of preferences
might give rise to the peculiar behavior depicted in Figure 6.107 Suppose
that the two goods that you are consuming are gruel and milk and that


creo
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An ordinary good. Ordinarily, the demand for a good in-
creases when its price decreases, as is the case here.

you are currently consuming 7 bowls of gruel and 7 cups of milk a week.
Now the price of gruel declines. If you consume the same 7 bowls of gruel
a week, you will have money left over with which you can purchase more
milk. In fact, with the extra money you have saved because of the lower
price of gruel, you may decide to consume even more milk and reduce your
consumption of gruel. The reduction in the price of gruel has freed up some
extra money to be spent on other things—but one thing you might want to
do with it is reduce your consumption of gruel! Thus the price change is to
some extent like an income change. Even though money income remains
constant, a change in the price of a good will change purchasing power,
and thereby change demand.

So the Giffen good is not implausible purely on logical grounds, although
Giffen goods are unlikely to be encountered in real-world behavior. Most
goods are ordinary goods—when their price increases, the demand for them
declines. We’ll see why this is the ordinary situation a little later.

Incidentally, it is no accident that we used gruel as an example of both
an inferior good and a Giffen good. It turns out that there is an intimate
relationship between the two which we will explore in a later chapter.

But for now our exploration of consumer theory may leave you with
the impression that nearly anything can happen: if income increases the
demand for a good can go up or down, and if price increases the demand can

Figure
6.9
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A Giffen good. Good 1 is a Giffen good, since the demand
for it decreases when its price decreases.

go up or down. Is consumer theory compatible with any kind of behavior?
Or are there some kinds of behavior that the economic model of consumer
behavior rules out? It turns out that there are restrictions on behavior
imposed by the maximizing model. But we’ll have to wait until the next
chapter to see what they are.

6.5 The Price Offer Curve and the Demand Curve

Suppose that we let the price of good 1 change while we hold ps and income
fixed. Geometrically this involves pivoting the budget line. We can think of
connecting together the optimal points to construct the price offer curve
as illustrated in Figure 6.11A. This curve represents the bundles that would
be demanded at different prices for good 1.

We can depict this same information in a different way. Again, hold
the price of good 2 and money income fixed, and for each different value
of p; plot the optimal level of consumption of good 1. The result is the
demand curve depicted in Figure 6.11B. The demand curve is a plot
of the demand function, z1(p1,p2, m), holding ps and m fixed at some
predetermined values.



SOME EXAMPLES 109

> Pr
Indifference 50 |-
curves .
Price
offer B
curve AU Demand
curve
30
20
10 |-
|
Xq 1 X2
1
A Price offer curve B Demand curve

The price offer curve and demand curve. Panel A contains
a price offer curve, which depicts the optimal choices as the price
of good 1 changes. Panel B contains the associated demand
curve, which depicts a plot of the optimal choice of good 1 as a
function of its price.

Ordinarily, when the price of a good increases, the demand for that
good will decrease. Thus the price and quantity of a good will move in
opposite directions, which means that the demand curve will typically have
a negative slope. In terms of rates of change, we would normally have

oy,
dp1
which simply says that demand curves usually have a negative slope.

However, we have also seen that in the case of Giffen goods, the demand
for a good may decrease when its price decreases. Thus it is possible, but
not likely, to have a demand curve with a positive slope.

6.6 Some Examples

Let’s look at a few examples of demand curves, using the preferences that
we discussed in Chapter 3.

Perfect Substitutes

The offer curve and demand curve for perfect substitutes—the red and blue
pencils example—are illustrated in Figure 6.12. As we saw in Chapter 5,

Figure
6.11



Figure
6.12

110 DEMAND (Ch. 6)

the demand for good 1 is zero when p; > po, any amount on the budget
line when p; = po, and m/p; when p; < ps. The offer curve traces out
these possibilities.

In order to find the demand curve, we fix the price of good 2 at some
price p5 and graph the demand for good 1 versus the price of good 1 to get
the shape depicted in Figure 6.12B.

X; P1

Indifference
curves

Demand
. curve
Price
offer . \
curve P1= P2 }
\
\
\
|
% mpy=mps X
A Price offer curve B Demand curve

Perfect substitutes. Price offer curve (A) and demand curve
(B) in the case of perfect substitutes.

Perfect Complements

The case of perfect complements—the right and left shoes example—is
depicted in Figure 6.13. We know that whatever the prices are, a consumer
will demand the same amount of goods 1 and 2. Thus his offer curve will
be a diagonal line as depicted in Figure 6.13A.

We saw in Chapter 5 that the demand for good 1 is given by

m
xr1 = .
p1+p2

If we fix m and ps and plot the relationship between x; and p;, we get the
curve depicted in Figure 6.13B.

A Discrete Good

Suppose that good 1 is a discrete good. If p; is very high then the consumer
will strictly prefer to consume zero units; if p; is low enough the consumer
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Perfect complements. Price offer curve (A) and demand
curve (B) in the case of perfect complements.

will strictly prefer to consume one unit. At some price 71, the consumer will
be indifferent between consuming good 1 or not consuming it. The price
at which the consumer is just indifferent to consuming or not consuming
the good is called the reservation price.! The indifference curves and
demand curve are depicted in Figure 6.14.

It is clear from the diagram that the demand behavior can be described
by a sequence of reservation prices at which the consumer is just willing
to purchase another unit of the good. At a price of r; the consumer is
willing to buy 1 unit of the good; if the price falls to ro, he is willing to
buy another unit, and so on.

These prices can be described in terms of the original utility function.
For example, r; is the price where the consumer is just indifferent between
consuming 0 or 1 unit of good 1, so it must satisfy the equation

w(0,m) = u(l,m —ry). (6.1)
Similarly ry satisfies the equation

u(l,m —rg) = u(2,m — 2ry). (6.2)

L The term reservation price comes from auction markets. When someone wanted to
sell something in an auction he would typically state a minimum price at which he
was willing to sell the good. If the best price offered was below this stated price, the
seller reserved the right to purchase the item himself. This price became known as
the seller’s reservation price and eventually came to be used to describe the price at
which someone was just willing to buy or sell some item.

Figure
6.13
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A discrete good. As the price of good 1 decreases there will
be some price, the reservation price, at which the consumer is
just indifferent between consuming good 1 or not consuming it.
As the price decreases further, more units of the discrete good
will be demanded.

The left-hand side of this equation is the utility from consuming one unit of
the good at a price of 7. The right-hand side is the utility from consuming
two units of the good, each of which sells for ro.

If the utility function is quasilinear, then the formulas describing the
reservation prices become somewhat simpler. If u(xy,z2) = v(z1) + 2o,
and v(0) = 0, then we can write equation (6.1) as

v(0)+m=m=uv(l)+m—ry.

Since v(0) = 0, we can solve for 1 to find
r1 = v(1). (6.3)

Similarly, we can write equation (6.2) as

v(l)+m —ro =v(2) +m — 2rs.
Canceling terms and rearranging, this expression becomes

ro = v(2) —v(1).

Proceeding in this manner, the reservation price for the third unit of con-

sumption is given by
rs =v(3) —v(2)


creo
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and so on.

In each case, the reservation price measures the increment in utility nec-
essary to induce the consumer to choose an additional unit of the good.
Loosely speaking, the reservation prices measure the marginal utilities as-
sociated with different levels of consumption of good 1. Our assumption
of convex preferences implies that the sequence of reservation prices must
decrease: 11 > 19 > 13-,

Because of the special structure of the quasilinear utility function, the
reservation prices do not depend on the amount of good 2 that the consumer
has. This is certainly a special case, but it makes it very easy to describe
demand behavior. Given any price p, we just find where it falls in the list
of reservation prices. Suppose that p falls between rg and r7, for example.
The fact that r¢ > p means that the consumer is willing to give up p dollars
per unit bought to get 6 units of good 1, and the fact that p > r; means
that the consumer is not willing to give up p dollars per unit to get the
seventh unit of good 1.

This argument is quite intuitive, but let’s look at the math just to make
sure that it is clear. Suppose that the consumer demands 6 units of good 1.
We want to show that we must have rg > p > 7.

If the consumer is maximizing utility, then we must have

v(6) +m — 6p > v(x1) + m — pry
for all possible choices of z1. In particular, we must have that
v(6) +m — 6p > v(5) +m — 5p.
Rearranging this equation we have
re = v(6) —v(5) > p,

which is half of what we wanted to show.
By the same logic,

v(6) +m —6p > v(7) +m — Tp.
Rearranging this gives us
p>v(7) —v(6) =y,

which is the other half of the inequality we wanted to establish.

6.7 Substitutes and Complements
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We have already used the terms substitutes and complements, but it is now
appropriate to give a formal definition. Since we have seen perfect substi-
tutes and perfect complements several times already, it seems reasonable
to look at the imperfect case.

Let’s think about substitutes first. We said that red pencils and blue
pencils might be thought of as perfect substitutes, at least for someone who
didn’t care about color. But what about pencils and pens? This is a case
of “imperfect” substitutes. That is, pens and pencils are, to some degree,
a substitute for each other, although they aren’t as perfect a substitute for
each other as red pencils and blue pencils.

Similarly, we said that right shoes and left shoes were perfect comple-
ments. But what about a pair of shoes and a pair of socks? Right shoes
and left shoes are nearly always consumed together, and shoes and socks
are usually consumed together. Complementary goods are those like shoes
and socks that tend to be consumed together, albeit not always.

Now that we’ve discussed the basic idea of complements and substitutes,
we can give a precise economic definition. Recall that the demand function
for good 1, say, will typically be a function of the price of both good 1 and
good 2, so we write x1(p1,p2, m). We can ask how the demand for good 1
changes as the price of good 2 changes: does it go up or down?

If the demand for good 1 goes up when the price of good 2 goes up, then
we say that good 1 is a substitute for good 2. In terms of rates of change,
good 1 is a substitute for good 2 if

d(El

— > 0.
dp2

The idea is that when good 2 gets more expensive the consumer switches to
consuming good 1: the consumer substitutes away from the more expensive
good to the less expensive good.

On the other hand, if the demand for good 1 goes down when the price
of good 2 goes up, we say that good 1 is a complement to good 2. This

means that
dl‘l

s < 0.
Complements are goods that are consumed together, like coffee and sugar,
so when the price of one good rises, the consumption of both goods will
tend to decrease.

The cases of perfect substitutes and perfect complements illustrate these
points nicely. Note that dzy/dpy is positive (or zero) in the case of perfect
substitutes, and that dz;/dps is negative in the case of perfect comple-
ments.

A couple of warnings are in order about these concepts. First, the two-
good case is rather special when it comes to complements and substitutes.
Since income is being held fixed, if you spend more money on good 1, you’ll
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have to spend less on good 2. This puts some restrictions on the kinds of
behavior that are possible. When there are more than two goods, these
restrictions are not so much of a problem.

Second, although the definition of substitutes and complements in terms
of consumer demand behavior seems sensible, there are some difficulties
with the definitions in more general environments. For example, if we use
the above definitions in a situation involving more than two goods, it is
perfectly possible that good 1 may be a substitute for good 3, but good 3
may be a complement for good 1. Because of this peculiar feature, more
advanced treatments typically use a somewhat different definition of sub-
stitutes and complements. The definitions given above describe concepts
known as gross substitutes and gross complements; they will be suf-
ficient for our needs.

6.8 The Inverse Demand Function

If we hold ps and m fixed and plot p; against x1 we get the demand
curve. As suggested above, we typically think that the demand curve
slopes downwards, so that higher prices lead to less demand, although the
Giffen example shows that it could be otherwise.

As long as we do have a downward-sloping demand curve, as is usual,
it is meaningful to speak of the inverse demand function. The inverse
demand function is the demand function viewing price as a function of
quantity. That is, for each level of demand for good 1, the inverse demand
function measures what the price of good 1 would have to be in order for
the consumer to choose that level of consumption. So the inverse demand
function measures the same relationship as the direct demand function, but
just from another point of view. Figure 6.15 depicts the inverse demand
function—or the direct demand function, depending on your point of view.

Recall, for example, the Cobb-Douglas demand for good 1, x; = am/p;.
We could just as well write the relationship between price and quantity as
p1 = am/xy. The first representation is the direct demand function; the
second is the inverse demand function.

The inverse demand function has a useful economic interpretation. Recall
that as long as both goods are being consumed in positive amounts, the
optimal choice must satisfy the condition that the absolute value of the
MRS equals the price ratio:

IMRS| = 2.
b2

This says that at the optimal level of demand for good 1, for example, we
must have

p1 = p2|MRS|. (6.4)
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Inverse demand curve. If you view the demand curve as
measuring price as a function of quantity, you have an inverse
demand function.

Thus, at the optimal level of demand for good 1, the price of good 1
is proportional to the absolute value of the MRS between good 1 and
good 2.

Suppose for simplicity that the price of good 2 is one. Then equation
(6.4) tells us that at the optimal level of demand, the price of good 1
measures how much the consumer is willing to give up of good 2 in order
to get a little more of good 1. In this case the inverse demand func-
tion is simply measuring the absolute value of the MRS. For any opti-
mal level of z; the inverse demand function tells how much of good 2
the consumer would want to have to compensate him for a small reduc-
tion in the amount of good 1. Or, turning this around, the inverse de-
mand function measures how much the consumer would be willing to sac-
rifice of good 2 to make him just indifferent to having a little more of
good 1.

If we think of good 2 as being money to spend on other goods, then we
can think of the MRS as being how many dollars the individual would be
willing to give up to have a little more of good 1. We suggested earlier that
in this case, we can think of the MRS as measuring the marginal willingness
to pay. Since the price of good 1 is just the MRS in this case, this means
that the price of good 1 itself is measuring the marginal willingness to
pay.

At each quantity 1, the inverse demand function measures how many
dollars the consumer is willing to give up for a little more of good 1; or,
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said another way, how many dollars the consumer was willing to give up for
the last unit purchased of good 1. For a small enough amount of good 1,
they come down to the same thing.

Looked at in this way, the downward-sloping demand curve has a new
meaning. When x; is very small, the consumer is willing to give up a lot of
money—that is, a lot of other goods, to acquire a little bit more of good 1.
As xq is larger, the consumer is willing to give up less money, on the margin,
to acquire a little more of good 1. Thus the marginal willingness to pay,
in the sense of the marginal willingness to sacrifice good 2 for good 1, is
decreasing as we increase the consumption of good 1.

Summary

1. The consumer’s demand function for a good will in general depend on
the prices of all goods and income.

2. A normal good is one for which the demand increases when income
increases. An inferior good is one for which the demand decreases when
income increases.

3. An ordinary good is one for which the demand decreases when its price
increases. A Giffen good is one for which the demand increases when its
price increases.

4. If the demand for good 1 increases when the price of good 2 increases,
then good 1 is a substitute for good 2. If the demand for good 1 decreases
in this situation, then it is a complement for good 2.

5. The inverse demand function measures the price at which a given quan-
tity will be demanded. The height of the demand curve at a given level
of consumption measures the marginal willingness to pay for an additional
unit of the good at that consumption level.

REVIEW QUESTIONS

1. If the consumer is consuming exactly two goods, and she is always spend-
ing all of her money, can both of them be inferior goods?

2. Show that perfect substitutes are an example of homothetic preferences.
3. Show that Cobb-Douglas preferences are homothetic preferences.

4. The income offer curve is to the Engel curve as the price offer curve is
to...7
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5. If the preferences are concave will the consumer ever consume both of
the goods together?

6. Are hamburgers and buns complements or substitutes?

7. What is the form of the inverse demand function for good 1 in the case
of perfect complements?

8. True or false? If the demand function is z; = —p;, then the inverse
demand function is = —1/p;.



CHAPTER 7

REVEALED
PREFERENCE

In Chapter 6 we saw how we can use information about the consumer’s
preferences and budget constraint to determine his or her demand. In
this chapter we reverse this process and show how we can use informa-
tion about the consumer’s demand to discover information about his or
her preferences. Up until now, we were thinking about what preferences
could tell us about people’s behavior. But in real life, preferences are
not directly observable: we have to discover people’s preferences from
observing their behavior. In this chapter we’ll develop some tools to do
this.

When we talk of determining people’s preferences from observing their
behavior, we have to assume that the preferences will remain unchanged
while we observe the behavior. Over very long time spans, this is not very
reasonable. But for the monthly or quarterly time spans that economists
usually deal with, it seems unlikely that a particular consumer’s tastes
would change radically. Thus we will adopt a maintained hypothesis that
the consumer’s preferences are stable over the time period for which we
observe his or her choice behavior.
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7.1 The Idea of Revealed Preference

Before we begin this investigation, let’s adopt the convention that in this
chapter, the underlying preferences—whatever they may be—are known
to be strictly convex. Thus there will be a unique demanded bundle at
each budget. This assumption is not necessary for the theory of revealed
preference, but the exposition will be simpler with it.

Consider Figure 7.1, where we have depicted a consumer’s demanded
bundle, (z1,z2), and another arbitrary bundle, (y1,y2), that is beneath
the consumer’s budget line. Suppose that we are willing to postulate that
this consumer is an optimizing consumer of the sort we have been study-
ing. What can we say about the consumer’s preferences between these two
bundles of goods?

X

Budget line

( J
Vi, va)

X1

Figure Revealed preference. The bundle (z7, z2) that the consumer
7.1 chooses is revealed preferred to the bundle (y1, y2), a bundle that
he could have chosen.

Well, the bundle (y1,y2) is certainly an affordable purchase at the given
budget—the consumer could have bought it if he or she wanted to, and
would even have had money left over. Since (x1,22) is the optimal bundle,
it must be better than anything else that the consumer could afford. Hence,
in particular it must be better than (y1,y2).

The same argument holds for any bundle on or underneath the budget
line other than the demanded bundle. Since it could have been bought at
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the given budget but wasn’t, then what was bought must be better. Here
is where we use the assumption that there is a unique demanded bundle
for each budget. If preferences are not strictly convex, so that indifference
curves have flat spots, it may be that some bundles that are on the budget
line might be just as good as the demanded bundle. This complication can
be handled without too much difficulty, but it is easier to just assume it
away.

In Figure 7.1 all of the bundles in the shaded area underneath the budget
line are revealed worse than the demanded bundle (z1, z2). This is because
they could have been chosen, but were rejected in favor of (1, z5). We will
now translate this geometric discussion of revealed preference into algebra.

Let (z1, 22) be the bundle purchased at prices (p;, p2) when the consumer
has income m. What does it mean to say that (yi,y2) is affordable at
those prices and income? It simply means that (y1,y2) satisfies the budget
constraint

P1y1 + p2y2 < m.

Since (x1,x2) is actually bought at the given budget, it must satisfy the
budget constraint with equality

p1x1 + p2x2 = m.

Putting these two equations together, the fact that (y1,y2) is affordable at
the budget (p1,p2,m) means that

P1T1 + paxo = p1y1 + P2yo.

If the above inequality is satisfied and (yi,y2) is actually a different
bundle from (z1, z3), we say that (z1, z2) is directly revealed preferred
to (Y1, v2).

Note that the left-hand side of this inequality is the expenditure on the
bundle that is actually chosen at prices (p1, p2). Thus revealed preference is
a relation that holds between the bundle that is actually demanded at some
budget and the bundles that could have been demanded at that budget.

The term “revealed preference” is actually a bit misleading. It does not
inherently have anything to do with preferences, although we’ve seen above
that if the consumer is making optimal choices, the two ideas are closely
related. Instead of saying “X is revealed preferred to Y,” it would be better
to say “X is chosen over Y.” When we say that X is revealed preferred to
Y, all we are claiming is that X is chosen when Y could have been chosen;
that is, that p1z1 + pex2 > p1y1 + p2ye.

7.2 From Revealed Preference to Preference

We can summarize the above section very simply. It follows from our model
of consumer behavior—that people are choosing the best things they can
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afford—that the choices they make are preferred to the choices that they
could have made. Or, in the terminology of the last section, if (x1,23) is
directly revealed preferred to (yi,y2), then (x1,z2) is in fact preferred to
(y1,y2). Let us state this principle more formally:

The Principle of Revealed Preference. Let (x1,x2) be the chosen
bundle when prices are (p1,p2), and let (y1,y2) be some other bundle such
that p1x1 + paxo > p1y1 + p2ye. Then if the consumer is choosing the most
preferred bundle she can afford, we must have (x1,2z2) > (Y1, Y2).

When you first encounter this principle, it may seem circular. If X is re-
vealed preferred to Y, doesn’t that automatically mean that X is preferred
to Y? The answer is no. “Revealed preferred” just means that X was cho-
sen when Y was affordable; “preference” means that the consumer ranks
X ahead of Y. If the consumer chooses the best bundles she can afford,
then “revealed preference” implies “preference,” but that is a consequence
of the model of behavior, not the definitions of the terms.

This is why it would be better to say that one bundle is “chosen over”
another, as suggested above. Then we would state the principle of revealed
preference by saying: “If a bundle X is chosen over a bundle Y, then X
must be preferred to Y.” In this statement it is clear how the model of
behavior allows us to use observed choices to infer something about the
underlying preferences.

Whatever terminology you use, the essential point is clear: if we observe
that one bundle is chosen when another one is affordable, then we have
learned something about the preferences between the two bundles: namely,
that the first is preferred to the second.

Now suppose that we happen to know that (y1,y2) is a demanded bundle
at prices (q1,¢2) and that (y1,y2) is itself revealed preferred to some other
bundle (21, 22). That is,

q1y1 + QY2 = q121 + g222.

Then we know that (z1,22) = (y1,y2) and that (yi,y2) = (21, 22). From
the transitivity assumption we can conclude that (1, z2) = (21, 22).

This argument is illustrated in Figure 7.2. Revealed preference and tran-
sitivity tell us that (z1,x2) must be better than (21, 22) for the consumer
who made the illustrated choices.

It is natural to say that in this case (z1,z2) is indirectly revealed
preferred to (z1,22). Of course the “chain” of observed choices may be
longer than just three: if bundle A is directly revealed preferred to B, and
B to C, and C to D, ... all the way to M, say, then bundle A is still
indirectly revealed preferred to M. The chain of direct comparisons can be
of any length.

If a bundle is either directly or indirectly revealed preferred to another
bundle, we will say that the first bundle is revealed preferred to the
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29

Budget lines

(7, z,)

X

Indirect revealed preference. The bundle (x1,z2) is indi-
rectly revealed preferred to the bundle (z1, 2z3).

second. The idea of revealed preference is simple, but it is surprisingly
powerful. Just looking at a consumer’s choices can give us a lot of infor-
mation about the underlying preferences. Consider, for example, Figure
7.2. Here we have several observations on demanded bundles at different
budgets. We can conclude from these observations that since (1, x2) is
revealed preferred, either directly or indirectly, to all of the bundles in the
shaded area, (x1,x2) is in fact preferred to those bundles by the consumer
who made these choices. Another way to say this is to note that the true in-
difference curve through (x1,x2), whatever it is, must lie above the shaded
region.

7.3 Recovering Preferences

By observing choices made by the consumer, we can learn about his or her
preferences. As we observe more and more choices, we can get a better and
better estimate of what the consumer’s preferences are like.

Such information about preferences can be very important in making
policy decisions. Most economic policy involves trading off some goods for
others: if we put a tax on shoes and subsidize clothing, we’ll probably end
up having more clothes and fewer shoes. In order to evaluate the desirabil-
ity of such a policy, it is important to have some idea of what consumer
preferences between clothes and shoes look like. By examining consumer
choices, we can extract such information through the use of revealed pref-
erence and related techniques.

Figure
7.2



Figure
7.3
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If we are willing to add more assumptions about consumer preferences,
we can get more precise estimates about the shape of indifference curves.
For example, suppose we observe two bundles Y and Z that are revealed
preferred to X, as in Figure 7.3, and that we are willing to postulate
preferences are convex. Then we know that all of the weighted averages
of Y and Z are preferred to X as well. If we are willing to assume that
preferences are monotonic, then all the bundles that have more of both
goods than X, Y, and Z—or any of their weighted averages—are also
preferred to X.

9

Possible
indifference
curve

Budget
lines

X1

Trapping the indifference curve. The upper shaded area
consists of bundles preferred to X, and the lower shaded area
consists of bundles revealed worse than X. The indifference
curve through X must lie somewhere in the region between the
two shaded areas.

The region labeled “Worse bundles” in Figure 7.3 consists of all the
bundles to which X is revealed preferred. That is, this region consists of
all the bundles that cost less than X, along with all the bundles that cost
less than bundles that cost less than X, and so on.
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Thus, in Figure 7.3, we can conclude that all of the bundles in the upper
shaded area are better than X, and that all of the bundles in the lower
shaded area are worse than X, according to the preferences of the con-
sumer who made the choices. The true indifference curve through X must
lie somewhere between the two shaded sets. We've managed to trap the
indifference curve quite tightly simply by an intelligent application of the
idea of revealed preference and a few simple assumptions about preferences.

7.4 The Weak Axiom of Revealed Preference

All of the above relies on the assumption that the consumer has preferences
and that she is always choosing the best bundle of goods she can afford. If
the consumer is not behaving this way, the “estimates” of the indifference
curves that we constructed above have no meaning. The question naturally
arises: how can we tell if the consumer is following the maximizing model?
Or, to turn it around: what kind of observation would lead us to conclude
that the consumer was not maximizing?

Consider the situation illustrated in Figure 7.4. Could both of these
choices be generated by a maximizing consumer? According to the logic
of revealed preference, Figure 7.4 allows us to conclude two things: (1)
(z1,22) is preferred to (y1,y2); and (2) (y1,y2) is preferred to (z1,x2).
This is clearly absurd. In Figure 7.4 the consumer has apparently chosen
(21, x2) when she could have chosen (y1,y2), indicating that (x,z5) was
preferred to (y1,y2), but then she chose (y1, y2) when she could have chosen
(21, x2)—indicating the opposite!

Clearly, this consumer cannot be a maximizing consumer. Either the
consumer is not choosing the best bundle she can afford, or there is some
other aspect of the choice problem that has changed that we have not ob-
served. Perhaps the consumer’s tastes or some other aspect of her economic
environment have changed. In any event, a violation of this sort is not con-
sistent with the model of consumer choice in an unchanged environment.

The theory of consumer choice implies that such observations will not
occur. If the consumers are choosing the best things they can afford, then
things that are affordable, but not chosen, must be worse than what is
chosen. Economists have formulated this simple point in the following
basic axiom of consumer theory

Weak Axiom of Revealed Preference (WARP). If (z1,x2) is directly
revealed preferred to (y1,y2), and the two bundles are not the same, then it
cannot happen that (y1,y2) is directly revealed preferred to (z1,z2).

In other words, if a bundle (21, z2) is purchased at prices (p1,p2) and a
different bundle (y1,y2) is purchased at prices (g1, ¢2), then if

P121 + P22 = p1y1 + paya,
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X

Budget lines

X1

Violation of the Weak Axiom of Revealed Preference.
A consumer who chooses both (z1,x2) and (y1,y2) violates the
Weak Axiom of Revealed Preference.

it must not be the case that

QY1+ @y2 = 11 + qxa.

In English: if the y-bundle is affordable when the x-bundle is purchased,

then when the y-bundle is purchased, the x-bundle must not be affordable.
The consumer in Figure 7.4 has violated WARP. Thus we know that this

consumer’s behavior could not have been maximizing behavior.!

There is no set of indifference curves that could be drawn in Figure 7.4
that could make both bundles maximizing bundles. On the other hand,
the consumer in Figure 7.5 satisfies WARP. Here it is possible to find
indifference curves for which his behavior is optimal behavior. One possible
choice of indifference curves is illustrated.

7.5 Checking WARP

It is important to understand that WARP is a condition that must be sat-
isfied by a consumer who is always choosing the best things he or she can
afford. The Weak Axiom of Revealed Preference is a logical implication

1 Could we say his behavior is WARPed? Well, we could, but not in polite company.
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Satisfying WARP. Consumer choices that satisfy the Weak Figure
Axiom of Revealed Preference and some possible indifference 7.5
curves.

of that model and can therefore be used to check whether or not a partic-
ular consumer, or an economic entity that we might want to model as a
consumer, is consistent with our economic model.

Let’s consider how we would go about systematically testing WARP in
practice. Suppose that we observe several choices of bundles of goods at
different prices. Let us use (p},ph) to denote the ¢ observation of prices
and (2%, %) to denote the t** observation of choices. To use a specific
example, let’s take the data in Table 7.1.

Some consumption data. Table
7.1
Observation P1 P2 T To
1 1 2 1 2
2 2 1 2 1
3 1 1 2 2

Given these data, we can compute how much it would cost the consumer
to purchase each bundle of goods at each different set of prices, as we've
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done in Table 7.2. For example, the entry in row 3, column 1, measures

how much money the consumer would have to spend at the third set of
prices to purchase the first bundle of goods.

Cost of each bundle at each set of prices.

Bundles
1 2 3
1 5 4* 6
Prices 2 4* 5 6
3 3* 3* 4

The diagonal terms in Table 7.2 measure how much money the consumer
is spending at each choice. The other entries in each row measure how much
she would have spent if she had purchased a different bundle. Thus we can
see whether bundle 3, say, is revealed preferred to bundle 1, by seeing if the
entry in row 3, column 1 (how much the consumer would have to spend at
the third set of prices to purchase the first bundle) is less than the entry in
row 3, column 3 (how much the consumer actually spent at the third set
of prices to purchase the third bundle). In this particular case, bundle 1
was affordable when bundle 3 was purchased, which means that bundle 3
is revealed preferred to bundle 1. Thus we put a star in row 3, column 1,
of the table.

From a mathematical point of view, we simply put a star in the entry in
row s, column ¢, if the number in that entry is less than the number in row
s, column s.

We can use this table to check for violations of WARP. In this framework,
a violation of WARP consists of two observations ¢ and s such that row ¢,
column s, contains a star and row s, column t, contains a star. For this
would mean that the bundle purchased at s is revealed preferred to the
bundle purchased at ¢t and vice versa.

We can use a computer (or a research assistant) to check and see whether
there are any pairs of observations like these in the observed choices. If
there are, the choices are inconsistent with the economic theory of the
consumer. FEither the theory is wrong for this particular consumer, or
something else has changed in the consumer’s environment that we have
not controlled for. Thus the Weak Axiom of Revealed Preference gives
us an easily checkable condition for whether some observed choices are
consistent with the economic theory of the consumer.

In Table 7.2, we observe that row 1, column 2, contains a star and row 2,
column 1, contains a star. This means that observation 2 could have been
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chosen when the consumer actually chose observation 1 and vice versa. This
is a violation of the Weak Axiom of Revealed Preference. We can conclude
that the data depicted in Tables 7.1 and 7.2 could not be generated by a
consumer with stable preferences who was always choosing the best things
he or she could afford.

7.6 The Strong Axiom of Revealed Preference

The Weak Axiom of Revealed Preference described in the last section gives
us an observable condition that must be satisfied by all optimizing con-
sumers. But there is a stronger condition that is sometimes useful.

We have already noted that if a bundle of goods X is revealed preferred
to a bundle Y, and Y is in turn revealed preferred to a bundle Z, then X
must in fact be preferred to Z. If the consumer has consistent preferences,
then we should never observe a sequence of choices that would reveal that
7 was preferred to X.

The Weak Axiom of Revealed Preference requires that if X is directly
revealed preferred to Y, then we should never observe Y being directly
revealed preferred to X. The Strong Axiom of Revealed Preference
(SARP) requires that the same sort of condition hold for indirect revealed
preference. More formally, we have the following.

Strong Axiom of Revealed Preference (SARP). If (z1,x2) is re-
vealed preferred to (y1,y2) (either directly or indirectly) and (y1,y2) is dif-
ferent from (x1,x2), then (y1,y2) cannot be directly or indirectly revealed
preferred to (x1,x2).

It is clear that if the observed behavior is optimizing behavior then it
must satisfy the SARP. For if the consumer is optimizing and (z1,x2)
is revealed preferred to (y1,y2), either directly or indirectly, then we must
have (z1, z2) > (y1,y2). So having (x1, z2) revealed preferred to (yi1,y2) and
(y1,y2) revealed preferred to (z1,x2) would imply that (z1,2z2) = (y1,92)
and (y1,y2) = (z1,22), which is a contradiction. We can conclude that
either the consumer must not be optimizing, or some other aspect of the
consumer’s environment—such as tastes, other prices, and so on—must
have changed.

Roughly speaking, since the underlying preferences of the consumer must
be transitive, it follows that the revealed preferences of the consumer must
be transitive. Thus SARP is a necessary implication of optimizing behav-
ior: if a consumer is always choosing the best things that he can afford,
then his observed behavior must satisfy SARP. What is more surprising is
that any behavior satisfying the Strong Axiom can be thought of as being
generated by optimizing behavior in the following sense: if the observed
choices satisfy SARP, we can always find nice, well-behaved preferences
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that could have generated the observed choices. In this sense SARP is a
sufficient condition for optimizing behavior: if the observed choices satisfy
SARP, then it is always possible to find preferences for which the observed
behavior is optimizing behavior. The proof of this claim is unfortunately
beyond the scope of this book, but appreciation of its importance is not.

What it means is that SARP gives us all of the restrictions on behavior
imposed by the model of the optimizing consumer. For if the observed
choices satisfy SARP, we can “construct” preferences that could have gen-
erated these choices. Thus SARP is both a necessary and a sufficient
condition for observed choices to be compatible with the economic model
of consumer choice.

Does this prove that the constructed preferences actually generated the
observed choices? Of course not. As with any scientific statement, we can
only show that observed behavior is not inconsistent with the statement.
We can’t prove that the economic model is correct; we can just determine
the implications of that model and see if observed choices are consistent
with those implications.

7.7 How to Check SARP

Let us suppose that we have a table like Table 7.2 that has a star in row ¢
and column s if observation ¢ is directly revealed preferred to observation
s. How can we use this table to check SARP?

The easiest way is first to transform the table. An example is given in
Table 7.3. This is a table just like Table 7.2, but it uses a different set of
numbers. Here the stars indicate direct revealed preference. The star in
parentheses will be explained below.

How to check SARP.

Bundles
1 2 3
1 | 20 10* 22(+)
Prices 2 21 20 15*
3 12 15 10

Now we systematically look through the entries of the table and see
if there are any chains of observations that make some bundle indirectly
revealed preferred to that one. For example, bundle 1 is directly revealed
preferred to bundle 2 since there is a star in row 1, column 2. And bundle
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2 is directly revealed preferred to bundle 3, since there is a star in row 2,
column 3. Therefore bundle 1 is indirectly revealed preferred to bundle 3,
and we indicate this by putting a star (in parentheses) in row 1, column 3.

In general, if we have many observations, we will have to look for chains
of arbitrary length to see if one observation is indirectly revealed preferred
to another. Although it may not be exactly obvious how to do this, it
turns out that there are simple computer programs that can calculate the
indirect revealed preference relation from the table describing the direct
revealed preference relation. The computer can put a star in location st
of the table if observation s is revealed preferred to observation ¢ by any
chain of other observations.

Once we have done this calculation, we can easily test for SARP. We just
see if there is a situation where there is a star in row ¢, column s, and also a
star in row s, column ¢. If so, we have found a situation where observation
t is revealed preferred to observation s, either directly or indirectly, and,
at the same time, observation s is revealed preferred to observation ¢. This
is a violation of the Strong Axiom of Revealed Preference.

On the other hand, if we do not find such violations, then we know that
the observations we have are consistent with the economic theory of the
consumer. These observations could have been made by an optimizing
consumer with well-behaved preferences. Thus we have a completely op-
erational test for whether or not a particular consumer is acting in a way
consistent with economic theory.

This is important, since we can model several kinds of economic units as
behaving like consumers. Think, for example, of a household consisting of
several people. Will its consumption choices maximize “household utility”?
If we have some data on household consumption choices, we can use the
Strong Axiom of Revealed Preference to see. Another economic unit that
we might think of as acting like a consumer is a nonprofit organization
like a hospital or a university. Do universities maximize a utility func-
tion in making their economic choices? If we have a list of the economic
choices that a university makes when faced with different prices, we can,
in principle, answer this kind of question.

7.8 Index Numbers

Suppose we examine the consumption bundles of a consumer at two differ-
ent times and we want to compare how consumption has changed from one
time to the other. Let b stand for the base period, and let ¢ be some other
time. How does “average” consumption in year ¢ compare to consumption
in the base period?

Suppose that at time ¢ prices are (pt, pb) and that the consumer chooses
(x4, 2%). In the base period b, the prices are (p%,p}), and the consumer’s
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choice is (2%, 25). We want to ask how the “average” consumption of the
consumer has changed.

If we let w; and wy be some “weights” that go into making an average,
then we can look at the following kind of quantity index:

w4 warh

B wlm’{ + ngg'
If I, is greater than 1, we can say that the “average” consumption has gone
up in the movement from b to ¢; if I, is less than 1, we can say that the
“average” consumption has gone down.

The question is, what do we use for the weights? A natural choice is to
use the prices of the goods in question, since they measure in some sense
the relative importance of the two goods. But there are two sets of prices
here: which should we use?

If we use the base period prices for the weights, we have something called
a Laspeyres index, and if we use the ¢ period prices, we have something
called a Paasche index. Both of these indices answer the question of what
has happened to “average” consumption, but they just use different weights
in the averaging process.

Substituting the ¢ period prices for the weights, we see that the Paasche
quantity index is given by

_ phat + phah
T plat +phat’
and substituting the b period prices shows that the Laspeyres quantity
index is given by

_ phaf + phad

T phat +phal”

It turns out that the magnitude of the Laspeyres and Paasche indices can
tell us something quite interesting about the consumer’s welfare. Suppose
that we have a situation where the Paasche quantity index is greater than 1:

Cob ot
_ b1y + P37y

- > 1.
piab + phal

q

What can we conclude about how well-off the consumer is at time ¢ as
compared to his situation at time b7

The answer is provided by revealed preference. Just cross multiply this
inequality to give

pixt + phah > piat + phas,

which immediately shows that the consumer must be better off at ¢ than at
b, since he could have consumed the b consumption bundle in the ¢ situation
but chose not to do so.
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What if the Paasche index is less than 17 Then we would have
phat + phalh < plaf + phat,

which says that when the consumer chose bundle (2}, %), bundle (2%, 2%)
was not affordable. But that doesn’t say anything about the consumer’s
ranking of the bundles. Just because something costs more than you can
afford doesn’t mean that you prefer it to what you're consuming now.

What about the Laspeyres index? It works in a similar way. Suppose
that the Laspeyres index is less than 1:

bot 4 bt
_ b1y +paxy

- <1.
piab + phal

q

Cross multiplying yields
piat + phas > plat + phab,
b

which says that (2%, 23) is revealed preferred to (2}, #%). Thus the consumer
is better off at time b than at time ¢.

7.9 Price Indices

Price indices work in much the same way. In general, a price index will be
a weighted average of prices:

_ plwi + phws
P phwy + phw,

In this case it is natural to choose the quantities as the weights for com-
puting the averages. We get two different indices, depending on our choice
of weights. If we choose the ¢ period quantities for weights, we get the
Paasche price index:

_ P+ phrh
" phal +phah’
and if we choose the base period quantities we get the Laspeyres price
index: . ,

_ piz} + psas
" pial 4 phal

Suppose that the Paasche price index is less than 1; what does revealed
preference have to say about the welfare situation of the consumer in peri-
ods t and b7
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Revealed preference doesn’t say anything at all. The problem is that
there are now different prices in the numerator and in the denominator of
the fractions defining the indices, so the revealed preference comparison
can’t be made.

Let’s define a new index of the change in total expenditure by

t .t t .t
_ pi® +pyTy
= bbb
P1T] + P2y

This is the ratio of total expenditure in period ¢ to the total expenditure
in period b.

Now suppose that you are told that the Paasche price index was greater
than M. This means that

tot tot tot tot
_ P17y + ey pi%y + Paly
P bt bt b..b b.b
PIT] +PaTy  P1TY + Paly

Canceling the numerators from each side of this expression and cross mul-
tiplying, we have

prat + phah > plaf + phak.
This statement says that the bundle chosen at year b is revealed preferred
to the bundle chosen at year t. This analysis implies that if the Paasche
price index is greater than the expenditure index, then the consumer must
be better off in year b than in year ¢.

This is quite intuitive. After all, if prices rise by more than income rises
in the movement from b to ¢, we would expect that would tend to make the
consumer worse off. The revealed preference analysis given above confirms
this intuition.

A similar statement can be made for the Laspeyres price index. If the
Laspeyres price index is less than M, then the consumer must be better off
in year ¢t than in year b. Again, this simply confirms the intuitive idea that
if prices rise less than income, the consumer would become better off. In
the case of price indices, what matters is not whether the index is greater
or less than 1, but whether it is greater or less than the expenditure index.

EXAMPLE: Indexing Social Security Payments

Many elderly people have Social Security payments as their sole source
of income. Because of this, there have been attempts to adjust Social
Security payments in a way that will keep purchasing power constant even
when prices change. Since the amount of payments will then depend on the
movement of some price index or cost-of-living index, this kind of scheme
is referred to as indexing.
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One indexing proposal goes as follows. In some base year b, econo-
mists measure the average consumption bundle of senior citizens. In each
subsequent year the Social Security system adjusts payments so that the
“purchasing power” of the average senior citizen remains constant in the
sense that the average Social Security recipient is just able to afford the
consumption bundle available in year b, as depicted in Figure 7.6.

Indifference
curves

Base period
optimal choice

G| p=mmmme=
} Optimal choice Base
\ after indexing period
: budget
| (P, p3)
Budget ‘
line | Budget line
before ! after indexing
indexing |
L
xP 25
Social Security. Changing prices will typically make the con- Figure
sumer better off than in the base year. 7.6

One curious result of this indexing scheme is that the average senior
citizen will almost always be better off than he or she was in the base year
b. Suppose that year b is chosen as the base year for the price index. Then
the bundle (2%, 2%) is the optimal bundle at the prices (p%,p5). This means
that the budget line at prices (p?, p}) must be tangent to the indifference
curve through (2%, 2%).

Now suppose that prices change. To be specific, suppose that prices
increase so that the budget line, in the absence of Social Security, would
shift inward and tilt. The inward shift is due to the increase in prices; the
tilt is due to the change in relative prices. The indexing program would
then increase the Social Security payment so as to make the original bundle
(2%, 25) affordable at the new prices. But this means that the budget line
would cut the indifference curve, and there would be some other bundle
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on the budget line that would be strictly preferred to (z%,2%). Thus the
consumer would typically be able to choose a better bundle than he or she
chose in the base year.

Summary

1. If one bundle is chosen when another could have been chosen, we say
that the first bundle is revealed preferred to the second.

2. If the consumer is always choosing the most preferred bundles he or she
can afford, this means that the chosen bundles must be preferred to the
bundles that were affordable but weren’t chosen.

3. Observing the choices of consumers can allow us to “recover” or esti-
mate the preferences that lie behind those choices. The more choices we
observe, the more precisely we can estimate the underlying preferences that
generated those choices.

4. The Weak Axiom of Revealed Preference (WARP) and the Strong Ax-
iom of Revealed Preference (SARP) are necessary conditions that consumer
choices have to obey if they are to be consistent with the economic model
of optimizing choice.

REVIEW QUESTIONS

1. When prices are (p1,p2) = (1,2) a consumer demands (z1,z2) = (1,2)
and when prices are (q1,¢2) = (2, 1) the consumer demands (y1,y2) = (2,1)
Is this behavior consistent with the model of maximizing behavior?

b

2. When prices are (p1,p2) = (2,1) a consumer demands (21, z2) = (1
and when prices are (q1,¢2) = (1, 2) the consumer demands (y1,y2) = (2
Is this behavior consistent with the model of maximizing behavior?

72)7
1),

3. In the preceding exercise, which bundle is preferred by the consumer,
the x-bundle or the y-bundle?

4. We saw that the Social Security adjustment for changing prices would
typically make recipients at least as well-off as they were at the base year.
What kind of price changes would leave them just as well-off, no matter
what kind of preferences they had?

5. In the same framework as the above question, what kind of preferences
would leave the consumer just as well-off as he was in the base year, for all
price changes?



CHAPTER 8

SLUTSKY
EQUATION

Economists often are concerned with how a consumer’s behavior changes
in response to changes in the economic environment. The case we want
to consider in this chapter is how a consumer’s choice of a good responds
to changes in its price. It is natural to think that when the price of a
good rises the demand for it will fall. However, as we saw in Chapter 6
it is possible to construct examples where the optimal demand for a good
decreases when its price falls. A good that has this property is called a
Giffen good.

Giffen goods are pretty peculiar and are primarily a theoretical curiosity,
but there are other situations where changes in prices might have “perverse”
effects that, on reflection, turn out not to be so unreasonable. For example,
we normally think that if people get a higher wage they will work more.
But what if your wage went from $10 an hour to $1000 an hour? Would
you really work more? Might you not decide to work fewer hours and use
some of the money you’ve earned to do other things? What if your wage
were $1,000,000 an hour? Wouldn’t you work less?

For another example, think of what happens to your demand for apples
when the price goes up. You would probably consume fewer apples. But
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how about a family who grew apples to sell? If the price of apples went
up, their income might go up so much that they would feel that they could
now afford to consume more of their own apples. For the consumers in this
family, an increase in the price of apples might well lead to an increase in
the consumption of apples.

What is going on here? How is it that changes in price can have these
ambiguous effects on demand? In this chapter and the next we’ll try to
sort out these effects.

8.1 The Substitution Effect

When the price of a good changes, there are two sorts of effects: the rate
at which you can exchange one good for another changes, and the total
purchasing power of your income is altered. If, for example, good 1 becomes
cheaper, it means that you have to give up less of good 2 to purchase good
1. The change in the price of good 1 has changed the rate at which the
market allows you to “substitute” good 2 for good 1. The trade-off between
the two goods that the market presents the consumer has changed.

At the same time, if good 1 becomes cheaper it means that your money
income will buy more of good 1. The purchasing power of your money has
gone up; although the number of dollars you have is the same, the amount
that they will buy has increased.

The first part—the change in demand due to the change in the rate
of exchange between the two goods—is called the substitution effect.
The second effect—the change in demand due to having more purchasing
power—is called the income effect. These are only rough definitions of the
two effects. In order to give a more precise definition we have to consider
the two effects in greater detail.

The way that we will do this is to break the price movement into two
steps: first we will let the relative prices change and adjust money income
so as to hold purchasing power constant, then we will let purchasing power
adjust while holding the relative prices constant.

This is best explained by referring to Figure 8.1. Here we have a situa-
tion where the price of good 1 has declined. This means that the budget
line rotates around the vertical intercept m/ps and becomes flatter. We
can break this movement of the budget line up into two steps: first pivot
the budget line around the original demanded bundle and then shift the
pivoted line out to the new demanded bundle.

This “pivot-shift” operation gives us a convenient way to decompose
the change in demand into two pieces. The first step—the pivot—is a
movement where the slope of the budget line changes while its purchasing
power stays constant, while the second step is a movement where the slope
stays constant and the purchasing power changes. This decomposition is
only a hypothetical construction—the consumer simply observes a change
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Pivot and shift. When the price of good 1 changes and income
stays fixed, the budget line pivots around the vertical axis. We
will view this adjustment as occurring in two stages: first pivot
the budget line around the original choice, and then shift this
line outward to the new demanded bundle.

in price and chooses a new bundle of goods in response. But in analyzing
how the consumer’s choice changes, it is useful to think of the budget line
changing in two stages—first the pivot, then the shift.

What are the economic meanings of the pivoted and the shifted budget
lines? Let us first consider the pivoted line. Here we have a budget line with
the same slope and thus the same relative prices as the final budget line.
However, the money income associated with this budget line is different,
since the vertical intercept is different. Since the original consumption
bundle (x1,x2) lies on the pivoted budget line, that consumption bundle
is just affordable. The purchasing power of the consumer has remained
constant in the sense that the original bundle of goods is just affordable at
the new pivoted line.

Let us calculate how much we have to adjust money income in order to
keep the old bundle just affordable. Let m’ be the amount of money income
that will just make the original consumption bundle affordable; this will
be the amount of money income associated with the pivoted budget line.
Since (21, x2) is affordable at both (p1,p2, m) and (p, p2, m’), we have

m' = plzy + paxs
m = pi1r1 + paxa.

Subtracting the second equation from the first gives

m' —m = x1[p] — p1].

Figure
8.1
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This equation says that the change in money income necessary to make
the old bundle affordable at the new prices is just the original amount of
consumption of good 1 times the change in prices.

Letting Ap; = p} — p1 represent the change in price 1, and Am =
m’ — m represent the change in income necessary to make the old bundle
just affordable, we have

Am = z1Ap;. (8.1)

Note that the change in income and the change in price will always move
in the same direction: if the price goes up, then we have to raise income to
keep the same bundle affordable.

Let’s use some actual numbers. Suppose that the consumer is originally
consuming 20 candy bars a week, and that candy bars cost 50 cents a piece.
If the price of candy bars goes up by 10 cents—so that Ap; = .60 — .50 =
.10—how much would income have to change to make the old consumption
bundle affordable?

We can apply the formula given above. If the consumer had $2.00 more
income, he would just be able to consume the same number of candy bars,
namely, 20. In terms of the formula:

Am = Ap; x 1 = .10 x 20 = $2.00.

Now we have a formula for the pivoted budget line: it is just the budget
line at the new price with income changed by Am. Note that if the price of
good 1 goes down, then the adjustment in income will be negative. When
a price goes down, a consumer’s purchasing power goes up, so we will have
to decrease the consumer’s income in order to keep purchasing power fixed.
Similarly, when a price goes up, purchasing power goes down, so the change
in income necessary to keep purchasing power constant must be positive.

Although (x1,x2) is still affordable, it is not generally the optimal pur-
chase at the pivoted budget line. In Figure 8.2 we have denoted the optimal
purchase on the pivoted budget line by Y. This bundle of goods is the op-
timal bundle of goods when we change the price and then adjust dollar
income so as to keep the old bundle of goods just affordable. The move-
ment from X to Y is known as the substitution effect. It indicates how
the consumer “substitutes” one good for the other when a price changes
but purchasing power remains constant.

More precisely, the substitution effect, Az{, is the change in the demand
for good 1 when the price of good 1 changes to pj and, at the same time,
money income changes to m':

Azx] =z (py,m') — x1(p1,m).
In order to determine the substitution effect, we must use the consumer’s

demand function to calculate the optimal choices at (p},m’) and (p1,m).
The change in the demand for good 1 may be large or small, depending
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on the shape of the consumer’s indifference curves. But given the demand
function, it is easy to just plug in the numbers to calculate the substitution
effect. (Of course the demand for good 1 may well depend on the price of
good 2; but the price of good 2 is being held constant during this exercise,
so we’ve left it out of the demand function so as not to clutter the notation.)

The substitution effect is sometimes called the change in compensated
demand. The idea is that the consumer is being compensated for a price
rise by having enough income given back to him to purchase his old bun-
dle. Of course if the price goes down he is “compensated” by having money
taken away from him. We’ll generally stick with the “substitution” termi-
nology, for consistency, but the “compensation” terminology is also widely
used.

EXAMPLE: Calculating the Substitution Effect

Suppose that the consumer has a demand function for milk of the form

Originally his income is $120 per week and the price of milk is $3 per quart.
Thus his demand for milk will be 10 +120/(10 x 3) = 14 quarts per week.

Figure
8.2
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Now suppose that the price of milk falls to $2 per quart. Then his
demand at this new price will be 10+ 120/(10 x 2) = 16 quarts of milk per
week. The total change in demand is +2 quarts a week.

In order to calculate the substitution effect, we must first calculate how
much income would have to change in order to make the original consump-
tion of milk just affordable when the price of milk is $2 a quart. We apply
the formula (8.1):

Am = l‘lApl =14 x (2 — 3) = —$14

Thus the level of income necessary to keep purchasing power constant
ism’ =m+ Am = 120 — 14 = 106. What is the consumer’s demand for
milk at the new price, $2 per quart, and this level of income? Just plug
the numbers into the demand function to find

106

Thus the substitution effect is

Az§ = x1(2,106) — 21(3,120) = 15.3 — 14 = 1.3.

8.2 The Income Effect

We turn now to the second stage of the price adjustment—the shift move-
ment. This is also easy to interpret economically. We know that a parallel
shift of the budget line is the movement that occurs when income changes
while relative prices remain constant. Thus the second stage of the price
adjustment is called the income effect. We simply change the consumer’s
income from m’ to m, keeping the prices constant at (p},p2). In Figure
8.2 this change moves us from the point (y1,y2) to (21, 22). It is natural to
call this last movement the income effect since all we are doing is changing
income while keeping the prices fixed at the new prices.

More precisely, the income effect, Az}, is the change in the demand for
good 1 when we change income from m’ to m, holding the price of good 1
fixed at pj:

Az} =1 (p/la m) - xl(plh m/)'

We have already considered the income effect earlier in section 6.1. There
we saw that the income effect can operate either way: it will tend to increase
or decrease the demand for good 1 depending on whether we have a normal
good or an inferior good.

When the price of a good decreases, we need to decrease income in order
to keep purchasing power constant. If the good is a normal good, then
this decrease in income will lead to a decrease in demand. If the good is
an inferior good, then the decrease in income will lead to an increase in
demand.
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EXAMPLE: Calculating the Income Effect

In the example given earlier in this chapter we saw that

z1(py,m) = x1(2,120) = 16
x1(py,m') = 21(2,106) = 15.3.

Thus the income effect for this problem is
Azl = 21(2,120) — x1(2,106) = 16 — 15.3 = 0.7.

Since milk is a normal good for this consumer, the demand for milk in-
creases when income increases.

8.3 Sign of the Substitution Effect

We have seen above that the income effect can be positive or negative, de-
pending on whether the good is a normal good or an inferior good. What
about the substitution effect? If the price of a good goes down, as in
Figure 8.2, then the change in the demand for the good due to the substi-
tution effect must be nonnegative. That is, if p; > p), then we must have
x1(py,m’) > x1(p1,m), so that Azs > 0.

The proof of this goes as follows. Consider the points on the pivoted
budget line in Figure 8.2 where the amount of good 1 consumed is less
than at the bundle X. These bundles were all affordable at the old prices
(p1, p2) but they weren’t purchased. Instead the bundle X was purchased.
If the consumer is always choosing the best bundle he can afford, then X
must be preferred to all of the bundles on the part of the pivoted line that
lies inside the original budget set.

This means that the optimal choice on the pivoted budget line must not
be one of the bundles that lies underneath the original budget line. The
optimal choice on the pivoted line would have to be either X or some point
to the right of X. But this means that the new optimal choice must involve
consuming at least as much of good 1 as originally, just as we wanted to
show. In the case illustrated in Figure 8.2, the optimal choice at the pivoted
budget line is the bundle Y, which certainly involves consuming more of
good 1 than at the original consumption point, X.

The substitution effect always moves opposite to the price movement.
We say that the substitution effect is negative, since the change in demand
due to the substitution effect is opposite to the change in price: if the price
increases, the demand for the good due to the substitution effect decreases.
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8.4 The Total Change in Demand

The total change in demand, Axy, is the change in demand due to the
change in price, holding income constant:

Azy = x1(p}, m) — z1(p1, m).

We have seen above how this change can be broken up into two changes: the
substitution effect and the income effect. In terms of the symbols defined
above,

Az, = Azi + Axy
x1(py,m) — x1(p1,m) = [x1(py, m) — z1(p1,m)]

+ [z1(ph, m) — 1 (ph, m")]-

In words this equation says that the total change in demand equals the
substitution effect plus the income effect. This equation is called the Slut-
sky identity.! Note that it is an identity: it is true for all values of p;,
pYy, m, and m/. The first and fourth terms on the right-hand side cancel
out, so the right-hand side is identically equal to the left-hand side.

The content of the Slutsky identity is not just the algebraic identity—
that is a mathematical triviality. The content comes in the interpretation
of the two terms on the right-hand side: the substitution effect and the
income effect. In particular, we can use what we know about the signs of
the income and substitution effects to determine the sign of the total effect.

While the substitution effect must always be negative—opposite the
change in the price—the income effect can go either way. Thus the to-
tal effect may be positive or negative. However, if we have a normal good,
then the substitution effect and the income effect work in the same direc-
tion. An increase in price means that demand will go down due to the
substitution effect. If the price goes up, it is like a decrease in income,
which, for a normal good, means a decrease in demand. Both effects rein-
force each other. In terms of our notation, the change in demand due to a
price increase for a normal good means that

Az = Azxf + Az,
= = =)

(The minus signs beneath each term indicate that each term in this expres-
sion is negative.)

I Named for Eugen Slutsky (1880-1948), a Russian economist who investigated demand
theory.
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Note carefully the sign on the income effect. Since we are considering
a situation where the price rises, this implies a decrease in purchasing
power—for a normal good this will imply a decrease in demand.

On the other hand, if we have an inferior good, it might happen that the
income effect outweighs the substitution effect, so that the total change in
demand associated with a price increase is actually positive. This would
be a case where

Az = Axf + Azxf.
0 ) ®

If the second term on the right-hand side—the income effect—is large
enough, the total change in demand could be positive. This would mean
that an increase in price could result in an increase in demand. This is the
perverse Giffen case described earlier: the increase in price has reduced the
consumer’s purchasing power so much that he has increased his consump-
tion of the inferior good.

But the Slutsky identity shows that this kind of perverse effect can only
occur for inferior goods: if a good is a normal good, then the income and
substitution effects reinforce each other, so that the total change in demand
is always in the “right” direction.

Thus a Giffen good must be an inferior good. But an inferior good is
not necessarily a Giffen good: the income effect not only has to be of the
“wrong” sign, it also has to be large enough to outweigh the “right” sign
of the substitution effect. This is why Giffen goods are so rarely observed
in real life: they would not only have to be inferior goods, but they would
have to be very inferior.

This is illustrated graphically in Figure 8.3. Here we illustrate the usual
pivot-shift operation to find the substitution effect and the income effect.
In both cases, good 1 is an inferior good, and the income effect is therefore
negative. In Figure 8.3A, the income effect is large enough to outweigh
the substitution effect and produce a Giffen good. In Figure 8.3B, the
income effect is smaller, and thus good 1 responds in the ordinary way to
the change in its price.

8.5 Rates of Change

We have seen that the income and substitution effects can be described
graphically as a combination of pivots and shifts, or they can be described
algebraically in the Slutsky identity

Az = Ax] + Axl,

which simply says that the total change in demand is the substitution
effect plus the income effect. The Slutsky identity here is stated in terms
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of absolute changes, but it is more common to express it in terms of rates
of change.

When we express the Slutsky identity in terms of rates of change it turns
out to be convenient to define Az]" to be the negative of the income effect:

Azl = z1(p),m') — z1(p},m) = —Ax7.

Given this definition, the Slutsky identity becomes
Az, = Ax] — Az,
If we divide each side of the identity by Ap;, we have

Azy  Ax{ Az
= - . 8.2
Apy Apy Apy (8.2)

The first term on the right-hand side is the rate of change of demand
when price changes and income is adjusted so as to keep the old bundle
affordable—the substitution effect. Let’s work on the second term. Since
we have an income change in the numerator, it would be nice to get an
income change in the denominator.


creo
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Remember that the income change, Am, and the price change, Ap;, are
related by the formula

Am = J}lApl.
Solving for Ap; we find
Am
Ap; = —.
T

Now substitute this expression into the last term in (8.2) to get our final
formula:
Az, Ax{ Az
Apl o Apl Am
This is the Slutsky identity in terms of rates of change. Note that this
is true for any size price change Apy, so it is true for an infinitesimal price
change dp,. So we can write the equation in derivative form as

Zq.

0x1(p1, p2, M) _ 0z (p1,p2, T1,T2) n 350?(101,102,m)j
Op1 op1 om L

We can interpret each term as follows:

A:El _ xl(p/hm) - xl(plam)
Apy Ap:

is the rate of change in demand as price changes, holding income fixed;

AI? _ Il(p/hm/) - xl(plam)

Apr Apr

is the rate of change in demand as the price changes, adjusting income so
as to keep the old bundle just affordable, that is, the substitution effect;

and m / I /
Axl T = xl(pl’m)_xl(plvm)xl (83)
Am m —m

is the rate of change of demand holding prices fixed and adjusting income,
that is, the income effect.

The income effect is itself composed of two pieces: how demand changes
as income changes, times the original level of demand. When the price
changes by Apy, the change in demand due to the income effect is

-Tl(p/p m/) - l’l(p/p m)
Am
But this last term, x1Ap;, is just the change in income necessary to keep

the old bundle feasible. That is, z1Ap; = Am, so the change in demand
due to the income effect reduces to

Azl = r1Ap;.

wl(pllaml) - xl(p/la m) Am

Azt = A ,

just as we had before.
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8.6 The Law of Demand

In Chapter 5 we voiced some concerns over the fact that consumer theory
seemed to have no particular content: demand could go up or down when a
price increased, and demand could go up or down when income increased.
If a theory doesn’t restrict observed behavior in some fashion it isn’t much
of a theory. A model that is consistent with all behavior has no real content.

However, we know that consumer theory does have some content—we’ve
seen that choices generated by an optimizing consumer must satisfy the
Strong Axiom of Revealed Preference. Furthermore, we’'ve seen that any
price change can be decomposed into two changes: a substitution effect
that is sure to be negative—opposite the direction of the price change—
and an income effect whose sign depends on whether the good is a normal
good or an inferior good.

Although consumer theory doesn’t restrict how demand changes when
price changes or how demand changes when income changes, it does re-
strict how these two kinds of changes interact. In particular, we have the
following.

The Law of Demand. If the demand for a good increases when income
increases, then the demand for that good must decrease when its price in-
creases.

This follows directly from the Slutsky equation: if the demand increases
when income increases, we have a normal good. And if we have a normal
good, then the substitution effect and the income effect reinforce each other,
and an increase in price will unambiguously reduce demand.

8.7 Examples of Income and Substitution Effects

Let’s now consider some examples of price changes for particular kinds of
preferences and decompose the demand changes into the income and the
substitution effects.

We start with the case of perfect complements. The Slutsky decomposi-
tion is illustrated in Figure 8.4. When we pivot the budget line around the
chosen point, the optimal choice at the new budget line is the same as at
the old one—this means that the substitution effect is zero. The change in
demand is due entirely to the income effect.

What about the case of perfect substitutes, illustrated in Figure 8.57
Here when we tilt the budget line, the demand bundle jumps from the
vertical axis to the horizontal axis. There is no shifting left to do! The
entire change in demand is due to the substitution effect in this case.
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As a third example, let us consider the case of quasilinear preferences.
This situation is somewhat peculiar. We have already seen that a shift
in income causes no change in demand for good 1 when preferences are
quasilinear. This means that the entire change in demand for good 1 is due
to the substitution effect, and that the income effect is zero, as illustrated
in Figure 8.6.

EXAMPLE: Rebating a Tax

In 1974 the Organization of Petroleum Exporting Countries (OPEC) insti-
tuted an oil embargo against the United States. OPEC was able to stop oil
shipments to U.S. ports for several weeks. The vulnerability of the United
States to such disruptions was very disturbing to Congress and the pres-
ident, and there were many plans proposed to reduce the United States’s
dependence on foreign oil.

One such plan involved increasing the gasoline tax. Increasing the cost
of gasoline to the consumers would make them reduce their consumption
of gasoline, and the reduced demand for gasoline would in turn reduce the
demand for foreign oil.

But a straight increase in the tax on gasoline would hit consumers where
it hurts—in the pocketbook—and by itself such a plan would be politically

Figure
8.4
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infeasible. So it was suggested that the revenues raised from consumers by
this tax would be returned to the consumers in the form of direct money
payments, or via the reduction of some other tax.

Critics of this proposal argued that paying the revenue raised by the tax
back to the consumers would have no effect on demand since they could
just use the rebated money to purchase more gasoline. What does economic
analysis say about this plan?

Let us suppose, for simplicity, that the tax on gasoline would end up
being passed along entirely to the consumers of gasoline so that the price
of gasoline will go up by exactly the amount of the tax. (In general, only
part of the tax would be passed along, but we will ignore that complication
here.) Suppose that the tax would raise the price of gasoline from p to
p’ = p+t, and that the average consumer would respond by reducing
his demand from z to a’. The average consumer is paying ¢ dollars more
for gasoline, and he is consuming z’ gallons of gasoline after the tax is
imposed, so the amount of revenue raised by the tax from the average
consumer would be

R=tz' = (p' —p)a'.

Note that the revenue raised by the tax will depend on how much gaso-
line the consumer ends up consuming, x’, not how much he was initially
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consuming, x.
If we let y be the expenditure on all other goods and set its price to be
1, then the original budget constraint is

pr+y=m, (8.4)
and the budget constraint in the presence of the tax-rebate plan is
(p+t)r' +y =m+ta'. (8.5)

In budget constraint (8.5) the average consumer is choosing the left-hand
side variables—the consumption of each good—but the right-hand side—
his income and the rebate from the government—are taken as fixed. The
rebate depends on what all consumers do, not what the average consumer
does. In this case, the rebate turns out to be the taxes collected from the
average consumer—but that’s because he is average, not because of any
causal connection.

If we cancel ¢z’ from each side of equation (8.5), we have

px’ + 1y =m.

Thus (2/,3') is a bundle that was affordable under the original budget
constraint and rejected in favor of (z,y). Thus it must be that (z,y)

Figure
8.6


creo



152 SLUTSKY EQUATION (Ch. 8)

is preferred to (2/,%’): the consumers are made worse off by this plan.
Perhaps that is why it was never put into effect!
Using the Slutsky equation, the change in gas consumption will be given
by
dx = %t + aitx
e op  Om
The first term measures how demand responds to the price change times
the amount of the price change—which gives us the price effect of the tax.
The second terms tells us how demand responds to a change in income
times the amount that income has changed—income has gone up by the
amount of the tax revenues rebated to the consumer.
Now use Slutsky’s equation to expand the first term on the right-hand
side to get the substitution and income effects of the price change itself:

qp 2, _ Oz, 0z, _ 0T,
Iiap am T am T op

The income effect cancels out, and all that is left is the pure substitution
effect. Imposing a small tax and rebating the revenues of the tax is just like
imposing a price change and adjusting income so that the old consumption
bundle is feasible—as long as the tax is small enough so that the derivative
approximation is valid.

The equilibrium with a rebated tax is depicted in Figure 8.7. The tax
makes good 1 more expensive, and the rebate increases money income.
The original bundle is no longer affordable, and the consumer is definitely
made worse off. The consumer’s choice under the tax-rebate plan involves
consuming less gasoline and more of “all other goods.”

What can we say about the amount of consumption of gasoline? The
average consumer could afford his old consumption of gasoline, but because
of the tax, gasoline is now more expensive. In general, the consumer would
choose to consume less of it.

EXAMPLE: Voluntary Real Time Pricing

Electricity production suffers from an extreme capacity problem: it is rel-
atively cheap to produce up to capacity, at which point it is, by definition,
impossible to produce more. Building capacity is extremely expensive, so
finding ways to reduce the use of electricity during periods of peak demand
is very attractive from an economic point of view.

In states with warm climates, such as Georgia, roughly 30 percent of
usage during periods of peak demand is due to air conditioning. Further-
more, it is relatively easy to forecast temperature one day ahead so that
potential users will have time to adjust their demand by setting their air
conditioning to a higher temperature, wearing light clothes, and so on.
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Rebating a tax. Taxing a consumer and rebating the tax
revenues makes the consumer worse off.

The challenge is to set up a pricing system so that those users who are able
to cut back on their electricity use will have an incentive to reduce their
consumption.

One way to accomplish this is through the use of Real Time Pricing
(RTP). In a Real Time Pricing program, large industrial users are equipped
with special meters that allow the price of electricity to vary from minute to
minute, depending on signals sent from the electricity generating company.
As the demand for electricity approaches capacity, the generating company
increases the price so as to encourage users to cut back on their usage.
The price schedule is determined as a function of the total demand for
electricity.

Georgia Power Company claims that it runs the largest real time pric-
ing program in the world. In 1999 it was able to reduce demand by 750
megawatts on high-price days by inducing some large customers to cut their
demand by as much as 60 percent.

Georgia Power has devised several interesting variations on the basic real
time pricing model. In one pricing plan, customers are assigned a baseline
quantity, which represents their normal usage. When electricity is in short
supply and the real time price increases, these users face a higher price for
electricity use in excess of their baseline quantity. But they also receive a
rebate if they can manage to cut their electricity use below their baseline
amount.

Figure
8.7
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Figure 8.8 shows how this affects the budget line of the users. The
vertical axis is “money to spend on things other than electricity” and the
horizontal axis is “electricity use.” In normal times, users choose their
electricity consumption to maximize utility subject to a budget constraint
which is determined by the baseline price of electricity. The resulting choice
is their baseline consumption.

OTHER
GOODS

Consumption
under RTP

RTP budget
constraint

Baseline
consumption

__—Baseline budget
constraint

ELECTRICITY

Voluntary real time pricing. Users pay higher rates for
additional electricity when the real time price rises, but they
also get rebates at the same price if they cut back their use.
This results in a pivot around the baseline use and tends to
make the customers better off.

When the temperature rises, the real time price increases, making elec-
tricity more expensive. But this increase in price is a good thing for users
who can cut back their consumption, since they receive a rebate based on
the high real time price for every kilowatt of reduced usage. If usage stays
at the baseline amount, then the user’s bill will not change.

It is not hard to see that this pricing plan is a Slutsky pivot around the
baseline consumption. Thus we can be confident that electricity usage will
decline, and that users will be at least as well off at the real time price as
at the baseline price. Indeed, the program has been quite popular, with
over 1,600 voluntary participants.
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8.8 Another Substitution Effect

The substitution effect is the name that economists give to the change in
demand when prices change but a consumer’s purchasing power is held
constant, so that the original bundle remains affordable. At least this is
one definition of the substitution effect. There is another definition that is
also useful.

The definition we have studied above is called the Slutsky substitution
effect. The definition we will describe in this section is called the Hicks
substitution effect.?

Suppose that instead of pivoting the budget line around the original
consumption bundle, we now roll the budget line around the indifference
curve through the original consumption bundle, as depicted in Figure 8.9.
In this way we present the consumer with a new budget line that has the
same relative prices as the final budget line but has a different income. The
purchasing power he has under this budget line will no longer be sufficient to
purchase his original bundle of goods—but it will be sufficient to purchase
a bundle that is just indifferent to his original bundle.

Thus the Hicks substitution effect keeps utility constant rather than keep-
ing purchasing power constant. The Slutsky substitution effect gives the
consumer just enough money to get back to his old level of consumption,
while the Hicks substitution effect gives the consumer just enough money
to get back to his old indifference curve. Despite this difference in defini-
tion, it turns out that the Hicks substitution effect must be negative—in
the sense that it is in a direction opposite that of the price change—just
like the Slutsky substitution effect.

The proof is again by revealed preference. Let (z1,z2) be a demanded
bundle at some prices (p1,p2), and let (y1,y2) be a demanded bundle at
some other prices (g1, ¢2). Suppose that income is such that the consumer
is indifferent between (21, x2) and (y1, y2). Since the consumer is indifferent
between (z1,z2) and (y1,y2), neither bundle can be revealed preferred to
the other.

Using the definition of revealed preference, this means that the following
two inequalities are not true:

P1x1 + P22 > p1Y1 + P2y2

QY1 + QY2 > 11 + q2Z2.

It follows that these inequalities are true:

P121 + P22 < P1y1 + P2y2

2 The concept is named for Sir John Hicks, an English recipient of the Nobel Prize in
Economics.
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The Hicks substitution effect. Here we pivot the budget line
around the indifference curve rather than around the original
choice.

QY1+ qy2 < @111 + @axo.

Adding these inequalities together and rearranging them we have

(@1 —p1)(y1 — 21) + (g2 — p2)(y2 — 22) < 0.

This is a general statement about how demands change when prices
change if income is adjusted so as to keep the consumer on the same in-
difference curve. In the particular case we are concerned with, we are only
changing the first price. Therefore ¢o = po, and we are left with

(@1 —p1)(y1 — 1) <0.

This equation says that the change in the quantity demanded must have
the opposite sign from that of the price change, which is what we wanted
to show.

The total change in demand is still equal to the substitution effect plus
the income effect—but now it is the Hicks substitution effect. Since the
Hicks substitution effect is also negative, the Slutsky equation takes exactly
the same form as we had earlier and has exactly the same interpretation.
Both the Slutsky and Hicks definitions of the substitution effect have their
place, and which is more useful depends on the problem at hand. It can
be shown that for small changes in price, the two substitution effects are
virtually identical.
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8.9 Compensated Demand Curves

We have seen how the quantity demanded changes as a price changes in
three different contexts: holding income fixed (the standard case), holding
purchasing power fixed (the Slutsky substitution effect), and holding utility
fixed (the Hicks substitution effect). We can draw the relationship between
price and quantity demanded holding any of these three variables fixed.
This gives rise to three different demand curves: the standard demand
curve, the Slutsky demand curve, and the Hicks demand curve.

The analysis of this chapter shows that the Slutsky and Hicks demand
curves are always downward sloping curves. Furthermore the ordinary
demand curve is a downward sloping curve for normal goods. However,
the Giffen analysis shows that it is theoretically possible that the ordinary
demand curve may slope upwards for an inferior good.

The Hicksian demand curve—the one with utility held constant—is some-
times called the compensated demand curve. This terminology arises
naturally if you think of constructing the Hicksian demand curve by ad-
justing income as the price changes so as to keep the consumer’s utility
constant. Hence the consumer is “compensated” for the price changes, and
his utility is the same at every point on the Hicksian demand curve. This
is in contrast to the situation with an ordinary demand curve. In this case
the consumer is worse off facing higher prices than lower prices since his
income is constant.

The compensated demand curve turns out to be very useful in advanced
courses, especially in treatments of benefit-cost analysis. In this sort of
analysis it is natural to ask what size payments are necessary to compen-
sate consumers for some policy change. The magnitude of such payments
gives a useful estimate of the cost of the policy change. However, actual
calculation of compensated demand curves requires more mathematical ma-
chinery than we have developed in this text.

Summary

1. When the price of a good decreases, there will be two effects on consump-
tion. The change in relative prices makes the consumer want to consume
more of the cheaper good. The increase in purchasing power due to the
lower price may increase or decrease consumption, depending on whether
the good is a normal good or an inferior good.

2. The change in demand due to the change in relative prices is called the
substitution effect; the change due to the change in purchasing power is
called the income effect.



158 SLUTSKY EQUATION (Ch. 8)

3. The substitution effect is how demand changes when prices change and
purchasing power is held constant, in the sense that the original bundle
remains affordable. To hold real purchasing power constant, money income
will have to change. The necessary change in money income is given by
Am = x1Ap;.

4. The Slutsky equation says that the total change in demand is the sum
of the substitution effect and the income effect.

5. The Law of Demand says that normal goods must have downward-
sloping demand curves.

REVIEW QUESTIONS

1. Suppose a consumer has preferences between two goods that are perfect
substitutes. Can you change prices in such a way that the entire demand
response is due to the income effect?

2. Suppose that preferences are concave. Is it still the case that the substi-
tution effect is negative?

3. In the case of the gasoline tax, what would happen if the rebate to the
consumers were based on their original consumption of gasoline, x, rather
than on their final consumption of gasoline, x'?

4. In the case described in the preceding question, would the government
be paying out more or less than it received in tax revenues?

5. In this case would the consumers be better off or worse off if the tax
with rebate based on original consumption were in effect?

APPENDIX

Let us derive the Slutsky equation using calculus. Consider the Slutsky defini-
tion of the substitution effect, in which the income is adjusted so as to give the
consumer just enough to buy the original consumption bundle, which we will now
denote by (Z1,Z2). If the prices are (p1,p2), then the consumer’s actual choice
with this adjustment will depend on (p1,p2) and (T1,T2). Let’s call this relation-
ship the Slutsky demand function for good 1, and write it as =3 (p1, p2, T1, T2).

Suppose the original demanded bundle is (Z1,Z2) at prices (p;, p,) and income
m. The Slutsky demand function tells us what the consumer would demand
facing some different prices (p1,p2) and having income pi1Z1 + p2T2. Thus the
Slutsky demand function at (p1, p2, T1, T2) is the ordinary demand at (p1, p2) and
income p1ZT1 + p2T2. That is,

xi(p17p2751752) = ml(p17p2,plil +p2§2)
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This equation says that the Slutsky demand at prices (p1,p2) is that amount
which the consumer would demand if he had enough income to purchase his
original bundle of goods (%1, T2). This is just the definition of the Slutsky demand
function.

Differentiating this identity with respect to p1, we have

62’)?(1)1,]]2751,52) a‘rl(plva?m) 8$1(p1,p27m)7
= + T1.
Op1 op1 om

Rearranging we have

6$1(p1,p2,m) _ 3xi(p1,p2,§1,fg) _ 8%1(p1,p2,ﬁ)i
Op1 op1 om L

Note the use of the chain rule in this calculation.

This is a derivative form of the Slutsky equation. It says that the total effect
of a price change is composed of a substitution effect (where income is adjusted
to keep the bundle (Z1,72) feasible) and an income effect. We know from the
text that the substitution effect is negative and that the sign of the income effect
depends on whether the good in question is inferior or not. As you can see, this
is just the form of the Slutsky equation considered in the text, except that we
have replaced the A’s with derivative signs.

What about the Hicks substitution effect? It is also possible to define a Slutsky
equation for it. We let xf(p1,p2,%) be the Hicksian demand function, which
measures how much the consumer demands of good 1 at prices (p1, p2) if income
is adjusted to keep the level of utility constant at the original level w. It turns
out that in this case the Slutsky equation takes the form

6‘T1(p17p27m) _ ax?(plvp%ﬂ) 8I1(p1,p27m)7
= — X1.
Op1 Op1 om

The proof of this equation hinges on the fact that

8]7}11(]717])27@) — 81’?(1717102751752)
ap1 6p1

for infinitesimal changes in price. That is, for derivative size changes in price, the
Slutsky substitution and the Hicks substitution effect are the same. The proof
of this is not terribly difficult, but it involves some concepts that are beyond
the scope of this book. A relatively simple proof is given in Hal R. Varian,
Microeconomic Analysis, 3rd ed. (New York: Norton, 1992).

EXAMPLE: Rebating a Small Tax

We can use the calculus version of the Slutsky equation to see how consumption
choices would react to a small change in a tax when the tax revenues are rebated
to the consumers.
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Assume, as before, that the tax causes the price to rise by the full amount of
the tax. Let x be the amount of gasoline, p its original price, and t the amount
of the tax. Then the change in consumption will be given by

ox ox
dr = 8—pt + %tac.

The first term measures how demand responds to the price change times the
amount of the price change—which gives us the price effect of the tax. The
second terms tells us how demand responds to a change in income times the
amount that income has changed—income has gone up by the amount of the tax
revenues rebated to the consumer.

Now use Slutsky’s equation to expand the first term on the right-hand side to
get the substitution and income effects of the price change itself:

oz’ ox ox oz®
do =20 g = g,
v op om o om v dp

The income effect cancels out, and all that is left is the pure substitution effect.
Imposing a small tax and rebating the revenues of the tax is just like impos-
ing a price change and adjusting income so that the old consumption bundle is
feasible—as long as the tax is small enough so that the derivative approximation
is valid.



CHAPTER 9

BUYING AND
SELLING

In the simple model of the consumer that we considered in the preceding
chapters, the income of the consumer was given. In reality people earn their
income by selling things that they own: items that they have produced,
assets that they have accumulated, or, most commonly, their own labor.
In this chapter we will examine how the earlier model must be modified so
as to describe this kind of behavior.

9.1 Net and Gross Demands

As before, we will limit ourselves to the two-good model. We now sup-
pose that the consumer starts off with an endowment of the two goods,
which we will denote by (wy,ws).! This is how much of the two goods the
consumer has before he enters the market. Think of a farmer who goes
to market with w; units of carrots and ws units of potatoes. The farmer
inspects the prices available at the market and decides how much he wants
to buy and sell of the two goods.

1 The Greek letter w, omega, is pronounced “o-may-gah.”
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Let us make a distinction here between the consumer’s gross demands
and his net demands. The gross demand for a good is the amount of the
good that the consumer actually ends up consuming: how much of each of
the goods he or she takes home from the market. The net demand for a
good is the difference between what the consumer ends up with (the gross
demand) and the initial endowment of goods. The net demand for a good
is simply the amount that is bought or sold of the good.

If we let (z1,22) be the gross demands, then (z; —wq, 29 — ws) are the
net demands. Note that while the gross demands are typically positive
numbers, the net demands may be positive or negative. If the net demand
for good 1 is negative, it means that the consumer wants to consume less
of good 1 than she has; that is, she wants to supply good 1 to the market.
A negative net demand is simply an amount supplied.

For purposes of economic analysis, the gross demands are the more im-
portant, since that is what the consumer is ultimately concerned with. But
the net demands are what are actually exhibited in the market and thus
are closer to what the layman means by demand or supply.

9.2 The Budget Constraint

The first thing we should do is to consider the form of the budget constraint.
What constrains the consumer’s final consumption? It must be that the
value of the bundle of goods that she goes home with must be equal to the
value of the bundle of goods that she came with. Or, algebraically:

P1T1 + paXa = p1wi + Paws.

We could just as well express this budget line in terms of net demands as
p1(r1 —w1) + pa(z2 —w2) = 0.

If (x1 — wy) is positive we say that the consumer is a net buyer or net
demander of good 1; if it is negative we say that she is a net seller or
net supplier. Then the above equation says that the value of what the
consumer buys must equal the value of what she sells, which seems sensible
enough.

We could also express the budget line when the endowment is present
in a form similar to the way we described it before. Now it takes two
equations:

P11 + P2Xa =M

m = p1w1 + paws.

Once the prices are fixed, the value of the endowment, and hence the
consumer’s money income, is fixed.
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What does the budget line look like graphically? When we fix the prices,
money income is fixed, and we have a budget equation just like we had
before. Thus the slope must be given by —p; /pa, just as before, so the only
problem is to determine the location of the line.

The location of the line can be determined by the following simple obser-
vation: the endowment bundle is always on the budget line. That is, one
value of (z1,x2) that satisfies the budget line is 1 = wy and x5 = wy. The
endowment is always just affordable, since the amount you have to spend
is precisely the value of the endowment.

Putting these facts together shows that the budget line has a slope of
—p1/p2 and passes through the endowment point. This is depicted in Fig-
ure 9.1.

X2

Indifference curves

Budget line
slope = —p;/p,

X1

The budget line. The budget line passes through the endow-
ment and has a slope of —p; /ps.

Given this budget constraint, the consumer can choose the optimal con-
sumption bundle just as before. In Figure 9.1 we have shown an example
of an optimal consumption bundle (x7,x3). Just as before, it will satisfy
the optimality condition that the marginal rate of substitution is equal to
the price ratio.

Figure
9.1
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In this particular case, 7 > w; and 25 < ws, so the consumer is a net
buyer of good 1 and a net seller of good 2. The net demands are simply the
net amounts that the consumer buys or sells of the two goods. In general
the consumer may decide to be either a buyer or a seller depending on the
relative prices of the two goods.

9.3 Changing the Endowment

In our previous analysis of choice we examined how the optimal consump-
tion changed as the money income changed while the prices remained fixed.
We can do a similar analysis here by asking how the optimal consumption
changes as the endowment changes while the prices remain fixed.

For example, suppose that the endowment changes from (ws,ws) to some
other value (wf,w}) such that

1w + Pawa > Prw] + Paws.

This inequality means that the new endowment (w},w}) is worth less than
the old endowment—the money income that the consumer could achieve
by selling her endowment is less.

This is depicted graphically in Figure 9.2A: the budget line shifts in-
ward. Since this is exactly the same as a reduction in money income, we
can conclude the same two things that we concluded in our examination of
that case. First, the consumer is definitely worse off with the endowment
(w],wh) than she was with the old endowment, since her consumption pos-
sibilities have been reduced. Second, her demand for each good will change
according to whether that good is a normal good or an inferior good.

For example, if good 1 is a normal good and the consumer’s endowment
changes in a way that reduces its value, we can conclude that the consumer’s
demand for good 1 will decrease.

The case where the value of the endowment increases is depicted in Fig-
ure 9.2B. Following the above argument we conclude that if the budget
line shifts outward in a parallel way, the consumer must be made better
off. Algebraically, if the endowment changes from (wi,ws) to (w},w})) and
p1w1 + paws < prw] + pawh, then the consumer’s new budget set must con-
tain her old budget set. This in turn implies that the optimal choice of the
consumer with the new budget set must be preferred to the optimal choice
given the old endowment.

It is worthwhile pondering this point a moment. In Chapter 7 we argued
that just because a consumption bundle had a higher cost than another
didn’t mean that it would be preferred to the other bundle. But that
only holds for a bundle that must be consumed. If a consumer can sell a
bundle of goods on a free market at constant prices, then she will always
prefer a higher-valued bundle to a lower-valued bundle, simply because a
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(w7, ®;)

X1 X1

A A decrease in the value B An increase in the value
of the endowment of the endowment

Changes in the value of the endowment. In case A the
value of the endowment decreases, and in case B it increases.

higher-valued bundle gives her more income, and thus more consumption
possibilities. Therefore, an endowment that has a higher value will always
be preferred to an endowment with a lower value. This simple observation
will turn out to have some important implications later on.

There’s one more case to consider: what happens if pjw; +pows = prw} +
powh? Then the budget set doesn’t change at all: the consumer is just
as well-off with (wy,ws) as with (w},w}), and her optimal choice should
be exactly the same. The endowment has just shifted along the original
budget line.

9.4 Price Changes

Earlier, when we examined how demand changed when price changed, we
conducted our investigation under the hypothesis that money income re-
mained constant. Now, when money income is determined by the value
of the endowment, such a hypothesis is unreasonable: if the value of a
good you are selling changes, your money income will certainly change.
Thus in the case where the consumer has an endowment, changing prices
automatically implies changing income.

Let us first think about this geometrically. If the price of good 1 de-
creases, we know that the budget line becomes flatter. Since the endow-
ment bundle is always affordable, this means that the budget line must
pivot around the endowment, as depicted in Figure 9.3.

Figure
9.2
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Decreasing the price of good 1. Lowering the price of good
1 makes the budget line pivot around the endowment. If the
consumer remains a supplier she must be worse off.

In this case, the consumer is initially a seller of good 1 and remains a
seller of good 1 even after the price has declined. What can we say about
this consumer’s welfare? In the case depicted, the consumer is on a lower
indifference curve after the price change than before, but will this be true
in general? The answer comes from applying the principle of revealed
preference.

If the consumer remains a supplier, then her new consumption bundle
must be on the colored part of the new budget line. But this part of the new
budget line is inside the original budget set: all of these choices were open to
the consumer before the price changed. Therefore, by revealed preference,
all of these choices are worse than the original consumption bundle. We can
therefore conclude that if the price of a good that a consumer is selling goes
down, and the consumer decides to remain a seller, then the consumer’s
welfare must have declined.

What if the price of a good that the consumer is selling decreases and
the consumer decides to switch to being a buyer of that good? In this case,
the consumer may be better off or she may be worse off—there is no way
to tell.

Let us now turn to the situation where the consumer is a net buyer of a
good. In this case everything neatly turns around: if the consumer is a net
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buyer of a good, its price increases, and the consumer optimally decides
to remain a buyer, then she must definitely be worse off. But if the price
increase leads her to become a seller, it could go either way—she may be
better off, or she may be worse off. These observations follow from a simple
application of revealed preference just like the cases described above, but it
is good practice for you to draw a graph just to make sure you understand
how this works.

Revealed preference also allows us to make some interesting points about
the decision of whether to remain a buyer or to become a seller when prices
change. Suppose, as in Figure 9.4, that the consumer is a net buyer of good
1, and consider what happens if the price of good 1 decreases. Then the
budget line becomes flatter as in Figure 9.4.
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Decreasing the price of good 1. If a person is a buyer and Figure
the price of what she is buying decreases, she remains a buyer. 9.4

As usual we don’t know for certain whether the consumer will buy more
or less of good 1—it depends on her tastes. However, we can say something
for sure: the consumer will continue to be a net buyer of good 1—she will
not switch to being a seller.

How do we know this? Well, consider what would happen if the consumer
did switch. Then she would be consuming somewhere on the colored part
of the new budget line in Figure 9.4. But those consumption bundles were
feasible for her when she faced the original budget line, and she rejected
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them in favor of (z7,z%). So (z7,x%) must be better than any of those
points. And under the new budget line, (27, 3) is a feasible consumption
bundle. So whatever she consumes under the new budget line, it must be
better than (x7,2%)—and thus better than any points on the colored part
of the new budget line. This implies that her consumption of x; must
be to the right of her endowment point—that is, she must remain a net
demander of good 1.

Again, this kind of observation applies equally well to a person who is
a net seller of a good: if the price of what she is selling goes up, she will
not switch to being a net buyer. We can’t tell for sure if the consumer will
consume more or less of the good she is selling—but we know that she will
keep selling it if the price goes up.

9.5 Offer Curves and Demand Curves

Recall from Chapter 6 that price offer curves depict those combinations of
both goods that may be demanded by a consumer and that demand curves
depict the relationship between the price and the quantity demanded of
some good. Exactly the same constructions work when the consumer has
an endowment of both goods.

Consider, for example, Figure 9.5, which illustrates the price offer curve
and the demand curve for a consumer. The offer curve will always pass
through the endowment, because at some price the endowment will be
a demanded bundle; that is, at some prices the consumer will optimally
choose not to trade.

As we've seen, the consumer may decide to be a buyer of good 1 for
some prices and a seller of good 1 for other prices. Thus the offer curve
will generally pass to the left and to the right of the endowment point.

The demand curve illustrated in Figure 9.5B is the gross demand curve—
it measures the total amount the consumer chooses to consume of good 1.
We have illustrated the net demand curve in Figure 9.6.

Note that the net demand for good 1 will typically be negative for some
prices. This will be when the price of good 1 becomes so high that the
consumer chooses to become a seller of good 1. At some price the consumer
switches between being a net demander to being a net supplier of good 1.

It is conventional to plot the supply curve in the positive orthant, al-
though it actually makes more sense to think of supply as just a negative
demand. We’ll bow to tradition here and plot the net supply curve in the
normal way—as a positive amount, as in Figure 9.6.

Algebraically the net demand for good 1, dy(p1,p2), is the difference
between the gross demand z1(p1, p2) and the endowment of good 1, when
this difference is positive; that is, when the consumer wants more of the
good than he or she has:

dy(p1,ps) = {$1(p1,p2) —w; if this i.s positive;
0 otherwise.
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The offer curve and the demand curve. These are two
ways of depicting the relationship between the demanded bundle
and the prices when an endowment is present.

The net supply curve is the difference between how much the consumer
has of good 1 and how much he or she wants when this difference is positive:

w1 — x1(p1,p2) if this is positive;

s , = i
1(p1,p2) {0 otherwise.

Everything that we’ve established about the properties of demand behav-
ior applies directly to the supply behavior of a consumer—because supply
is just negative demand. If the gross demand curve is always downward
sloping, then the net demand curve will be downward sloping and the sup-
ply curve will be upward sloping. Think about it: if an increase in the
price makes the net demand more negative, then the net supply will be
more positive.

9.6 The Slutsky Equation Revisited

The above applications of revealed preference are handy, but they don’t
really answer the main question: how does the demand for a good react to
a change in its price? We saw in Chapter 8 that if money income was held
constant, and the good was a normal good, then a reduction in its price
must lead to an increase in demand.

The catch is the phrase “money income was held constant.” The case we
are examining here necessarily involves a change in money income, since
the value of the endowment will necessarily change when a price changes.

Figure
9.5
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Gross demand, net demand, and net supply. Using the
gross demand and net demand to depict the demand and supply
behavior.

In Chapter 8 we described the Slutsky equation that decomposed the
change in demand due to a price change into a substitution effect and an
income effect. The income effect was due to the change in purchasing power
when prices change. But now, purchasing power has two reasons to change
when a price changes. The first is the one involved in the definition of the
Slutsky equation: when a price falls, for example, you can buy just as much
of a good as you were consuming before and have some extra money left
over. Let us refer to this as the ordinary income effect. But the second
effect is new. When the price of a good changes, it changes the value of
your endowment and thus changes your money income. For example, if
you are a net supplier of a good, then a fall in its price will reduce your
money income directly since you won’t be able to sell your endowment for
as much money as you could before. We will have the same effects that
we had before, plus an extra income effect from the influence of the prices
on the value of the endowment bundle. We'll call this the endowment
income effect.

In the earlier form of the Slutsky equation, the amount of money income
you had was fixed. Now we have to worry about how your money income
changes as the value of your endowment changes. Thus, when we calculate
the effect of a change in price on demand, the Slutsky equation will take
the form:

total change in demand = change due to substitution effect + change in de-
mand due to ordinary income effect + change in demand due to endowment
income effect.
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The first two effects are familiar. As before, let % stand for the total

rate of change in demand, with a subscript s to stand for the substitution
effect, and a subscript m to stand for the ordinary income effect. Then
we can substitute these terms into the above “verbal equation” to get the
Slutsky equation in terms of rates of change:

dxy  Ox] oz

opr  op om

+ endowment income effect. (9.1)

What will the last term look like? We’ll derive an explicit expression
below, but let us first think about what is involved. When the price of the
endowment changes, money income will change, and this change in money
income will induce a change in demand. Thus the endowment income effect
will consist of two terms:

endowment income effect = change in demand when income changes
x the change in income when price changes. (9.2)

Let’s look at the second effect first. Since income is defined to be
m = piwy + pawa,

we have
om
~ = Ww1.
op1
This tells us how money income changes when the price of good 1 changes:
if you have 10 units of good 1 to sell, and its price goes up by $1, your
money income will go up by $10.
The first term in equation (9.2) is just how demand changes when income
m
changes. We already have an expression for this: it is O} : the change
in demand divided by the change in income. Thus the endowment income

effect is given by

oxz* Om Oz

endowment income effect = = — Wwj.
om Opq om !

(9.3)

Inserting equation (9.3) into equation (9.1) we get the final form of the
Slutsky equation:
Oxry  0x§ oz

a7]3123291

The derivation of the Slutsky equation above contained one bit of hand

waving. When we considered how changing the monetary value of the
m
endowment affects demand, we said that it was equal to L1 In our old

version of the Slutsky equation this was the rate of change innéemand when
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income changed so as to keep the original consumption bundle affordable.
But that will not necessarily be equal to the rate of change of demand when
the value of the endowment changes. Let’s examine this point in a little
more detail.

Let the price of good 1 change from p; to p}, and use m” to denote the
new money income at the price pj due to the change in the value of the
endowment. Suppose that the price of good 2 remains fixed so we can omit
it as an argument of the demand function.

By definition of m”, we know that

m” —m = Apiw;.
Note that it is identically true that

z1(py,m”) —x1(pr,m) _

$1(p’17m/) —xl(phm)

+ substitution effect
Aps ( )
/ A /
_ ilpy,m’) = 21(py,m) (ordinary income effect)
Apy
’ AN /
+ Z1(ph,m )A 71(ph,m) (endowment income effect).
D1

(Just cancel out identical terms with opposite signs on the right-hand side.)
By definition of the ordinary income effect,

’

m —m

Aplzi
Z1

and by definition of the endowment income effect,

m’ —m
Apy =
w1

Making these replacements gives us a Slutsky equation of the form

z1(py,m”) —xi(p,m)

Apy

/ N

+ 21(pr,m) = 21(p1m) (substitution effect)
Apy

/ AN /

_nilpm )/ 21(pr,m) x1 (ordinary income effect)
m' —m

/ AN /

+ 21(ph,m”) = 1(pr, m) w1 (endowment income effect).

m'’ —m
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Writing this in terms of As, we have

Az;  Azf  Axf? Azy

Api  Apy - Am ot Am

wi.

The only new term here is the last one. It tells how the demand for good
1 changes as income changes, times the endowment of good 1. This is
precisely the endowment income effect.

Suppose that we are considering a very small price change, and thus
a small associated income change. Then the fractions in the two income
effects will be virtually the same, since the rate of change of good 1 when
income changes from m to m’ should be about the same as when income
changes from m to m”. For such small changes we can collect terms and
write the last two terms—the income effects—as

m
AxY

Am

(wl - xl)v

which yields a Slutsky equation of the same form as that derived earlier:

Axy  Azxf
Apr Ap

Az
Am

+ (w1 — 71)

If we want to express the Slutsky equation in calculus terms, we can just
take limits in this expression. Or, if you prefer, we can calculate the correct
equation directly, just by taking partial derivatives. Let z1(p1,m(p1)) be
the demand function for good 1 where we hold price 2 fixed and recognize
that money income depends on the price of good 1 via the relationship
m(p1) = prwr + pews. Then we can write

dxz1(p1,m(p1)) _ dx1(p1,m) . dx1(p1,m) dm(p1)

. 9.4
dp1 om om dp; ©-4)
By the definition of m(p1) we know how income changes when price
changes:
om(p1)
= 9.5
8p1 Wi, ( )

and by the Slutsky equation we know how demand changes when price
changes, holding money income fixed:

dz1(p1,m) _ O0xi(p1)  Ox(pi,m)
8p1 = 3p1 om ZI1. (96)

Inserting equations (9.5) and (9.6) into equation (9.4) we have

dry(pr,m(pr)) _ O0xi(py) | Ox(pr,m)

an oo om 1T
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which is the form of the Slutsky equation that we want.

This equation can be used to answer the earlier question: how does the
demand for a good react to a change in its price? We know that the sign
of the substitution effect is always negative—opposite the direction of the

change in price. Let us suppose that the good is a normal good, so that
m

91 > 0. Then the sign of the combined income effect depends on whether

t glperson is a net demander or a net supplier of the good in question. If
the person is a net demander of a normal good, and its price increases,
then the consumer will necessarily buy less of it. If the consumer is a net
supplier of a normal good, then the sign of the total effect is ambiguous:
it depends on the magnitude of the (positive) combined income effect as
compared to the magnitude of the (negative) substitution effect.

As before, each of these changes can be depicted graphically, although
the graph gets rather messy. Refer to Figure 9.7, which depicts the Slutsky
decomposition of a price change. The total change in the demand for good 1
is indicated by the movement from A to C'. This is the sum of three separate
movements: the substitution effect, which is the movement from A to B,
and two income effects. The ordinary income effect, which is the movement
from B to D, is the change in demand holding money income fizred—that
is, the same income effect that we examined in Chapter 8. But since the
value of the endowment changes when prices change, there is now an extra
income effect: because of the change in the value of the endowment, money
income changes. This change in money income shifts the budget line back
inward so that it passes through the endowment bundle. The change in
demand from D to C measures this endowment income effect.

9.7 Use of the Slutsky Equation

Suppose that we have a consumer who sells apples and oranges that he
grows on a few trees in his backyard, like the consumer we described at the
beginning of Chapter 8. We said there that if the price of apples increased,
then this consumer might actually consume more apples. Using the Slutsky
equation derived in this chapter, it is not hard to see why. If we let x, stand
for the consumer’s demand for apples, and let p, be the price of apples,
then we know that

ora_0s; s
Opa — Opa

+ (wa — 2a) om

(-) +)

This says that the total change in the demand for apples when the price
of apples changes is the substitution effect plus the income effect. The sub-
stitution effect works in the right direction—increasing the price decreases
the demand for apples. But if apples are a normal good for this consumer,
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the income effect works in the wrong direction. Since the consumer is a net
supplier of apples, the increase in the price of apples increases his money
income so much that he wants to consume more apples due to the income
effect. If the latter term is strong enough to outweigh the substitution
effect, we can easily get the “perverse” result.

EXAMPLE: Calculating the Endowment Income Effect

Let’s try a little numerical example. Suppose that a dairy farmer produces
40 quarts of milk a week. Initially the price of milk is $3 a quart. His
demand function for milk, for his own consumption, is

m
xr1 = 10 + 10p1 .

Since he is producing 40 quarts at $3 a quart, his income is $120 a week.
His initial demand for milk is therefore 1 = 14. Now suppose that the
price of milk changes to $2 a quart. His money income will then change to
m’ =2 x 40 = $80, and his demand will be 2} = 10 + 80/20 = 14.

If his money income had remained fixed at m = $120, he would have
purchased z; = 10+120/10 x 2 = 16 quarts of milk at this price. Thus the

Figure
9.7
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endowment income effect—the change in his demand due to the change
in the value of his endowment—is —2. The substitution effect and the
ordinary income effect for this problem were calculated in Chapter 8.

9.8 Labor Supply

Let us apply the idea of an endowment to analyzing a consumer’s labor
supply decision. The consumer can choose to work a lot and have rela-
tively high consumption, or can choose to work a little and have a small
consumption. The amount of consumption and labor will be determined
by the interaction of the consumer’s preferences and the budget constraint.

The Budget Constraint

Let us suppose that the consumer initially has some money income M that
she receives whether she works or not. This might be income from invest-
ments or from relatives, for example. We call this amount the consumer’s
nonlabor income. (The consumer could have zero nonlabor income, but
we want to allow for the possibility that it is positive.)

Let us use C to indicate the amount of consumption the consumer has,
and use p to denote the price of consumption. Then letting w be the wage
rate, and L the amount of labor supplied, we have the budget constraint:

pC' =M + wL.

This says that the value of what the consumer consumes must be equal to
her nonlabor income plus her labor income.

Let us try to compare the above formulation to the previous examples
of budget constraints. The major difference is that we have something
that the consumer is choosing—labor supply—on the right-hand side of
the equation. We can easily transpose it to the left-hand side to get

pC —wlL = M.

This is better, but we have a minus sign where we normally have a
plus sign. How can we remedy this? Let us suppose that there is some
maximum amount of labor supply possible—24 hours a day, 7 days a week,
or whatever is compatible with the units of measurement we are using. Let
L denote this amount of labor time. Then adding wL to each side and
rearranging we have

pC +w(L — L) = M +wL.
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Let us define C = M/p, the amount of consumption that the consumer

would have if she didn’t work at all. That is, C' is her endowment of
consumption, so we write

pC +w(L — L) = pC + wL.

Now we have an equation very much like those we’ve seen before. We
have two choice variables on the left-hand side and two endowment variables
on the right-hand side. The variable L— L can be interpreted as the amount
of “leisure”—that is, time that isn’t labor time. Let us use the variable
R (for relaxation!) to denote leisure, so that R = L — L. Then the total
amount of time you have available for leisure is R = L and the budget
constraint becomes

pC + wR = pC + wR.

The above equation is formally identical to the very first budget con-
straint that we wrote in this chapter. However, it has a much more inter-
esting interpretation. It says that the value of a consumer’s consumption
plus her leisure has to equal the value of her endowment of consumption
and her endowment of time, where her endowment of time is valued at her
wage rate. The wage rate is not only the price of labor, it is also the price
of leisure.

After all, if your wage rate is $10 an hour and you decide to consume
an extra hour’s leisure, how much does it cost you? The answer is that
it costs you $10 in forgone income—that’s the price of that extra hour’s
consumption of leisure. Economists sometimes say that the wage rate is
the opportunity cost of leisure.

The right-hand side of this budget constraint is sometimes called the
consumer’s full income or implicit income. It measures the value of
what the consumer owns—her endowment of consumption goods, if any,
and her endowment of her own time. This is to be distinguished from the
consumer’s measured income, which is simply the income she receives
from selling off some of her time.

The nice thing about this budget constraint is that it is just like the ones
we’ve seen before. It passes through the endowment point (L, C) and has a
slope of —w/p. The endowment would be what the consumer would get if
she did not engage in market trade at all, and the slope of the budget line
tells us the rate at which the market will exchange one good for another.

The optimal choice occurs where the marginal rate of substitution—the
tradeoff between consumption and leisure—equals w/p, the real wage, as
depicted in Figure 9.8. The value of the extra consumption to the consumer
from working a little more has to be just equal to the value of the lost leisure
that it takes to generate that consumption. The real wage is the amount
of consumption that the consumer can purchase if she gives up an hour of
leisure.
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9.9 Comparative Statics of Labor Supply

First let us consider how a consumer’s labor supply changes as money
income changes with the price and wage held fixed. If you won the state
lottery and got a big increase in nonlabor income, what would happen to
your supply of labor? What would happen to your demand for leisure?

For most people, the supply of labor would drop when their money in-
come increased. In other words, leisure is probably a normal good for most
people: when their money income rises, people choose to consume more
leisure. There seems to be a fair amount of evidence for this observation,
so we will adopt it as a maintained hypothesis: we will assume that leisure
is a normal good.

What does this imply about the response of the consumer’s labor supply
to changes in the wage rate? When the wage rate increases there are two
effects: the return to working more increase and the cost of consuming
leisure increases. By using the ideas of income and substitution effects and
the Slutsky equation we can isolate these individual effects and analyze
them.

When the wage rate increases, leisure becomes more expensive, which by
itself leads people to want less of it (the substitution effect). Since leisure
is a normal good, we would then predict that an increase in the wage rate
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would necessarily lead to a decrease in the demand for leisure—that is, an
increase in the supply of labor. This follows from the Slutsky equation
given in Chapter 8. A normal good must have a negatively sloped demand
curve. If leisure is a normal good, then the supply curve of labor must be
positively sloped.

But there is a problem with this analysis. First, at an intuitive level, it
does not seem reasonable that increasing the wage would always result in
an increased supply of labor. If my wage becomes very high, I might well
“spend” the extra income in consuming leisure. How can we reconcile this
apparently plausible behavior with the economic theory given above?

If the theory gives the wrong answer, it is probably because we’ve mis-
applied the theory. And indeed in this case we have. The Slutsky example
described earlier gave the change in demand holding money income con-
stant. But if the wage rate changes, then money income must change as
well. The change in demand resulting from a change in money income is
an extra income effect—the endowment income effect. It occurs on top of
the ordinary income effect.

If we apply the appropriate version of the Slutsky equation given earlier
in this chapter, we get the following expression:

g—g = substitution effect + (R — R) g% 9.7)
(=) +) (4

In this expression the substitution effect is definitely negative, as it al-
ways is, and 0R/dm is positive since we are assuming that leisure is a
normal good. But (R — R) is positive as well, so the sign of the whole
expression is ambiguous. Unlike the usual case of consumer demand, the
demand for leisure will have an ambiguous sign, even if leisure is a normal
good. As the wage rate increases, people may work more or less.

Why does this ambiguity arise? When the wage rate increases, the substi-
tution effect says work more in order to substitute consumption for leisure.
But when the wage rate increases, the value of the endowment goes up as
well. This is just like extra income, which may very well be consumed in
taking extra leisure. Which is the larger effect is an empirical matter and
cannot be decided by theory alone. We have to look at people’s actual
labor supply decisions to determine which effect dominates.

The case where an increase in the wage rate results in a decrease in the
supply of labor is represented by a backward-bending labor supply
curve. The Slutsky equation tells us that this effect is more likely to occur
the larger is (R — R), that is, the larger is the supply of labor. When
R = R, the consumer is consuming only leisure, so an increase in the wage
will result in a pure substitution effect and thus an increase in the supply
of labor. But as the labor supply increases, each increase in the wage gives
the consumer additional income for all the hours he is working, so that
after some point he may well decide to use this extra income to “purchase”
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additional leisure—that is, to reduce his supply of labor.

A backward-bending labor supply curve is depicted in Figure 9.9. When
the wage rate is small, the substitution effect is larger than the income
effect, and an increase in the wage will decrease the demand for leisure and
hence increase the supply of labor. But for larger wage rates the income
effect may outweigh the substitution effect, and an increase in the wage
will reduce the supply of labor.
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Backward-bending labor supply. As the wage rate in-
creases, the supply of labor increases from L; to Ly. But a
further increase in the wage rate reduces the supply of labor
back to L.

EXAMPLE: Overtime and the Supply of Labor

Consider a worker who has chosen to supply a certain amount of labor
L* = R — R* when faced with the wage rate w as depicted in Figure 9.10.
Now suppose that the firm offers him a higher wage, w’ > w, for extra time
that he chooses to work. Such a payment is known as an overtime wage.

In terms of Figure 9.10, this means that the slope of the budget line will
be steeper for labor supplied in excess of L*. But then we know that the
worker will optimally choose to supply more labor, by the usual sort of
revealed preference argument: the choices involving working less than L*

were available before the overtime was offered and were rejected.
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Overtime versus an ordinary wage increase. An increase
in the overtime wage definitely increases the supply of labor,
while an increase in the straight wage could decrease the supply
of labor.

Note that we get an unambiguous increase in labor supply with an over-
time wage, whereas just offering a higher wage for all hours worked has an
ambiguous effect—as discussed above, labor supply may increase or it may
decrease. The reason is that the response to an overtime wage is essentially
a pure substitution effect—the change in the optimal choice resulting from
piwoting the budget line around the chosen point. Overtime gives a higher
payment for the extra hours worked, whereas a straight increase in the wage
gives a higher payment for all hours worked. Thus a straight-wage increase
involves both a substitution and an income effect while an overtime-wage
increase results in a pure substitution effect. An example of this is shown in
Figure 9.10. There an increase in the straight wage results in a decrease in
labor supply, while an increase in the overtime wage results in an increase
in labor supply.

Summary

1. Consumers earn income by selling their endowment of goods.

2. The gross demand for a good is the amount that the consumer ends up

Figure
9.10
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consuming. The net demand for a good is the amount the consumer buys.
Thus the net demand is the difference between the gross demand and the
endowment.

3. The budget constraint has a slope of —p;/ps> and passes through the
endowment bundle.

4. When a price changes, the value of what the consumer has to sell will
change and thereby generate an additional income effect in the Slutsky
equation.

5. Labor supply is an interesting example of the interaction of income and
substitution effects. Due to the interaction of these two effects, the response
of labor supply to a change in the wage rate is ambiguous.

REVIEW QUESTIONS

1. If a consumer’s net demands are (5, —3) and her endowment is (4,4),
what are her gross demands?

2. The prices are (p1,p2) = (2, 3), and the consumer is currently consuming
(z1,22) = (4,4). There is a perfect market for the two goods in which they
can be bought and sold costlessly. Will the consumer necessarily prefer
consuming the bundle (y1,y2) = (3,5)7 Will she necessarily prefer having
the bundle (y1,y2)?

3. The prices are (p1,p2) = (2, 3), and the consumer is currently consuming
(x1,22) = (4,4). Now the prices change to (q1,¢2) = (2,4). Could the
consumer be better off under these new prices?

4. The U.S. currently imports about half of the petroleum that it uses. The
rest of its needs are met by domestic production. Could the price of oil rise
so much that the U.S. would be made better off?

5. Suppose that by some miracle the number of hours in the day increased
from 24 to 30 hours (with luck this would happen shortly before exam
week). How would this affect the budget constraint?

6. If leisure is an inferior good, what can you say about the slope of the
labor supply curve?



CHAPTER 1 O

INTERTEMPORAL
CHOICE

In this chapter we continue our examination of consumer behavior by con-
sidering the choices involved in saving and consuming over time. Choices
of consumption over time are known as intertemporal choices.

10.1 The Budget Constraint

Let us imagine a consumer who chooses how much of some good to consume
in each of two time periods. We will usually want to think of this good
as being a composite good, as described in Chapter 2, but you can think
of it as being a specific commodity if you wish. We denote the amount
of consumption in each period by (¢1,c2) and suppose that the prices of
consumption in each period are constant at 1. The amount of money the
consumer will have in each period is denoted by (mq,ms2).

Suppose initially that the only way the consumer has of transferring
money from period 1 to period 2 is by saving it without earning interest.
Furthermore let us assume for the moment that he has no possibility of
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borrowing money, so that the most he can spend in period 1 is my. His
budget constraint will then look like the one depicted in Figure 10.1.

We see that there will be two possible kinds of choices. The consumer
could choose to consume at (mq,ms), which means that he just consumes
his income each period, or he can choose to consume less than his income
during the first period. In this latter case, the consumer is saving some of
his first-period consumption for a later date.

Now, let us allow the consumer to borrow and lend money at some
interest rate r. Keeping the prices of consumption in each period at 1 for
convenience, let us derive the budget constraint. Suppose first that the
consumer decides to be a saver so his first period consumption, ¢y, is less
than his first-period income, m;. In this case he will earn interest on the
amount he saves, my — ¢y, at the interest rate r. The amount that he can
consume next period is given by

ca=mo+ (my —cy) +r(mg —cq)
=mo+ (1+7)(m1 —c1). (10.1)

This says that the amount that the consumer can consume in period 2 is
his income plus the amount he saved from period 1, plus the interest that
he earned on his savings.

Now suppose that the consumer is a borrower so that his first-period
consumption is greater than his first-period income. The consumer is a
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borrower if ¢; > mq, and the interest he has to pay in the second period
will be r(¢; —my). Of course, he also has to pay back the amount that he
borrowed, ¢; — mq. This means his budget constraint is given by

co =mg —1(c1 —my) — (c1 —mq)
=mo+ (L +7)(m1 —c1),

which is just what we had before. If m; — ¢; is positive, then the consumer
earns interest on this savings; if m; — ¢; is negative, then the consumer
pays interest on his borrowings.

If ¢4 = my, then necessarily co = mo, and the consumer is neither a
borrower nor a lender. We might say that this consumption position is the
“Polonius point.”!

We can rearrange the budget constraint for the consumer to get two
alternative forms that are useful:

(14+7r)er +ca=(14r)my +ma (10.2)
and
Co mo
— = . 10.3
et 147 ™+ 1+7r ( )

Note that both equations have the form

P1Z1 + p2x2 = p1mi + pama.

In equation (10.2), py = 1+ r and ps = 1. In equation (10.3), p; = 1 and
po=1/(1+7).

We say that equation (10.2) expresses the budget constraint in terms of
future value and that equation (10.3) expresses the budget constraint in
terms of present value. The reason for this terminology is that the first
budget constraint makes the price of future consumption equal to 1, while
the second budget constraint makes the price of present consumption equal
to 1. The first budget constraint measures the period-1 price relative to
the period-2 price, while the second equation does the reverse.

The geometric interpretation of present value and future value is given in
Figure 10.2. The present value of an endowment of money in two periods is
the amount of money in period 1 that would generate the same budget set
as the endowment. This is just the horizontal intercept of the budget line,
which gives the maximum amount of first-period consumption possible.

L «Neither a borrower, nor a lender be; For loan oft loses both itself and friend, And
borrowing dulls the edge of husbandry.” Hamlet, Act I, scene iii; Polonius giving
advice to his son.
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Present and future values. The vertical intercept of the
budget line measures future value, and the horizontal intercept
measures the present value.

Examining the budget constraint, this amount is ¢ = my + ma/(1 + r),
which is the present value of the endowment.

Similarly, the vertical intercept is the maximum amount of second-period
consumption, which occurs when ¢; = 0. Again, from the budget con-
straint, we can solve for this amount ¢ = (14 7)m; + maq, the future value
of the endowment.

The present-value form is the more important way to express the in-
tertemporal budget constraint since it measures the future relative to the
present, which is the way we naturally look at it.

It is easy from any of these equations to see the form of this budget
constraint. The budget line passes through (mi,ms2), since that is always
an affordable consumption pattern, and the budget line has a slope of
—(L+r).

10.2 Preferences for Consumption

Let us now consider the consumer’s preferences, as represented by his in-
difference curves. The shape of the indifference curves indicates the con-
sumer’s tastes for consumption at different times. If we drew indifference
curves with a constant slope of —1, for example, they would represent tastes
of a consumer who didn’t care whether he consumed today or tomorrow.
His marginal rate of substitution between today and tomorrow is —1.
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If we drew indifference curves for perfect complements, this would in-
dicate that the consumer wanted to consume equal amounts today and
tomorrow. Such a consumer would be unwilling to substitute consumption
from one time period to the other, no matter what it might be worth to
him to do so.

As usual, the intermediate case of well-behaved preferences is the more
reasonable situation. The consumer is willing to substitute some amount of
consumption today for consumption tomorrow, and how much he is willing
to substitute depends on the particular pattern of consumption that he
has.

Convexity of preferences is very natural in this context, since it says that
the consumer would rather have an “average” amount of consumption each
period rather than have a lot today and nothing tomorrow or vice versa.

10.3 Comparative Statics

Given a consumer’s budget constraint and his preferences for consumption
in each of the two periods, we can examine the optimal choice of consump-
tion (e1,cz). If the consumer chooses a point where ¢; < mq, we will say
that she is a lender, and if ¢; > mi, we say that she is a borrower. In
Figure 10.3A we have depicted a case where the consumer is a borrower,
and in Figure 10.3B we have depicted a lender.

C C
2 Endowment :
Choice
N =
} Indifference
\
my ==
\
\
: Endowment
\
L
¢, my G
A Borrower B Lender

Borrower and lender. Panel A depicts a borrower, since
c1 > my, and panel B depicts a lender, since ¢; < mj.

Let us now consider how the consumer would react to a change in the

Figure
10.3
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interest rate. From equation (10.1) we see that increasing the rate of inter-
est must tilt the budget line to a steeper position: for a given reduction in
c1 you will get more consumption in the second period if the interest rate
is higher. Of course the endowment always remains affordable, so the tilt
is really a pivot around the endowment.

We can also say something about how the choice of being a borrower
or a lender changes as the interest rate changes. There are two cases,
depending on whether the consumer is initially a borrower or initially a
lender. Suppose first that he is a lender. Then it turns out that if the
interest rate increases, the consumer must remain a lender.

This argument is illustrated in Figure 10.4. If the consumer is initially a
lender, then his consumption bundle is to the left of the endowment point.
Now let the interest rate increase. Is it possible that the consumer shifts
to a new consumption point to the right of the endowment?

No, because that would violate the principle of revealed preference:
choices to the right of the endowment point were available to the con-
sumer when he faced the original budget set and were rejected in favor of
the chosen point. Since the original optimal bundle is still available at the
new budget line, the new optimal bundle must be a point outside the old
budget set—which means it must be to the left of the endowment. The
consumer must remain a lender when the interest rate increases.

There is a similar effect for borrowers: if the consumer is initially a
borrower, and the interest rate declines, he or she will remain a borrower.
(You might sketch a diagram similar to Figure 10.4 and see if you can spell
out the argument.)

Thus if a person is a lender and the interest rate increases, he will remain
a lender. If a person is a borrower and the interest rate decreases, he will
remain a borrower. On the other hand, if a person is a lender and the
interest rate decreases, he may well decide to switch to being a borrower;
similarly, an increase in the interest rate may induce a borrower to become
a lender. Revealed preference tells us nothing about these last two cases.

Revealed preference can also be used to make judgments about how the
consumer’s welfare changes as the interest rate changes. If the consumer
is initially a borrower, and the interest rate rises, but he decides to remain
a borrower, then he must be worse off at the new interest rate. This argu-
ment is illustrated in Figure 10.5; if the consumer remains a borrower, he
must be operating at a point that was affordable under the old budget set
but was rejected, which implies that he must be worse off.

10.4 The Slutsky Equation and Intertemporal Choice

The Slutsky equation can be used to decompose the change in demand due
to an interest rate change into income effects and substitution effects, just
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If a person is a lender and the interest rate rises, he or
she will remain a lender. Increasing the interest rate pivots
the budget line around the endowment to a steeper position;
revealed preference implies that the new consumption bundle
must lie to the left of the endowment.

as in Chapter 9. Suppose that the interest rate rises. What will be the
effect on consumption in each period?

This is a case that is easier to analyze by using the future-value budget
constraint, rather than the present-value constraint. In terms of the future-
value budget constraint, raising the interest rate is just like raising the price
of consumption today as compared to consumption tomorrow. Writing out
the Slutsky equation we have

st e
mzmﬁ-(ml—cl)m-
) =) ()

The substitution effect, as always, works opposite the direction of price.
In this case the price of period-1 consumption goes up, so the substitution
effect says the consumer should consume less first period. This is the
meaning of the minus sign under the substitution effect. Let’s assume that
consumption this period is a normal good, so that the very last term—how
consumption changes as income changes—will be positive. So we put a
plus sign under the last term. Now the sign of the whole expression will
depend on the sign of (m; — ¢1). If the person is a borrower, this term
will be negative and the whole expression will therefore unambiguously be

Figure
10.4
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A borrower is made worse off by an increase in the inter-
est rate. When the interest rate facing a borrower increases
and the consumer chooses to remain a borrower, he or she is
certainly worse off.

negative—for a borrower, an increase in the interest rate must lower today’s
consumption.

Why does this happen? When the interest rate rises, there is always
a substitution effect towards consuming less today. For a borrower, an
increase in the interest rate means that he will have to pay more interest
tomorrow. This effect induces him to borrow less, and thus consume less,
in the first period.

For a lender the effect is ambiguous. The total effect is the sum of a neg-
ative substitution effect and a positive income effect. From the viewpoint
of a lender an increase in the interest rate may give him so much extra
income that he will want to consume even more first period.

The effects of changing interest rates are not terribly mysterious. There
is an income effect and a substitution effect as in any other price change.
But without a tool like the Slutsky equation to separate out the various
effects, the changes may be hard to disentangle. With such a tool, the
sorting out of the effects is quite straightforward.

10.5 Inflation

The above analysis has all been conducted in terms of a general “consump-
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tion” good. Giving up dc units of consumption today buys you (1 + r)dc
units of consumption tomorrow. Implicit in this analysis is the assumption
that the “price” of consumption doesn’t change—there is no inflation or
deflation.

However, the analysis is not hard to modify to deal with the case of infla-
tion. Let us suppose that the consumption good now has a different price
in each period. It is convenient to choose today’s price of consumption as
1 and to let py be the price of consumption tomorrow. It is also convenient
to think of the endowment as being measured in units of the consumption
goods as well, so that the monetary value of the endowment in period 2 is
pamso. Then the amount of money the consumer can spend in the second
period is given by

p2c2 = pama + (L +7)(m1 — 1),
and the amount of consumption available second period is

1+7r
D2

02:m2+ (mlfcl).

Note that this equation is very similar to the equation given earlier—we
just use (1 + r)/ps rather than 1+ 7.
Let us express this budget constraint in terms of the rate of inflation.

The inflation rate, m, is just the rate at which prices grow. Recalling that
p1 = 1, we have

P2 = 1 +ﬂ—7
which gives us
1+7r
Co = Mo + 1+7r(m1 —c1)

Let’s create a new variable p, the real interest rate, and define it by?

147
1+n

I+p=
so that the budget constraint becomes
ca=ma+ (14 p)(my —cp).

One plus the real interest rate measures how much extra consumption you
can get in period 2 if you give up some consumption in period 1. That

is why it is called the real rate of interest: it tells you how much extra
consumption you can get, not how many extra dollars you can get.

2 The Greek letter p, rho, is pronounced “row.”
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The interest rate on dollars is called the nominal rate of interest. As
we’ve seen above, the relationship between the two is given by

In order to get an explicit expression for p, we write this equation as

1+7r 1_1+r 1+7

1+7 1+7T_1—|—7r
r—

147

p:

This is an exact expression for the real interest rate, but it is common to
use an approximation. If the inflation rate isn’t too large, the denominator
of the fraction will be only slightly larger than 1. Thus the real rate of
interest will be approximately given by

p=T—m,

which says that the real rate of interest is just the nominal rate minus the
rate of inflation. (The symbol ~ means “approximately equal to.”) This
makes perfectly good sense: if the interest rate is 18 percent, but prices
are rising at 10 percent, then the real interest rate—the extra consumption
you can buy next period if you give up some consumption now—will be
roughly 8 percent.

Of course, we are always looking into the future when making consump-
tion plans. Typically, we know the nominal rate of interest for the next
period, but the rate of inflation for next period is unknown. The real inter-
est rate is usually taken to be the current interest rate minus the expected
rate of inflation. To the extent that people have different estimates about
what the next year’s rate of inflation will be, they will have different esti-
mates of the real interest rate. If inflation can be reasonably well forecast,
these differences may not be too large.

10.6 Present Value: A Closer Look

Let us return now to the two forms of the budget constraint described
earlier in section 10.1 in equations (10.2) and (10.3):

(L+7)e1 +ca=(1+7)m1 +mo

and

+ 2 +
C — =m .
T4y Ty
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Consider just the right-hand sides of these two equations. We said that
the first one expresses the value of the endowment in terms of future value
and that the second one expresses it in terms of present value.

Let us examine the concept of future value first. If we can borrow and
lend at an interest rate of r, what is the future equivalent of $1 today?
The answer is (1 + ) dollars. That is, $1 today can be turned into (14 r)
dollars next period simply by lending it to the bank at an interest rate 7.
In other words, (1 + r) dollars next period is equivalent to $1 today since
that is how much you would have to pay next period to purchase—that is,
borrow—$1 today. The value (1 + r) is just the price of $1 today, relative
to $1 next period. This can be easily seen from the first budget constraint:
it is expressed in terms of future dollars—the second-period dollars have a
price of 1, and first-period dollars are measured relative to them.

What about present value? This is just the reverse: everything is mea-
sured in terms of today’s dollars. How much is a dollar next period worth
in terms of a dollar today? The answer is 1/(14r) dollars. This is because
1/(1 + r) dollars can be turned into a dollar next period simply by saving
it at the rate of interest . The present value of a dollar to be delivered
next period is 1/(1 +r).

The concept of present value gives us another way to express the budget
for a two-period consumption problem: a consumption plan is affordable if
the present value of consumption equals the present value of income.

The idea of present value has an important implication that is closely
related to a point made in Chapter 9: if the consumer can freely buy and sell
goods at constant prices, then the consumer would always prefer a higher-
valued endowment to a lower-valued one. In the case of intertemporal
decisions, this principle implies that if a consumer can freely borrow and
lend at a constant interest rate, then the consumer would always prefer a
pattern of income with a higher present value to a pattern with a lower
present value.

This is true for the same reason that the statement in Chapter 9 was
true: an endowment with a higher value gives rise to a budget line that is
farther out. The new budget set contains the old budget set, which means
that the consumer would have all the consumption opportunities she had
with the old budget set plus some more. Economists sometimes say that
an endowment with a higher present value dominates one with a lower
present value in the sense that the consumer can have larger consumption
in every period by selling the endowment with the higher present value
that she could get by selling the endowment with the lower present value.

Of course, if the present value of one endowment is higher than another,
then the future value will be higher as well. However, it turns out that the
present value is a more convenient way to measure the purchasing power
of an endowment of money over time, and it is the measure to which we
will devote the most attention.
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10.7 Analyzing Present Value for Several Periods

Let us consider a three-period model. We suppose that we can borrow or
lend money at an interest rate r each period and that this interest rate will
remain constant over the three periods. Thus the price of consumption in
period 2 in terms of period-1 consumption will be 1/(1+7), just as before.

What will the price of period-3 consumption be? Well, if T invest $1
today, it will grow into (1+7) dollars next period; and if I leave this money
invested, it will grow into (1 + r)? dollars by the third period. Thus if I
start with 1/(1+r)? dollars today, I can turn this into $1 in period 3. The
price of period-3 consumption relative to period-1 consumption is therefore
1/(1 +r)%. Each extra dollar’s worth of consumption in period 3 costs me
1/(1 +r)? dollars today. This implies that the budget constraint will have
the form

C C3 m ms

2 _ 2 o s
Cl+1+r+(1+r)2_m1+1+r+(1+r)2'

This is just like the budget constraints we’ve seen before, where the price
of period-t consumption in terms of today’s consumption is given by

1
Pt = A+t
As before, moving to an endowment that has a higher present value at
these prices will be preferred by any consumer, since such a change will
necessarily shift the budget set farther out.

We have derived this budget constraint under the assumption of constant
interest rates, but it is easy to generalize to the case of changing interest
rates. Suppose, for example, that the interest earned on savings from period
1 to 2 is r1, while savings from period 2 to 3 earn ro. Then $1 in period 1
will grow to (14 71)(1 4 72) dollars in period 3. The present value of $1 in
period 3 is therefore 1/(1 + r1)(1 + 72). This implies that the correct form
of the budget constraint is

i Cc2 i c3 + ma + ms3
C =m .
Tl T Q)+ ) P T )@ )

This expression is not so hard to deal with, but we will typically be content
to examine the case of constant interest rates.

Table 10.1 contains some examples of the present value of $1 T years in
the future at different interest rates. The notable fact about this table is
how quickly the present value goes down for “reasonable” interest rates.
For example, at an interest rate of 10 percent, the value of $1 20 years from
now is only 15 cents.
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The present value of $1 ¢ years in the future.

Rate 1 2 5 10 15 20 25 30
.05 .95 91 .78 .61 48 37 .30 23
10 91 .83 .62 .39 .24 15 .09 .06
15 .87 .76 .50 .25 12 .06 .03 .02
.20 .83 .69 .40 .16 .06 .03 .01 .00

10.8 Present Value in Continuous Time

Suppose that you invest $1 in an asset yielding an interest rate r where
the interest is paid once a year. Then after T years you will have (1 +r)T
dollars. Suppose now that the interest is paid monthly. This means that
the monthly interest rate will be r/12, and there will be 127" payments, so
that after T years you will have (1 + r/12)'27 dollars. If the interest rate
is paid daily, you will have (1 + 7/365)3%*T and so on.

In general, if the interest is paid n times a year, you will have (1+r/n)""
dollars after T years. It is natural to ask how much money you will have
if the interest is paid continuously. That is, we ask what is the limit of
this expression as n goes to infinity. It turns out that this is given by the
following expression:

T _ 13 nT
e —nh_>ngo(1+r/n) ,

where e is 2.7183..., the base of natural logarithms. This is the formula
used for continuous compounding.

10.9 Use of Present Value

Let us start by stating an important general principle: present value is the
only correct way to convert a stream of payments into today’s dollars. This
principle follows directly from the definition of present value: the present
value measures the value of a consumer’s endowment of money. As long as
the consumer can borrow and lend freely at a constant interest rate, an en-
dowment with higher present value can always generate more consumption
in every period than an endowment with lower present value. Regardless
of your own tastes for consumption in different periods, you should always
prefer a stream of money that has a higher present value to one with lower
present value—since that always gives you more consumption possibilities
in every period.

This argument is illustrated in Figure 10.6. In this figure, (m},m})
is a worse consumption bundle than the consumer’s original endowment,

Table
10.1
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(mq, mg), since it lies beneath the indifference curve through her endow-
ment. Nevertheless, the consumer would prefer (m},mj) to (my,mso) if
she is able to borrow and lend at the interest rate r. This is true because
with the endowment (m},m}) she can afford to consume a bundle such
as (c1,c2), which is unambiguously better than her current consumption
bundle.

Indifference
curves

Possible consumption (c;, ¢,)

Endowment with higher

my F———-
present value

Original
endowment
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Higher present value. An endowment with higher present
value gives the consumer more consumption possibilities in each
period if she can borrow and lend at the market interest rates.

One very useful application of present value is in valuing the income
streams offered by different kinds of investments. If you want to compare
two different investments that yield different streams of payments to see
which is better, you simply compute the two present values and choose the
larger one. The investment with the larger present value always gives you
more consumption possibilities.

Sometimes it is necessary to purchase an income stream by making a
stream of payments over time. For example, one could purchase an apart-
ment building by borrowing money from a bank and making mortgage pay-
ments over a number of years. Suppose that the income stream (M;, Ma)
can be purchased by making a stream of payments (P;, Py).

In this case we can evaluate the investment by comparing the present
value of the income stream to the present value of the payment stream. If

M, P
M — > P , 10.4
1+1+7" 1+1+r ( )
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the present value of the income stream exceeds the present value of its
cost, so this is a good investment—it will increase the present value of our
endowment.

An equivalent way to value the investment is to use the idea of net
present value. In order to calculate this number we calculate at the net
cash flow in each period and then discount this stream back to the present.
In this example, the net cash flow is (M — P, My — Py), and the net present
value is
My — Py

147 °

Comparing this to equation (10.4) we see that the investment should be
purchased if and only if the net present value is positive.

The net present value calculation is very convenient since it allows us to
add all of the positive and negative cash flows together in each period and
then discount the resulting stream of cash flows.

NPV =M, — P, +

EXAMPLE: Valuing a Stream of Payments

Suppose that we are considering two investments, A and B. Investment A

pays $100 now and will also pay $200 next year. Investment B pays $0

now, and will generate $310 next year. Which is the better investment?
The answer depends on the interest rate. If the interest rate is zero, the

answer is clear—just add up the payments. For if the interest rate is zero,

then the present-value calculation boils down to summing up the payments.
If the interest rate is zero, the present value of investment A is

PV, =100 + 200 = 300,
and the present value of investment B is
PVp =0+ 310 = 310,

so B is the preferred investment.

But we get the opposite answer if the interest rate is high enough. Sup-
pose, for example, that the interest rate is 20 percent. Then the present-
value calculation becomes

200

PVy=1 — = 266.
Va 00 + 120 66.67
310
PVp = —— = 258.33.
Ve =0+ 120 58.33

Now A is the better investment. The fact that A pays back more money
earlier means that it will have a higher present value when the interest rate
is large enough.
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EXAMPLE: The True Cost of a Credit Card

Borrowing money on a credit card is expensive: many companies quote
yearly interest charges of 15 to 21 percent. However, because of the way
these finance charges are computed, the true interest rate on credit card
debt is much higher than this.

Suppose that a credit card owner charges a $2000 purchase on the first
day of the month and that the finance charge is 1.5 percent a month. If
the consumer pays the entire balance by the end of the month, he does not
have to pay the finance charge. If the consumer pays none of the $2,000,
he has to pay a finance charge of $2000 x .015 = $30 at the beginning of
the next month.

What happens if the consumer pays $1,800 towards the $2000 balance
on the last day of the month? In this case, the consumer has borrowed
only $200, so the finance charge should be $3. However, many credit card
companies charge the consumers much more than this. The reason is that
many companies base their charges on the “average monthly balance,” even
if part of that balance is paid by the end of the month. In this example,
the average monthly balance would be about $2000 (30 days of the $2000
balance and 1 day of the $200 balance). The finance charge would therefore
be slightly less than $30, even though the consumer has only borrowed $200.
Based on the actual amount of money borrowed, this is an interest rate of
15 percent a month!

EXAMPLE: Extending Copyright

Article I, Section 8 of the U.S. Constitution enables Congress to grant
patents and copyrights using this language: “To promote the Progress
of Science and useful Arts, by securing for limited Times to Authors and
Inventors the exclusive Right to their respective Writings and Discoveries.”

But what does “limited Times” mean? The lifetime of a patent in the
United States is fixed at 20 years; the lifetime for copyright is quite differ-
ent.

The first copyright act, passed by Congress in 1790, offered a 14-year
term along with a 14-year renewal. Subsequently, the copyright term was
lengthened to 28 years in 1831, with a 28-year renewal option added in
1909. In 1962 the term became 47 years, and 67 years in 1978. In 1967
the term was defined as the life of the author plus 50 years, or 75 years
for “works for hire.” The 1998 Sonny Bono Copyright Term Extension Act
lengthened this term to the life of the author plus 70 years for individuals
and 75-95 years for works for hire.

It is questionable whether “the life of the author plus 70 years” should
be considered a limited time. One might ask what additional incentive the
1998 extension creates for authors to create works?
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Let us look at a simple example. Suppose that the interest rate is 7%.
Then the increase in present value of extending the copyright term from
80 to 100 years is about 0.33% of the present value of the first 80 years.
Those extra 20 years have almost no impact on the present value of the
copyright at time of creation since they come so far in the future. Hence
they likely provide miniscule incremental incentive to create the works in
the first place.

Given this tiny increase in value from extending the copyright term why
would it pay anybody to lobby for such a change? The answer is that the
1998 act extended the copyright term retroactively so that works that were
near expiration were given a new lease on life.

For example, it has been widely claimed that Disney lobbied heavily
for the copyright term extension, since the original Mickey Mouse film,
Steamboat Willie, was about to go out of copyright.

Retroactive copyright extensions of this sort make no economic sense,
since what matters for the authors are the incentives present at the time
the work is created. If there were no such retroactive extension, it is unlikely
that anyone would have bothered to ask for copyright extensions given the
low economic value of the additional years of protection.

10.10 Bonds

Securities are financial instruments that promise certain patterns of pay-
ment schedules. There are many kinds of financial instruments because
there are many kinds of payment schedules that people want. Financial
markets give people the opportunity to trade different patterns of cash
flows over time. These cash flows are typically used to finance consump-
tion at some time or other.

The particular kind of security that we will examine here is a bond.
Bonds are issued by governments and corporations. They are basically a
way to borrow money. The borrower—the agent who issues the bond—
promises to pay a fixed number of dollars = (the coupon) each period
until a certain date T' (the maturity date), at which point the borrower
will pay an amount F' (the face value) to the holder of the bond.

Thus the payment stream of a bond looks like (z,z,x,...,F). If the
interest rate is constant, the present discounted value of such a bond is
easy to compute. It is given by

x x F
PV = + o
(I4+7r)  (1+7r)? (1+nr)T

Note that the present value of a bond will decline if the interest rate
increases. Why is this? When the interest rate goes up the price now for
$1 delivered in the future goes down. So the future payments of the bond
will be worth less now.
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There is a large and developed market for bonds. The market value
of outstanding bonds will fluctuate as the interest rate fluctuates since
the present value of the stream of payments represented by the bond will
change.

An interesting special kind of a bond is a bond that makes payments
forever. These are called consols or perpetuities. Suppose that we con-
sider a consol that promises to pay z a year forever. To compute the value
of this consol we have to compute the infinite sum:

x x

+ 4+

PV = —
1+r  (147r)?

The trick to computing this is to factor out 1/(1 4 r) to get

1 T x

PV =
T R s R FEm

But the term in the brackets is just x plus the present value! Substituting

and solving for PV:
1

[x + PV]

This wasn’t hard to do, but there is an easy way to get the answer right
off. How much money, V', would you need at an interest rate r to get x
dollars forever? Just write down the equation

Vr=ua,

which says that the interest on V' must equal x. But then the value of such
an investment is given by

v==2
T

Thus it must be that the present value of a consol that promises to pay x
dollars forever must be given by z/r.

For a consol it is easy to see directly how increasing the interest rate
reduces the value of a bond. Suppose, for example, that a consol is issued
when the interest rate is 10 percent. Then if it promises to pay $10 a year
forever, it will be worth $100 now—since $100 would generate $10 a year
in interest income.

Now suppose that the interest rate goes up to 20 percent. The value of
the consol must fall to $50, since it only takes $50 to earn $10 a year at a
20 percent interest rate.

The formula for the consol can be used to calculate an approximate value
of a long-term bond. If the interest rate is 10 percent, for example, the
value of $1 30 years from now is only 6 cents. For the size of interest rates
we usually encounter, 30 years might as well be infinity.
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EXAMPLE: Installment Loans

Suppose that you borrow $1000 that you promise to pay back in 12 monthly
installments of $100 each. What rate of interest are you paying?

At first glance it seems that your interest rate is 20 percent: you have
borrowed $1000, and you are paying back $1200. But this analysis is incor-
rect. For you haven’t really borrowed $1000 for an entire year. You have
borrowed $1000 for a month, and then you pay back $100. Then you only
have borrowed $900, and you owe only a month’s interest on the $900. You
borrow that for a month and then pay back another $100. And so on.

The stream of payments that we want to value is

(1000, —100, —100, . . ., —100).

We can find the interest rate that makes the present value of this stream
equal to zero by using a calculator or a computer. The actual interest rate
that you are paying on the installment loan is about 35 percent!

10.11 Taxes

In the United States, interest payments are taxed as ordinary income. This
means that you pay the same tax on interest income as on labor income.
Suppose that your marginal tax bracket is ¢, so that each extra dollar of
income, Am, increases your tax liability by tAm. Then if you invest X
dollars in an asset, you’ll receive an interest payment of »X. But you’ll
also have to pay taxes of trX on this income, which will leave you with
only (1 —t)rX dollars of after-tax income. We call the rate (1 — ¢)r the
after-tax interest rate.

What if you decide to borrow X dollars, rather than lend them? Then
you’ll have to make an interest payment of 7X. In the United States, some
interest payments are tax deductible and some are not. For example, the
interest payments for a mortgage are tax deductable, but interest payments
on ordinary consumer loans are not. On the other hand, businesses can
deduct most kinds of the interest payments that they make.

If a particular interest payment is tax deductible, you can subtract your
interest payment from your other income and only pay taxes on what’s left.
Thus the rX dollars you pay in interest will reduce your tax payments by
trX. The total cost of the X dollars you borrowed will be rX — trX =
(I-t)rX.

Thus the after-tax interest rate is the same whether you are borrowing
or lending, for people in the same tax bracket. The tax on saving will
reduce the amount of money that people want to save, but the subsidy on
borrowing will increase the amount of money that people want to borrow.
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EXAMPLE: Scholarships and Savings

Many students in the United States receive some form of financial aid to
help defray college costs. The amount of financial aid a student receives
depends on many factors, but one important factor is the family’s ability to
pay for college expenses. Most U.S. colleges and universities use a standard
measure of ability to pay calculated by the College Entrance Examination
Board (CEEB).

If a student wishes to apply for financial aid, his or her family must fill
out a questionnaire describing their financial circumstances. The CEEB
uses the information on the income and assets of the parents to construct
a measure of “adjusted available income.” The fraction of their adjusted
available income that parents are expected to contribute varies between
22 and 47 percent, depending on income. In 1985, parents with a total
before-tax income of around $35,000 dollars were expected to contribute
about $7000 toward college expenses.

Each additional dollar of assets that the parents accumulate increases
their expected contribution and decreases the amount of financial aid that
their child can hope to receive. The formula used by the CEEB effectively
imposes a tax on parents who save for their children’s college education.
Martin Feldstein, President of the National Bureau of Economic Research
(NBER) and Professor of Economics at Harvard University, calculated the
magnitude of this tax.?

Consider the situation of some parents contemplating saving an addi-
tional dollar just as their daughter enters college. At a 6 percent rate of
interest, the future value of a dollar 4 years from now is $1.26. Since federal
and state taxes must be paid on interest income, the dollar yields $1.19 in
after-tax income in 4 years. However, since this additional dollar of savings
increases the total assets of the parents, the amount of aid received by the
daughter goes down during each of her four college years. The effect of this
“education tax” is to reduce the future value of the dollar to only 87 cents
after 4 years. This is equivalent to an income tax of 150 percent!

Feldstein also examined the savings behavior of a sample of middle-class
households with pre-college children. He estimates that a household with
income of $40,000 a year and two college-age children saves about 50 per-
cent less than they would otherwise due to the combination of federal, state,
and “education” taxes that they face.

10.12 Choice of the Interest Rate

3 Martin Feldstein, “College Scholarship Rules and Private Savings,” American Eco-
nomic Review, 85, 3 (June 1995).
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In the above discussion, we’ve talked about “the interest rate.” In real life
there are many interest rates: there are nominal rates, real rates, before-tax
rates, after-tax rates, short-term rates, long-term rates, and so on. Which
is the “right” rate to use in doing present-value analysis?

The way to answer this question is to think about the fundamentals.
The idea of present discounted value arose because we wanted to be able
to convert money at one point in time to an equivalent amount at another
point in time. “The interest rate” is the return on an investment that
allows us to transfer funds in this way.

If we want to apply this analysis when there are a variety of interest
rates available, we need to ask which one has the properties most like the
stream of payments we are trying to value. If the stream of payments
is not taxed, we should use an after-tax interest rate. If the stream of
payments will continue for 30 years, we should use a long-term interest
rate. If the stream of payments is risky, we should use the interest rate
on an investment with similar risk characteristics. (We’ll have more to say
later about what this last statement actually means.)

The interest rate measures the opportunity cost of funds—the value
of alternative uses of your money. So every stream of payments should be
compared to your best alternative that has similar characteristics in terms
of tax treatment, risk, and liquidity.

Summary

1. The budget constraint for intertemporal consumption can be expressed
in terms of present value or future value.

2. The comparative statics results derived earlier for general choice prob-
lems can be applied to intertemporal consumption as well.

3. The real rate of interest measures the extra consumption that you can
get in the future by giving up some consumption today.

4. A consumer who can borrow and lend at a constant interest rate should
always prefer an endowment with a higher present value to one with a lower
present value.

REVIEW QUESTIONS

1. How much is $1 million to be delivered 20 years in the future worth
today if the interest rate is 20 percent?

2. As the interest rate rises, does the intertemporal budget constraint be-
come steeper or flatter?
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3. Would the assumption that goods are perfect substitutes be valid in a
study of intertemporal food purchases?

4. A consumer, who is initially a lender, remains a lender even after a
decline in interest rates. Is this consumer better off or worse off after the
change in interest rates? If the consumer becomes a borrower after the
change is he better off or worse off?

5. What is the present value of $100 one year from now if the interest rate
is 10%? What is the present value if the interest rate is 5%7



CHAPTER 1 1

ASSET
MARKETS

Assets are goods that provide a flow of services over time. Assets can
provide a flow of consumption services, like housing services, or can provide
a flow of money that can be used to purchase consumption. Assets that
provide a monetary flow are called financial assets.

The bonds that we discussed in the last chapter are examples of financial
assets. The flow of services they provide is the flow of interest payments.
Other sorts of financial assets such as corporate stock provide different
patterns of cash flows. In this chapter we will examine the functioning of
asset markets under conditions of complete certainty about the future flow
of services provided by the asset.

11.1 Rates of Return

Under this admittedly extreme hypothesis, we have a simple principle re-
lating asset rates of return: if there is no uncertainty about the cash flow
provided by assets, then all assets have to have the same rate of return.
The reason is obvious: if one asset had a higher rate of return than another,
and both assets were otherwise identical, then no one would want to buy
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the asset with the lower rate of return. So in equilibrium, all assets that
are actually held must pay the same rate of return.

Let us consider the process by which these rates of return adjust. Con-
sider an asset A that has current price pg and is expected to have a price of
p1 tomorrow. Everyone is certain about what today’s price of the asset is,
and everyone is certain about what tomorrow’s price will be. We suppose
for simplicity that there are no dividends or other cash payments between
periods 0 and 1. Suppose furthermore that there is another investment, B,
that one can hold between periods 0 and 1 that will pay an interest rate of
r. Now consider two possible investment plans: either invest one dollar in
asset A and cash it in next period, or invest one dollar in asset B and earn
interest of r dollars over the period.

What are the values of these two investment plans at the end of the first
period? We first ask how many units of the asset we must purchase to
make a one dollar investment in it. Letting x be this amount we have the
equation

poxr =1

or

It follows that the future value of one dollar’s worth of this asset next

period will be

FV:plm:p—l.

Po
On the other hand, if we invest one dollar in asset B, we will have 1 4 r
dollars next period. If assets A and B are both held in equilibrium, then
a dollar invested in either one of them must be worth the same amount
second period. Thus we have an equilibrium condition:

1—|—7“:I£.

Po

What happens if this equality is not satisfied? Then there is a sure way
to make money. For example, if

147>

Po

people who own asset A can sell one unit for py dollars in the first period
and invest the money in asset B. Next period their investment in asset B
will be worth po(1 + ), which is greater than p; by the above equation.
This will guarantee that second period they will have enough money to
repurchase asset A, and be back where they started from, but now with
extra money.
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This kind of operation—buying some of one asset and selling some of
another to realize a sure return—is known as riskless arbitrage, or ar-
bitrage for short. As long as there are people around looking for “sure
things” we would expect that well-functioning markets should quickly elim-
inate any opportunities for arbitrage. Therefore, another way to state our
equilibrium condition is to say that in equilibrium there should be no oppor-
tunities for arbitrage. We’'ll refer to this as the no arbitrage condition.

But how does arbitrage actually work to eliminate the inequality? In the
example given above, we argued that if 14+ r > p;/pg, then anyone who
held asset A would want to sell it first period, since they were guaranteed
enough money to repurchase it second period. But who would they sell it
to? Who would want to buy it? There would be plenty of people willing
to supply asset A at pg, but there wouldn’t be anyone foolish enough to
demand it at that price.

This means that supply would exceed demand and therefore the price
will fall. How far will it fall? Just enough to satisfy the arbitrage condition:
until 1 + 7 = p1/po.

11.2 Arbitrage and Present Value

We can rewrite the arbitrage condition in a useful way by cross multiplying

to get
P

14

This says that the current price of an asset must be its present value.
Essentially we have converted the future-value comparison in the arbitrage
condition to a present-value comparison. So if the no arbitrage condition is
satisfied, then we are assured that assets must sell for their present values.
Any deviation from present-value pricing leaves a sure way to make money.

Do

11.3 Adjustments for Differences among Assets

The no arbitrage rule assumes that the asset services provided by the two
assets are identical, except for the purely monetary difference. If the ser-
vices provided by the assets have different characteristics, then we would
want to adjust for those differences before we blandly assert that the two
assets must have the same equilibrium rate of return.

For example, one asset might be easier to sell than the other. We some-
times express this by saying that one asset is more liquid than another.
In this case, we might want to adjust the rate of return to take account of
the difficulty involved in finding a buyer for the asset. Thus a house that
is worth $100,000 is probably a less liquid asset than $100,000 in Treasury
bills.



208 ASSET MARKETS (Ch. 11)

Similarly, one asset might be riskier than another. The rate of return
on one asset may be guaranteed, while the rate of return on another asset
may be highly risky. We'll examine ways to adjust for risk differences in
Chapter 13.

Here we want to consider two other types of adjustment we might make.
One is adjustment for assets that have some return in consumption value,
and the other is for assets that have different tax characteristics.

11.4 Assets with Consumption Returns

Many assets pay off only in money. But there are other assets that pay
off in terms of consumption as well. The prime example of this is housing.
If you own a house that you live in, then you don’t have to rent living
quarters; thus part of the “return” to owning the house is the fact that you
get to live in the house without paying rent. Or, put another way, you get
to pay the rent for your house to yourself. This latter way of putting it
sounds peculiar, but it contains an important insight.

It is true that you don’t make an ezplicit rental payment to yourself for
the privilege of living in your house, but it turns out to be fruitful to think
of a homeowner as implicitly making such a payment. The implicit rental
rate on your house is the rate at which you could rent a similar house. Or,
equivalently, it is the rate at which you could rent your house to someone
else on the open market. By choosing to “rent your house to yourself” you
are forgoing the opportunity of earning rental payments from someone else,
and thus incurring an opportunity cost.

Suppose that the implicit rental payment on your house would work
out to T dollars per year. Then part of the return to owning your house
is the fact that it generates for you an implicit income of T' dollars per
year—the money that you would otherwise have to pay to live in the same
circumstances as you do now.

But that is not the entire return on your house. As real estate agents
never tire of telling us, a house is also an investment. When you buy a house
you pay a significant amount of money for it, and you might reasonably
expect to earn a monetary return on this investment as well, through an
increase in the value of your house. This increase in the value of an asset
is known as appreciation.

Let us use A to represent the expected appreciation in the dollar value
of your house over a year. The total return to owning your house is the
sum of the rental return, 7', and the investment return, A. If your house
initially cost P, then the total rate of return on your initial investment in
housing is

po LA
P
This total rate of return is composed of the consumption rate of return,
T/P, and the investment rate of return, A/P.
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Let us use r to represent the rate of return on other financial assets.
Then the total rate of return on housing should, in equilibrium, be equal

to r:
T+ A
r=——-".:

P

Think about it this way. At the beginning of the year, you can invest P
in a bank and earn rP dollars, or you can invest P dollars in a house and
save T' dollars of rent and earn A dollars by the end of the year. The total
return from these two investments has to be the same. If T+ A < rP you
would be better off investing your money in the bank and paying 7" dollars
in rent. You would then have rP — T > A dollars at the end of the year.
If T+ A > rP, then housing would be the better choice. (Of course, this
is ignoring the real estate agent’s commission and other transactions costs
associated with the purchase and sale.)

Since the total return should rise at the rate of interest, the financial
rate of return A/P will generally be less than the rate of interest. Thus
in general, assets that pay off in consumption will in equilibrium have a
lower financial rate of return than purely financial assets. This means that
buying consumption goods such as houses, or paintings, or jewelry solely
as a financial investment is probably not a good idea since the rate of
return on these assets will probably be lower than the rate of return on
purely financial assets, because part of the price of the asset reflects the
consumption return that people receive from owning such assets. On the
other hand, if you place a sufficiently high value on the consumption return
on such assets, or you can generate rental income from the assets, it may
well make sense to buy them. The total return on such assets may well
make this a sensible choice.

11.5 Taxation of Asset Returns

The Internal Revenue Service distinguishes two kinds of asset returns for
purposes of taxation. The first kind is the dividend or interest return.
These are returns that are paid periodically—each year or each month—
over the life of the asset. You pay taxes on interest and dividend income at
your ordinary tax rate, the same rate that you pay on your labor income.

The second kind of returns are called capital gains. Capital gains occur
when you sell an asset at a price higher than the price at which you bought
it. Capital gains are taxed only when you actually sell the asset. Under
the current tax law, capital gains are taxed at the same rate as ordinary
income, but there are some proposals to tax them at a more favorable rate.

It is sometimes argued that taxing capital gains at the same rate as
ordinary income is a “neutral” policy. However, this claim can be disputed
for at least two reasons. The first reason is that the capital gains taxes are
only paid when the asset is sold, while taxes on dividends or interest are
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paid every year. The fact that the capital gains taxes are deferred until
time of sale makes the effective tax rate on capital gains lower than the
tax rate on ordinary income.

A second reason that equal taxation of capital gains and ordinary income
is not neutral is that the capital gains tax is based on the increase in the
dollar value of an asset. If asset values are increasing just because of
inflation, then a consumer may owe taxes on an asset whose real value
hasn’t changed. For example, suppose that a person buys an asset for $100
and 10 years later it is worth $200. Suppose that the general price level
also doubles in this same ten-year period. Then the person would owe
taxes on a $100 capital gain even though the purchasing power of his asset
hadn’t changed at all. This tends to make the tax on capital gains higher
than that on ordinary income. Which of the two effects dominates is a
controversial question.

In addition to the differential taxation of dividends and capital gains
there are many other aspects of the tax law that treat asset returns differ-
ently. For example, in the United States, municipal bonds, bonds issued
by cities or states, are not taxed by the Federal government. As we indi-
cated earlier, the consumption return from owner-occupied housing is not
taxed. Furthermore, in the United States even part of the capital gains
from owner-occupied housing is not taxed.

The fact that different assets are taxed differently means that the arbi-
trage rule must adjust for the tax differences in comparing rates of return.
Suppose that one asset pays a before-tax interest rate, r,, and another as-
set pays a return that is tax exempt, r.. Then if both assets are held by
individuals who pay taxes on income at rate ¢, we must have

(I —=t)ry =re.

That is, the after-tax return on each asset must be the same. Otherwise,
individuals would not want to hold both assets—it would always pay them
to switch exclusively to holding the asset that gave them the higher after-
tax return. Of course, this discussion ignores other differences in the assets
such as liquidity, risk, and so on.

11.6 Market Bubbles

Suppose you are contemplating buying a house that is absolutely certain
to be worth $220,000 a year from now and that the current interest rate
(reflecting your alternative investment opportunities) is 10%. A fair price
for the house would be the present value, $200,000.

Now suppose that things aren’t quite so certain: many people believe
that the house will be worth $220,000 in a year, but there are no guarantees.
We would expect that the house would sell for somewhat less than $200,000
due to the additional risk associated with purchase.
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Suppose the year goes by and the house is worth $240,000, far more than
anticipated. The house value went up by 20%, even though the prevailing
interest rate was 10%. It may be that this experience will lead people to
revise their view about how much the house will be worth in the future—
who knows, maybe it will go up by 20% or even more next year.

If many people hold such beliefs, they can bid up the price of housing
now—which may encourage others to make even more optimistic forecasts
about the housing market. As in our discussion of price adjustment, assets
that people expect to have a higher return than the rate of interest get
pushed up in price. The higher price will tend to reduce current demand
but it also may encourage people to expect an even higher return in the
future.

The first effect—high prices reducing demand—tends to stablize prices.
The second effect—high prices leading to an expectation of even higher
prices in the future—tends to destabilize prices.

This is an example of an asset bubble. In a bubble, the price of an
asset increases, for one reason or another, and this leads people to expect
the price to go up even more in the future. But if they expect the asset
price to rise significantly in the future, they will try to buy more today,
pushing prices up even more rapidly.

Financial markets may be subject to such bubbles, particularly when the
participants are inexperienced. For example, in 2000-01 we saw a dramatic
run-up in the prices of technology stocks and in 2005-06 we saw a bubble
in house prices in much of the United States and many other countries.

All bubbles eventually burst. Prices fall and some people are left holding
assets that are worth much less than they paid for them.

The key to avoiding bubbles is to look at economic fundamentals. In the
midst of the housing bubble in the United States, the ratio between the
price of a house and the yearly rental rate on an identical house became
far larger than historical norms. This gap presumably reflected buyers’
expectations of future price increases.

Similarly, the ratio of median house prices to median income reached
historical highs. Both of these were warning signs that the high prices
were unsustainable.

“This time it’s different” can be a very hazardous belief to hold, partic-
ularly when it comes to financial markets.

11.7 Applications

The fact that all riskless assets must earn the same return is obvious, but
very important. It has surprisingly powerful implications for the function-
ing of asset markets.
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Depletable Resources

Let us study the market equilibrium for a depletable resource like oil. Con-
sider a competitive oil market, with many suppliers, and suppose for sim-
plicity that there are zero costs to extract oil from the ground. Then how
will the price of oil change over time?

It turns out that the price of oil must rise at the rate of interest. To see
this, simply note that oil in the ground is an asset like any other asset. If
it is worthwhile for a producer to hold it from one period to the next, it
must provide a return to him equivalent to the financial return he could
get elsewhere. If we let p;+1 and p,; be the prices at times ¢t +1 and ¢, then
we have

pey1 = (L+7)pe

as our no arbitrage condition in the oil market.

The argument boils down to this simple idea: oil in the ground is like
money in the bank. If money in the bank earns a rate of return of r, then
oil in the ground must earn the same rate of return. If oil in the ground
earned a higher return than money in the bank, then no one would take oil
out of the ground, preferring to wait till later to extract it, thus pushing
the current price of oil up. If oil in the ground earned a lower return than
money in the bank, then the owners of oil wells would try to pump their oil
out immediately in order to put the money in the bank, thereby depressing
the current price of oil.

This argument tells us how the price of oil changes. But what determines
the price level itself? The price level turns out to be determined by the
demand for oil. Let us consider a very simple model of the demand side of
the market.

Suppose that the demand for oil is constant at D barrels a year and
that there is a total world supply of S barrels. Thus we have a total of
T = S/D years of oil left. When the oil has been depleted we will have to
use an alternative technology, say liquefied coal, which can be produced at
a constant cost of C' dollars per barrel. We suppose that liquefied coal is a
perfect substitute for oil in all applications.

Now, T years from now, when the oil is just being exhausted, how much
must it sell for? Clearly it must sell for C dollars a barrel, the price of
its perfect substitute, liquefied coal. This means that the price today of a
barrel of oil, pg, must grow at the rate of interest r over the next T years
to be equal to C. This gives us the equation

p0(1+T)T:C

or

e
Po=1nr
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This expression gives us the current price of oil as a function of the
other variables in the problem. We can now ask interesting comparative
statics questions. For example, what happens if there is an unforeseen new
discovery of 0il? This means that T', the number of years remaining of oil,
will increase, and thus (1 + r)T will increase, thereby decreasing py. So
an increase in the supply of oil will, not surprisingly, decrease its current
price.

What if there is a technological breakthrough that decreases the value
of C?7 Then the above equation shows that pg must decrease. The price
of oil has to be equal to the price of its perfect substitute, liquefied coal,
when liquefied coal is the only alternative.

When to Cut a Forest

Suppose that the size of a forest—measured in terms of the lumber that
you can get from it—is some function of time, F'(t). Suppose further that
the price of lumber is constant and that the rate of growth of the tree starts
high and gradually declines. If there is a competitive market for lumber,
when should the forest be cut for timber?

Answer: when the rate of growth of the forest equals the interest rate.
Before that, the forest is earning a higher rate of return than money in the
bank, and after that point it is earning less than money in the bank. The
optimal time to cut a forest is when its growth rate just equals the interest
rate.

We can express this more formally by looking at the present value of
cutting the forest at time 7. This will be

py— F@)
1+n)T

We want to find the choice of T that maximizes the present value—that
is, that makes the value of the forest as large as possible. If we choose
a very small value of T, the rate of growth of the forest will exceed the
interest rate, which means that the PV would be increasing so it would
pay to wait a little longer. On the other hand, if we consider a very large
value of T', the forest would be growing more slowly than the interest rate,
so the PV would be decreasing. The choice of T' that maximizes present
value occurs when the rate of growth of the forest just equals the interest
rate.

This argument is illustrated in Figure 11.1. In Figure 11.1A we have
plotted the rate of growth of the forest and the rate of growth of a dollar
invested in a bank. If we want to have the largest amount of money at
some unspecified point in the future, we should always invest our money
in the asset with the highest return available at each point in time. When
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Harvesting a forest. The optimal time to cut a forest is when
the rate of growth of the forest equals the interest rate.

the forest is young, it is the asset with the highest return. As it ma-
tures, its rate of growth declines, and eventually the bank offers a higher
return.

The effect on total wealth is illustrated in Figure 11.1B. Before T wealth
grows most rapidly when invested in the forest. After T it grows most
rapidly when invested in the bank. Therefore, the optimal strategy is to
invest in the forest up until time 7', then harvest the forest, and invest the
proceeds in the bank.

EXAMPLE: Gasoline Prices during the Gulf War

In the Summer of 1990 Iraq invaded Kuwait. As a response to this, the
United Nations imposed a blockade on oil imports from Iraq. Immediately
after the blockade was announced the price of oil jumped up on world mar-
kets. At the same time price of gasoline at U.S. pumps increased signifi-
cantly. This in turn led to cries of “war profiteering” and several segments
about the oil industry on the evening news broadcasts.

Those who felt the price increase was unjustified argued that it would
take at least 6 weeks for the new, higher-priced oil to wend its way across
to the Atlantic and to be refined into gasoline. The oil companies, they
argued, were making “excessive” profits by raising the price of gasoline that
had already been produced using cheap oil.

Let’s think about this argument as economists. Suppose that you own an
asset—say gasoline in a storage tank—that is currently worth $1 a gallon.
Six weeks from now, you know that it will be worth $1.50 a gallon. What
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price will you sell it for now? Certainly you would be foolish to sell it
for much less than $1.50 a gallon—at any price much lower than that you
would be better off letting the gasoline sit in the storage tank for 6 weeks.
The same intertemporal arbitrage reasoning about extracting oil from the
ground applies to gasoline in a storage tank. The (appropriate discounted)
price of gasoline tomorrow has to equal the price of gasoline today if you
want firms to supply gasoline today.

This makes perfect sense from a welfare point of view as well: if gasoline
is going to be more expensive in the near future, doesn’t it make sense
to consume less of it today? The increased price of gasoline encourages
immediate conservation measures and reflects the true scarcity price of
gasoline.

Ironically, the same phenomenon occured two years later in Russia. Dur-
ing the transition to a market economy, Russian oil sold for about $3 a
barrel at a time when the world price was about $19 a barrel. The oil pro-
ducers anticipated that the price of oil would soon be allowed to rise—so
they tried to hold back as much oil as possible from current production. As
one Russian producer put it, “Have you seen anyone in New York selling
one dollar for 10 cents?” The result was long lines in front of the gasoline
pumps for Russian consumers.’

11.8 Financial Institutions

Asset markets allow people to change their pattern of consumption over
time. Consider, for example, two people A and B who have different en-
dowments of wealth. A might have $100 today and nothing tomorrow,
while B might have $100 tomorrow and nothing today. It might well hap-
pen that each would rather have $50 today and $50 tomorrow. But they
can reach this pattern of consumption simply by trading: A gives B $50
today, and B gives A $50 tomorrow.

In this particular case, the interest rate is zero: A lends B $50 and
only gets $50 in return the next day. If people have convex preferences
over consumption today and tomorrow, they would like to smooth their
consumption over time, rather than consume everything in one period,
even if the interest rate were zero.

We can repeat the same kind of story for other patterns of asset endow-
ments. One individual might have an endowment that provides a steady
stream of payments and prefer to have a lump sum, while another might
have a lump sum and prefer a steady stream. For example, a twenty-year-
old individual might want to have a lump sum of money now to buy a
house, while a sixty-year-old might want to have a steady stream of money

1 See Louis Uchitelle, “Russians Line Up for Gas as Refineries Sit on Cheap Oil,” New
York Times, July 12, 1992, page 4.
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to finance his retirement. It is clear that both of these individuals could
gain by trading their endowments with each other.

In a modern economy financial institutions exist to facilitate these trades.
In the case described above, the sixty-year-old can put his lump sum of
money in the bank, and the bank can then lend it to the twenty-year-old.
The twenty-year-old then makes mortgage payments to the bank, which
are, in turn, transferred to the sixty-year-old as interest payments. Of
course, the bank takes its cut for arranging the trade, but if the banking
industry is sufficiently competitive, this cut should end up pretty close to
the actual costs of doing business.

Banks aren’t the only kind of financial institution that allow one to
reallocate consumption over time. Another important example is the stock
market. Suppose that an entrepreneur starts a company that becomes
successful. In order to start the company, the entrepreneur probably had
some financial backers who put up money to help him get started—to pay
the bills until the revenues started rolling in. Once the company has been
established, the owners of the company have a claim to the profits that
the company will generate in the future: they have a claim to a stream of
payments.

But it may well be that they prefer a lump-sum reward for their efforts
now. In this case, the owners can decide to sell the firm to other people
via the stock market. They issue shares in the company that entitle the
shareholders to a cut of the future profits of the firm in exchange for a
lump-sum payment now. People who want to purchase part of the stream
of profits of the firm pay the original owners for these shares. In this way,
both sides of the market can reallocate their wealth over time.

There are a variety of other institutions and markets that help facili-
tate intertemporal trade. But what happens when the buyers and sellers
aren’t evenly matched? What happens if more people want to sell con-
sumption tomorrow than want to buy it? Just as in any market, if the
supply of something exceeds the demand, the price will fall. In this case,
the price of consumption tomorrow will fall. We saw earlier that the price
of consumption tomorrow was given by

B 1
14

D
so this means that the interest rate must rise. The increase in the interest
rate induces people to save more and to demand less consumption now,
and thus tends to equate demand and supply.

Summary

1. In equilibrium, all assets with certain payoffs must earn the same rate
of return. Otherwise there would be a riskless arbitrage opportunity.
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2. The fact that all assets must earn the same return implies that all assets
will sell for their present value.

3. If assets are taxed differently, or have different risk characteristics, then
we must compare their after-tax rates of return or their risk-adjusted rates
of return.

REVIEW QUESTIONS

1. Suppose asset A can be sold for $11 next period. If assets similar to A
are paying a rate of return of 10%, what must be asset A’s current price?

2. A house, which you could rent for $10,000 a year and sell for $110,000 a
year from now, can be purchased for $100,000. What is the rate of return
on this house?

3. The payments of certain types of bonds (e.g., municipal bonds) are not
taxable. If similar taxable bonds are paying 10% and everyone faces a
marginal tax rate of 40%, what rate of return must the nontaxable bonds

pay?

4. Suppose that a scarce resource, facing a constant demand, will be ex-
hausted in 10 years. If an alternative resource will be available at a price
of $40 and if the interest rate is 10%, what must the price of the scarce
resource be today?

APPENDIX

Suppose that you invest $1 in an asset yielding an interest rate r where the
interest is paid once a year. Then after T" years you will have (1 + T)T dollars.
Suppose now that the interest is paid monthly. This means that the monthly
interest rate will be r/12, and there will be 127" payments, so that after 7" years
you will have (1+7/12)*3T dollars. If the interest rate is paid daily, you will have
(14 7/365)2%°T and so on.

In general, if the interest is paid n times a year, you will have (1 + r/n)""
dollars after T" years. It is natural to ask how much money you will have if the
interest is paid continuously. That is, we ask what is the limit of this expression
as n goes to infinity. It turns out that this is given by the following expression:

et = lim (1+7/n)"",
n— oo

where e is 2.7183 ..., the base of natural logarithms.
This expression for continuous compounding is very convenient for calculations.
For example, let us verify the claim in the text that the optimal time to harvest
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the forest is when the rate of growth of the forest equals the interest rate. Since
the forest will be worth F'(T') at time T, the present value of the forest harvested

at time 7T is
F(T)

erT

V(T) = =e "TF(T).

In order to maximize the present value, we differentiate this with respect to T'
and set the resulting expression equal to zero. This yields

V(T)=e¢ ""F(T)—re " F(T) =0

. F'(T) —rF(T) = 0.

This can be rearranged to establish the result:

This equation says that the optimal value of T satisfies the condition that the
rate of interest equals the rate of growth of the value of the forest.



CHAPTER 1 2

UNCERTAINTY

Uncertainty is a fact of life. People face risks every time they take a shower,
walk across the street, or make an investment. But there are financial insti-
tutions such as insurance markets and the stock market that can mitigate
at least some of these risks. We will study the functioning of these mar-
kets in the next chapter, but first we must study individual behavior with
respect to choices involving uncertainty.

12.1 Contingent Consumption

Since we now know all about the standard theory of consumer choice, let’s
try to use what we know to understand choice under uncertainty. The first
question to ask is what is the basic “thing” that is being chosen?

The consumer is presumably concerned with the probability distri-
bution of getting different consumption bundles of goods. A probability
distribution consists of a list of different outcomes—in this case, consump-
tion bundles—and the probability associated with each outcome. When a
consumer decides how much automobile insurance to buy or how much to
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invest in the stock market, he is in effect deciding on a pattern of probability
distribution across different amounts of consumption.

For example, suppose that you have $100 now and that you are con-
templating buying lottery ticket number 13. If number 13 is drawn in the
lottery, the holder will be paid $200. This ticket costs, say, $5. The two
outcomes that are of interest are the event that the ticket is drawn and the
event that it isn’t.

Your original endowment of wealth—the amount that you would have if
you did not purchase the lottery ticket—is $100 if 13 is drawn, and $100
if it isn’t drawn. But if you buy the lottery ticket for $5, you will have
a wealth distribution consisting of $295 if the ticket is a winner, and $95
if it is not a winner. The original endowment of probabilities of wealth
in different circumstances has been changed by the purchase of the lottery
ticket. Let us examine this point in more detail.

In this discussion we’ll restrict ourselves to examining monetary gambles
for convenience of exposition. Of course, it is not money alone that mat-
ters; it is the consumption that money can buy that is the ultimate “good”
being chosen. The same principles apply to gambles over goods, but re-
stricting ourselves to monetary outcomes makes things simpler. Second,
we will restrict ourselves to very simple situations where there are only a
few possible outcomes. Again, this is only for reasons of simplicity.

Above we described the case of gambling in a lottery; here we’ll consider
the case of insurance. Suppose that an individual initially has $35,000
worth of assets, but there is a possibility that he may lose $10,000. For
example, his car may be stolen, or a storm may damage his house. Suppose
that the probability of this event happening is p = .01. Then the probability
distribution the person is facing is a 1 percent probability of having $25,000
of assets, and a 99 percent probability of having $35,000.

Insurance offers a way to change this probability distribution. Suppose
that there is an insurance contract that will pay the person $100 if the loss
occurs in exchange for a $1 premium. Of course the premium must be paid
whether or not the loss occurs. If the person decides to purchase $10,000
dollars of insurance, it will cost him $100. In this case he will have a 1
percent chance of having $34,900 ($35,000 of other assets — $10,000 loss +
$10,000 payment from the insurance payment — $100 insurance premium)
and a 99 percent chance of having $34,900 ($35,000 of assets — $100 in-
surance premium). Thus the consumer ends up with the same wealth no
matter what happens. He is now fully insured against loss.

In general, if this person purchases K dollars of insurance and has to pay
a premium K, then he will face the gamble:!

probability .01 of getting $25,000 + K — v K

I The Greek letter v, gamma, is pronounced “gam-ma.”
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and
probability .99 of getting $35,000 — vK.

What kind of insurance will this person choose? Well, that depends on
his preferences. He might be very conservative and choose to purchase a lot
of insurance, or he might like to take risks and not purchase any insurance
at all. People have different preferences over probability distributions in
the same way that they have different preferences over the consumption of
ordinary goods.

In fact, one very fruitful way to look at decision making under uncertainty
is just to think of the money available under different circumstances as
different goods. A thousand dollars after a large loss has occurred may
mean a very different thing from a thousand dollars when it hasn’t. Of
course, we don’t have to apply this idea just to money: an ice cream cone
if it happens to be hot and sunny tomorrow is a very different good from
an ice cream cone if it is rainy and cold. In general, consumption goods will
be of different value to a person depending upon the circumstances under
which they become available.

Let us think of the different outcomes of some random event as being
different states of nature. In the insurance example given above there
were two states of nature: the loss occurs or it doesn’t. But in general
there could be many different states of nature. We can then think of
a contingent consumption plan as being a specification of what will
be consumed in each different state of nature—each different outcome of
the random process. Contingent means depending on something not yet
certain, so a contingent consumption plan means a plan that depends on the
outcome of some event. In the case of insurance purchases, the contingent
consumption was described by the terms of the insurance contract: how
much money you would have if a loss occurred and how much you would
have if it didn’t. In the case of the rainy and sunny days, the contingent
consumption would just be the plan of what would be consumed given the
various outcomes of the weather.

People have preferences over different plans of consumption, just like
they have preferences over actual consumption. It certainly might make
you feel better now to know that you are fully insured. People make choices
that reflect their preferences over consumption in different circumstances,
and we can use the theory of choice that we have developed to analyze
those choices.

If we think about a contingent consumption plan as being just an ordi-
nary consumption bundle, we are right back in the framework described in
the previous chapters. We can think of preferences as being defined over
different consumption plans, with the “terms of trade” being given by the
budget constraint. We can then model the consumer as choosing the best
consumption plan he or she can afford, just as we have done all along.
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Let’s describe the insurance purchase in terms of the indifference-curve
analysis we’ve been using. The two states of nature are the event that the
loss occurs and the event that it doesn’t. The contingent consumptions are
the values of how much money you would have in each circumstance. We
can plot this on a graph as in Figure 12.1.

Endowment
$35,000———

$35,000 — yK | ————r———~-

$25,000 $25,000 + K —yK Gy

Insurance. The budget line associated with the purchase of
insurance. The insurance premium ~ allows us to give up some
consumption in the good outcome (C,) in order to have more
consumption in the bad outcome (Cp).

Your endowment of contingent consumption is $25,000 in the “bad”
state—if the loss occurs—and $35,000 in the “good” state—if it doesn’t
occur. Insurance offers you a way to move away from this endowment
point. If you purchase K dollars’ worth of insurance, you give up vK dol-
lars of consumption possibilities in the good state in exchange for K —vK
dollars of consumption possibilities in the bad state. Thus the consumption
you lose in the good state, divided by the extra consumption you gain in
the bad state, is

0Cy K y
8¢, K—-—~nK  1—7

This is the slope of the budget line through your endowment. It is just
as if the price of consumption in the good state is 1 — v and the price in
the bad state is ~.
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We can draw in the indifference curves that a person might have for con-
tingent consumption. Here again it is very natural for indifference curves
to have a convex shape: this means that the person would rather have a
constant amount of consumption in each state than a large amount in one
state and a low amount in the other.

Given the indifference curves for consumption in each state of nature,
we can look at the choice of how much insurance to purchase. As usual,
this will be characterized by a tangency condition: the marginal rate of
substitution between consumption in each state of nature should be equal
to the price at which you can trade off consumption in those states.

Of course, once we have a model of optimal choice, we can apply all of
the machinery developed in early chapters to its analysis. We can examine
how the demand for insurance changes as the price of insurance changes,
as the wealth of the consumer changes, and so on. The theory of consumer
behavior is perfectly adequate to model behavior under uncertainty as well
as certainty.

EXAMPLE: Catastrophe Bonds

We have seen that insurance is a way to transfer wealth from good states
of nature to bad states of nature. Of course there are two sides to these
transactions: those who buy insurance and those who sell it. Here we focus
on the sell side of insurance.

The sell side of the insurance market is divided into a retail component,
which deals directly with end buyers, and a wholesale component, in which
insurers sell risks to other parties. The wholesale part of the market is
known as the reinsurance market.

Typically, the reinsurance market has relied on large investors such as
pension funds to provide financial backing for risks. However, some rein-
surers rely on large individual investors. Lloyd’s of London, one of the most
famous reinsurance consortia, generally uses private investors.

Recently, the reinsurance industry has been experimenting with catas-
trophe bonds, which, according to some, are a more flexible way to pro-
vide reinsurance. These bonds, generally sold to large institutions, have
typically been tied to natural disasters, like earthquakes or hurricanes.

A financial intermediary, such as a reinsurance company or an invest-
ment bank, issues a bond tied to a particular insurable event, such as an
earthquake involving, say, at least $500 million in insurance claims. If
there is no earthquake, investors are paid a generous interest rate. But if
the earthquake occurs and the claims exceed the amount specified in the
bond, investors sacrifice their principal and interest.

Catastrophe bonds have some attractive features. They can spread risks
widely and can be subdivided indefinitely, allowing each investor to bear
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only a small part of the risk. The money backing up the insurance is paid
in advance, so there is no default risk to the insured.

From the economist’s point of view, “cat bonds” are a form of state
contingent security, that is, a security that pays off if and only if some
particular event occurs. This concept was first introduced by Nobel laure-
ate Kenneth J. Arrow in a paper published in 1952 and was long thought
to be of only theoretical interest. But it turned out that all sorts of options
and other derivatives could be best understood using contingent securi-
ties. Now Wall Street rocket scientists draw on this 60-year-old work when
creating exotic new derivatives such as catastrophe bonds.

12.2 Utility Functions and Probabilities

If the consumer has reasonable preferences about consumption in different
circumstances, then we will be able to use a utility function to describe these
preferences, just as we have done in other contexts. However, the fact that
we are considering choice under uncertainty does add a special structure
to the choice problem. In general, how a person values consumption in one
state as compared to another will depend on the probability that the state
in question will actually occur. In other words, the rate at which I am
willing to substitute consumption if it rains for consumption if it doesn’t
should have something to do with how likely I think it is to rain. The
preferences for consumption in different states of nature will depend on the
beliefs of the individual about how likely those states are.

For this reason, we will write the utility function as depending on the
probabilities as well as on the consumption levels. Suppose that we are
considering two mutually exclusive states such as rain and shine, loss or
no loss, or whatever. Let ¢; and ¢ represent consumption in states 1 and
2, and let m; and ms be the probabilities that state 1 or state 2 actually
occurs.

If the two states are mutually exclusive, so that only one of them can
happen, then m = 1 — ;. But we’ll generally write out both probabilities
just to keep things looking symmetric.

Given this notation, we can write the utility function for consumption in
states 1 and 2 as u(cy, ca,m,m2). This is the function that represents the
individual’s preference over consumption in each state.

EXAMPLE: Some Examples of Utility Functions

We can use nearly any of the examples of utility functions that we’ve seen
up until now in the context of choice under uncertainty. One nice exam-
ple is the case of perfect substitutes. Here it is natural to weight each
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consumption by the probability that it will occur. This gives us a utility
function of the form

u(ci, c2, T, M) = WC1 + TaC2.

In the context of uncertainty, this kind of expression is known as the ex-
pected value. It is just the average level of consumption that you would
get.

Another example of a utility function that might be used to examine
choice under uncertainty is the Cobb—Douglas utility function:

_ o 1-7
u(er, co,m, 1 —m) =cfey

Here the utility attached to any combination of consumption bundles de-
pends on the pattern of consumption in a nonlinear way.

As usual, we can take a monotonic transformation of utility and still
represent the same preferences. It turns out that the logarithm of the
Cobb-Douglas utility will be very convenient in what follows. This will
give us a utility function of the form

Inwu(ey, ea,m1,m2) =71 Iney + w2 Ines.

12.3 Expected Utility

One particularly convenient form that the utility function might take is the
following:
u(er, co, w1, ) = mu(er) + mav(es).

This says that utility can be written as a weighted sum of some function
of consumption in each state, v(¢;) and v(cg), where the weights are given
by the probabilities 7 and 5.

Two examples of this were given above. The perfect substitutes, or
expected value utility function, had this form where v(¢) = ¢. The Cobb-
Douglas didn’t have this form originally, but when we expressed it in terms
of logs, it had the linear form with v(c) = Inec.

If one of the states is certain, so that m; = 1, say, then v(¢) is the utility
of certain consumption in state 1. Similarly, if mo = 1, v(cg) is the utility
of consumption in state 2. Thus the expression

71'11](01) + 7T2’U(CQ)

represents the average utility, or the expected utility, of the pattern of
consumption (cq, ¢2).
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For this reason, we refer to a utility function with the particular form
described here as an expected utility function, or, sometimes, a von
Neumann-Morgenstern utility function.?

When we say that a consumer’s preferences can be represented by an
expected utility function, or that the consumer’s preferences have the ex-
pected utility property, we mean that we can choose a utility function that
has the additive form described above. Of course we could also choose a dif-
ferent form; any monotonic transformation of an expected utility function
is a utility function that describes the same preferences. But the additive
form representation turns out to be especially convenient. If the consumer’s
preferences are described by 7 Inc; 4+ mo Inco they will also be described
by ¢'c5?. But the latter representation does not have the expected utility
property, while the former does.

On the other hand, the expected utility function can be subjected to
some kinds of monotonic transformation and still have the expected utility
property. We say that a function v(u) is a positive affine transfor-
mation if it can be written in the form: v(u) = au + b where a > 0. A
positive affine transformation simply means multiplying by a positive num-
ber and adding a constant. It turns out that if you subject an expected
utility function to a positive affine transformation, it not only represents
the same preferences (this is obvious since an affine transformation is just a
special kind of monotonic transformation) but it also still has the expected
utility property.

Economists say that an expected utility function is “unique up to an
affine transformation.” This just means that you can apply an affine trans-
formation to it and get another expected utility function that represents
the same preferences. But any other kind of transformation will destroy
the expected utility property.

12.4 Why Expected Utility Is Reasonable

The expected utility representation is a convenient one, but is it a rea-
sonable one? Why would we think that preferences over uncertain choices
would have the particular structure implied by the expected utility func-
tion? As it turns out there are compelling reasons why expected utility is
a reasonable objective for choice problems in the face of uncertainty.

The fact that outcomes of the random choice are consumption goods
that will be consumed in different circumstances means that ultimately
only one of those outcomes is actually going to occur. Either your house

2 John von Neumann was one of the major figures in mathematics in the twentieth
century. He also contributed several important insights to physics, computer science,
and economic theory. Oscar Morgenstern was an economist at Princeton who, along
with von Neumann, helped to develop mathematical game theory.
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will burn down or it won’t; either it will be a rainy day or a sunny day. The
way we have set up the choice problem means that only one of the many
possible outcomes is going to occur, and hence only one of the contingent
consumption plans will actually be realized.

This turns out to have a very interesting implication. Suppose you are
considering purchasing fire insurance on your house for the coming year. In
making this choice you will be concerned about wealth in three situations:
your wealth now (cg), your wealth if your house burns down (¢;), and your
wealth if it doesn’t (¢2). (Of course, what you really care about are your
consumption possibilities in each outcome, but we are simply using wealth
as a proxy for consumption here.) If 71 is the probability that your house
burns down and 75 is the probability that it doesn’t, then your preferences
over these three different consumptions can generally be represented by a
utility function wu(my, ma, cg, 1, C2).

Suppose that we are considering the tradeoff between wealth now and
one of the possible outcomes—say, how much money we would be willing
to sacrifice now to get a little more money if the house burns down. Then
this decision should be independent of how much consumption you will have
in the other state of nature—how much wealth you will have if the house
is not destroyed. For the house will either burn down or it won’t. If it
happens to burn down, then the value of extra wealth shouldn’t depend
on how much wealth you would have if it didn’t burn down. Bygones are
bygones—so what doesn’t happen shouldn’t affect the value of consumption
in the outcome that does happen.

Note that this is an assumption about an individual’s preferences. It may
be violated. When people are considering a choice between two things, the
amount of a third thing they have typically matters. The choice between
coffee and tea may well depend on how much cream you have. But this
is because you consume coffee together with cream. If you considered a
choice where you rolled a die and got either coffee, or tea, or cream, then
the amount of cream that you might get shouldn’t affect your preferences
between coffee and tea. Why? Because you are either getting one thing or
the other: if you end up with cream, the fact that you might have gotten
either coffee or tea is irrelevant.

Thus in choice under uncertainty there is a natural kind of “indepen-
dence” between the different outcomes because they must be consumed
separately—in different states of nature. The choices that people plan to
make in one state of nature should be independent from the choices that
they plan to make in other states of nature. This assumption is known as
the independence assumption. It turns out that this implies that the
utility function for contingent consumption will take a very special struc-
ture: it has to be additive across the different contingent consumption
bundles.

That is, if ¢1, co, and c3 are the consumptions in different states of nature,
and 7y, 7o, and 73 are the probabilities that these three different states of
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nature materialize, then if the independence assumption alluded to above
is satisfied, the utility function must take the form

U(Cl, Co, Cg) = Wlu(Cl) -+ 7T2’LL(CQ) + 7T3U(03).

This is what we have called an expected utility function. Note that the
expected utility function does indeed satisfy the property that the marginal
rate of substitution between two goods is independent of how much there
is of the third good. The marginal rate of substitution between goods 1
and 2, say, takes the form

8U(Cl, Co, 63)/861
_aU(Cl, Co, 03)/862
- 7T16u(cl)/5cl
T madu(es)/dey”

MRSlg =

This MRS depends only on how much you have of goods 1 and 2, not
how much you have of good 3.

12.5 Risk Aversion

We claimed above that the expected utility function had some very con-
venient properties for analyzing choice under uncertainty. In this section
we’ll give an example of this.

Let’s apply the expected utility framework to a simple choice problem.
Suppose that a consumer currently has $10 of wealth and is contemplating
a gamble that gives him a 50 percent probability of winning $5 and a
50 percent probability of losing $5. His wealth will therefore be random:
he has a 50 percent probability of ending up with $5 and a 50 percent
probability of ending up with $15. The ezpected value of his wealth is $10,
and the expected utility is

1 1
5u(815) + Su($5).

This is depicted in Figure 12.2. The expected utility of wealth is the
average of the two numbers u($15) and u($5), labeled .5u(5) + .5u(15) in
the graph. We have also depicted the utility of the expected value of wealth,
which is labeled u($10). Note that in this diagram the expected utility of
wealth is less than the utility of the expected wealth. That is,

" (;15 + ;5> — u(10) > %u(15) + %u(5) .
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UTILITY

u(15)
u(10)
5u(5) + .5u(15)

u(wealth)

u(5)

WEALTH

Risk aversion. For a risk-averse consumer the utility of the
expected value of wealth, u(10), is greater than the expected
utility of wealth, .5u(5) + .5u(15).

In this case we say that the consumer is risk averse since he prefers
to have the expected value of his wealth rather than face the gamble. Of
course, it could happen that the preferences of the consumer were such
that he prefers a a random distribution of wealth to its expected value, in
which case we say that the consumer is a risk lover. An example is given
in Figure 12.3.

Note the difference between Figures 12.2 and 12.3. The risk-averse con-
sumer has a concave utility function—its slope gets flatter as wealth is in-
creased. The risk-loving consumer has a convez utility function—its slope
gets steeper as wealth increases. Thus the curvature of the utility function
measures the consumer’s attitude toward risk. A twice differentiable func-
tion is concave if its second derivative is negative, and convex if its second
derivative is positive. In general, the more concave the utility function,
the more risk averse the consumer will be, and the more convex the utility
function, the more risk loving the consumer will be.

The intermediate case is that of a linear utility function. The second
derivative of a linear function is zero. Here the consumer is risk neutral:
the expected utility of wealth is the utility of its expected value. In this
case the consumer doesn’t care about the riskiness of his wealth at all—only
about its expected value.

Figure
12.2
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UTILITY

u (wealth)

u(15)

5u(5) + .5u(15)
u(10)
u(5)

WEALTH

Risk loving. For a risk-loving consumer the expected utility
of wealth, .5u(5) + .5u(15), is greater than the utility of the
expected value of wealth, u(10).

EXAMPLE: The Demand for Insurance

Let’s apply the expected utility structure to the demand for insurance that
we considered earlier. Recall that in that example the person had a wealth
of $35,000 and that he might incur a loss of $10,000. The probability of the
loss was 1 percent, and it cost him vK to purchase K dollars of insurance.
By examining this choice problem using indifference curves we saw that
the optimal choice of insurance was determined by the condition that the
MRS between consumption in the two outcomes—Iloss or no loss—must be
equal to —v/(1 — ). Let m be the probability that the loss will occur, and
1 — 7 be the probability that it won’t occur.

Let state 1 be the situation involving no loss, so that the person’s wealth
in that state is

¢ = $35,000 — 7K,

and let state 2 be the loss situation with wealth
co = $35,000 — $10,000 + K — vK.

Then the consumer’s optimal choice of insurance is determined by the
condition that his MRS between consumption in the two outcomes be equal
to the price ratio:

mou(cz)/dco 5

MRS = (1= m)du(cr)/dcy B 11—~ (12.1)
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Now let us look at the insurance contract from the viewpoint of the
insurance company. With probability 7 they must pay out K, and with
probability (1 — ) they pay out nothing. No matter what happens, they
collect the premium K. Then the expected profit, P, of the insurance
company is

P=yK —-7K—-(1-m)-0=~vK — 7K.

Let us suppose that on the average the insurance company just breaks
even on the contract. That is, they offer insurance at a “fair” rate, where
“fair” means that the expected value of the insurance is just equal to its
cost. Then we have

P=~K —-7K =0,

which implies that v = 7.
Inserting this into equation (12.1) we have

mou(ce)/0co w

(1 —m)ou(cy)/6e; 1 —7

Canceling the 7’s leaves us with the condition that the optimal amount of
insurance must satisfy

ber o (12.2)
This equation says that the marginal utility of an extra dollar of income if
the loss occurs should be equal to the marginal utility of an extra dollar of
income if the loss doesn’t occur.

Let us suppose that the consumer is risk averse, so that his marginal
utility of money is declining as the amount of money he has increases.
Then if ¢; > ¢o, the marginal utility at ¢; would be less than the marginal
utility at co, and vice versa. Furthermore, if the marginal utilities of income
are equal at ¢; and ¢y, as they are in equation (12.2), then we must have
¢1 = co. Applying the formulas for ¢; and ¢y, we find

35,000 — vK = 25,000 + K — 7K,

which implies that K = $10,000. This means that when given a chance
to buy insurance at a “fair” premium, a risk-averse consumer will always
choose to fully insure.

This happens because the utility of wealth in each state depends only on
the total amount of wealth the consumer has in that state—and not what
he might have in some other state—so that if the total amounts of wealth
the consumer has in each state are equal, the marginal utilities of wealth
must be equal as well.

To sum up: if the consumer is a risk-averse, expected utility maximizer
and if he is offered fair insurance against a loss, then he will optimally
choose to fully insure.
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Let us examine a simple problem to demonstrate the principles of risk
aversion and expected utility maximization. Suppose that the consumer
has some wealth w and is considering investing some amount x in a risky
asset. This asset could earn a return of r, in the “good” outcome, or it
could earn a return of 7 in the “bad” outcome. You should think of r,
as being a positive return—the asset increases in value, and r, being a
negative return—a decrease in asset value.

Thus the consumer’s wealth in the good and bad outcomes will be

Wy=(w—2z)+z(l+ry) =w+ar,
Wy =(w—2a)+x(l+r,) =w+xr.

Suppose that the good outcome occurs with probability m and the bad
outcome with probability (1—7). Then the expected utility if the consumer
decides to invest x dollars is

EU(z) = mu(w + ary) + (1 — m)u(w + x1yp).

The consumer wants to choose x so as to maximize this expression.
Differentiating with respect to x, we find the way in which utility changes
as x changes:

EU'(z) = u'(w + ary)ry + (1 — m)u' (w + arp)rp. (12.3)
The second derivative of utility with respect to x is
EU"(z) = mu" (w + arg)ry + (1 — m)u (w + zry)r7. (12.4)

If the consumer is risk averse his utility function will be concave, which
implies that ' (w) < 0 for every level of wealth. Thus the second derivative
of expected utility is unambiguously negative. Expected utility will be a
concave function of x.

Consider the change in expected utility for the first dollar invested in
the risky asset. This is just equation (12.3) with the derivative evaluated
at r =0:

EU'(0) = mu/ (w)rg + (1 — m)u/ (w)ry
=/ (w)[mry + (1 —m)m).

The expression inside the brackets is the expected return on the asset.
If the expected return on the asset is negative, then expected utility must
decrease when the first dollar is invested in the asset. But since the second
derivative of expected utility is negative due to concavity, then utility must
continue to decrease as additional dollars are invested.

Hence we have found that if the expected value of a gamble is negative,
a risk averter will have the highest expected utility at «* = 0: he will want
no part of a losing proposition.
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On the other hand, if the expected return on the asset is positive, then
increasing = from zero will increase expected utility. Thus he will always
want to invest a little bit in the risky asset, no matter how risk averse he
is.

Expected utility as a function of z is illustrated in Figure 12.4. In Figure
12.4A the expected return is negative, and the optimal choice is * = 0.
In Figure 12.4B the expected return is positive over some range, so the
consumer wants to invest some positive amount x* in the risky asset.

EXPECTED EXPECTED
UTILITY UTILITY
[ 4
x*¥*=0 INVESTMENT x* INVESTMENT
A B
How much to invest in the risky asset. In panel A, the Figure
optimal investment is zero, but in panel B the consumer wants 12.4

to invest a positive amount.

The optimal amount for the consumer to invest will be determined by the
condition that the derivative of expected utility with respect to x be equal
to zero. Since the second derivative of utility is automatically negative due
to concavity, this will be a global maximum.

Setting (12.3) equal to zero we have

EU'(z) = v/ (w + xry)ry + (1 — m)u' (w + ary)r, = 0. (12.5)

This equation determines the optimal choice of z for the consumer in ques-
tion.

EXAMPLE: The Effect of Taxation on Investment in Risky Assets

How does the level of investment in a risky asset behave when you tax its
return? If the individual pays taxes at rate ¢, then the after-tax returns
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will be (1 —¢t)ry and (1 — t)ry. Thus the first-order condition determining
his optimal investment, z, will be

EU'(z) = 7/ (w+z(1—t)ry) (1—t)ry+ (1—m)u/ (w+z(1—t)ry) (1—t)r, = 0.
Canceling the (1 —¢) terms, we have
EU'(z) = mu'(w+ z(1 = t)rg)ry + (1 — m)u' (w + (1 — t)ry)r, = 0. (12.6)

Let us denote the solution to the maximization problem without taxes—
when ¢t = 0—Dby 2* and denote the solution to the maximization problem
with taxes by . What is the relationship between z* and &7

Your first impulse is probably to think that z* > Z—that taxation of
a risky asset will tend to discourage investment in it. But that turns out
to be exactly wrong! Taxing a risky asset in the way we described will
actually encourage investment in it!

In fact, there is an exact relation between z* and z. It must be the case
that

j’;:

1—t

The proof is simply to note that this value of & satisfies the first-order
condition for the optimal choice in the presence of the tax. Substituting
this choice into equation (12.6) we have

*

. T
EU'(2) = mu/(w + l—t(l —t)rg)rg

x*

1-—t
=/ (w+ 2 rg)rg + (1 — m)u' (w + z*ry)r, = 0,

+ (1 —7m)u (w+ (1 —t)ry)mp

where the last equality follows from the fact that * is the optimal solution
when there is no tax.

What is going on here? How can imposing a tax increase the amount
of investment in the risky asset? Here is what is happening. When the
tax is imposed, the individual will have less of a gain in the good state,
but he will also have less of a loss in the bad state. By scaling his original
investment up by 1/(1 —¢) the consumer can reproduce the same after-tax
returns that he had before the tax was put in place. The tax reduces his
expected return, but it also reduces his risk: by increasing his investment
the consumer can get exactly the same pattern of returns he had before and
thus completely offset the effect of the tax. A tax on a risky investment
represents a tax on the gain when the return is positive—but it represents
a subsidy on the loss when the return is negative.
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12.6 Diversification

Let us turn now to a different topic involving uncertainty—the benefits
of diversification. Suppose that you are considering investing $100 in two
different companies, one that makes sunglasses and one that makes rain-
coats. The long-range weather forecasters have told you that next summer
is equally likely to be rainy or sunny. How should you invest your money?

Wouldn’t it make sense to hedge your bets and put some money in each?
By diversifying your holdings of the two investments, you can get a return
on your investment that is more certain, and therefore more desirable if
you are a risk-averse person.

Suppose, for example, that shares of the raincoat company and the sun-
glasses company currently sell for $10 apiece. If it is a rainy summer, the
raincoat company will be worth $20 and the sunglasses company will be
worth $5. If it is a sunny summer, the payoffs are reversed: the sunglasses
company will be worth $20 and the raincoat company will be worth $5. If
you invest your entire $100 in the sunglasses company, you are taking a
gamble that has a 50 percent chance of giving you $200 and a 50 percent
chance of giving you $50. The same magnitude of payoffs results if you
invest all your money in the sunglasses company: in either case you have
an expected payoff of $125.

But look what happens if you put half of your money in each. Then,
if it is sunny you get $100 from the sunglasses investment and $25 from
the raincoat investment. But if it is rainy, you get $100 from the raincoat
investment and $25 from the sunglasses investment. Either way, you end up
with $125 for sure. By diversifying your investment in the two companies,
you have managed to reduce the overall risk of your investment, while
keeping the expected payoff the same.

Diversification was quite easy in this example: the two assets were per-
fectly negatively correlated—when one went up, the other went down. Pairs
of assets like this can be extremely valuable because they can reduce risk
so dramatically. But, alas, they are also very hard to find. Most asset
values move together: when GM stock is high, so is Ford stock, and so
is Goodrich stock. But as long as asset price movements are not perfectly
positively correlated, there will be some gains from diversification.

12.7 Risk Spreading

Let us return now to the example of insurance. There we considered the
situation of an individual who had $35,000 and faced a .01 probability of
a $10,000 loss. Suppose that there were 1000 such individuals. Then, on
average, there would be 10 losses incurred, and thus $100,000 lost each year.
Each of the 1000 people would face an ezpected loss of .01 times $10,000, or
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$100 a year. Let us suppose that the probability that any person incurs a
loss doesn’t affect the probability that any of the others incur losses. That
is, let us suppose that the risks are independent.

Then each individual will have an expected wealth of .99 x $35,000 +
.01 x $25,000 = $34,900. But each individual also bears a large amount of
risk: each person has a 1 percent probability of losing $10,000.

Suppose that each consumer decides to diversify the risk that he or she
faces. How can they do this? Answer: by selling some of their risk to
other individuals. Suppose that the 1000 consumers decide to insure one
another. If anybody incurs the $10,000 loss, each of the 1000 consumers
will contribute $10 to that person. This way, the poor person whose house
burns down is compensated for his loss, and the other consumers have the
peace of mind that they will be compensated if that poor soul happens
to be themselves! This is an example of risk spreading: each consumer
spreads his risk over all of the other consumers and thereby reduces the
amount of risk he bears.

Now on the average, 10 houses will burn down a year, so on the average,
each of the 1000 individuals will be paying out $100 a year. But this is just
on the average. Some years there might be 12 losses, and other years there
might be 8 losses. The probability is very small that an individual would
actually have to pay out more than $200, say, in any one year, but even so,
the risk is there.

But there is even a way to diversify this risk. Suppose that the home-
owners agree to pay $100 a year for certain, whether or not there are any
losses. Then they can build up a cash reserve fund that can be used in
those years when there are multiple fires. They are paying $100 a year
for certain, and on average that money will be sufficient to compensate
homeowners for fires.

As you can see, we now have something very much like a cooperative
insurance company. We could add a few more features: the insurance
company gets to invest its cash reserve fund and earn interest on its assets,
and so on, but the essence of the insurance company is clearly present.

12.8 Role of the Stock Market

The stock market plays a role similar to that of the insurance market in
that it allows for risk spreading. Recall from Chapter 11 that we argued
that the stock market allowed the original owners of firms to convert their
stream of returns over time to a lump sum. Well, the stock market also
allows them to convert their risky position of having all their wealth tied
up in one enterprise to a situation where they have a lump sum that they
can invest in a variety of assets. The original owners of the firm have an
incentive to issue shares in their company so that they can spread the risk
of that single company over a large number of shareholders.
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Similarly, the later shareholders of a company can use the stock market
to reallocate their risks. If a company you hold shares in is adopting a
policy that is too risky for your taste—or too conservative—you can sell
those shares and purchase others.

In the case of insurance, an individual was able to reduce his risk to
zero by purchasing insurance. For a flat fee of $100, the individual could
purchase full insurance against the $10,000 loss. This was true because
there was basically no risk in the aggregate: if the probability of the loss
occurring was 1 percent, then on average 10 of the 1000 people would face
a loss—we just didn’t know which ones.

In the case of the stock market, there is risk in the aggregate. One year
the stock market as a whole might do well, and another year it might do
poorly. Somebody has to bear that kind of risk. The stock market offers a
way to transfer risky investments from people who don’t want to bear risk
to people who are willing to bear risk.

Of course, few people outside of Las Vegas like to bear risk: most people
are risk averse. Thus the stock market allows people to transfer risk from
people who don’t want to bear it to people who are willing to bear it if
they are sufficiently compensated for it. We’ll explore this idea further in
the next chapter.

Summary

1. Consumption in different states of nature can be viewed as consumption
goods, and all the analysis of previous chapters can be applied to choice
under uncertainty.

2. However, the utility function that summarizes choice behavior under
uncertainty may have a special structure. In particular, if the utility func-
tion is linear in the probabilities, then the utility assigned to a gamble will
just be the expected utility of the various outcomes.

3. The curvature of the expected utility function describes the consumer’s
attitudes toward risk. If it is concave, the consumer is a risk averter; and
if it is convex, the consumer is a risk lover.

4. Financial institutions such as insurance markets and the stock market
provide ways for consumers to diversify and spread risks.

REVIEW QUESTIONS

1. How can one reach the consumption points to the left of the endowment
in Figure 12.17
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2. Which of the following utility functions have the expected utility prop-
erty? (a) u(ci,co,m1,m) = a(micr + macz), (b) u(cr, ca,m,m2) = mey +
mac3, (¢) u(cr,ca,m,m) = w1 Incy + malney + 17,

3. A risk-averse individual is offered a choice between a gamble that pays
$1000 with a probability of 25% and $100 with a probability of 75%, or a
payment of $325. Which would he choose?

4. What if the payment was $3207

5. Draw a utility function that exhibits risk-loving behavior for small gam-
bles and risk-averse behavior for larger gambles.

6. Why might a neighborhood group have a harder time self insuring for
flood damage versus fire damage?



CHAPTER 1 3

RISKY
ASSETS

In the last chapter we examined a model of individual behavior under
uncertainty and the role of two economic institutions for dealing with un-
certainty: insurance markets and stock markets. In this chapter we will
further explore how stock markets serve to allocate risk. In order to do
this, it is convenient to consider a simplified model of behavior under un-
certainty.

13.1 Mean-Variance Utility

In the last chapter we examined the expected utility model of choice under
uncertainty. Another approach to choice under uncertainty is to describe
the probability distributions that are the objects of choice by a few param-
eters and think of the utility function as being defined over those param-
eters. The most popular example of this approach is the mean-variance
model. Instead of thinking that a consumer’s preferences depend on the
entire probability distribution of his wealth over every possible outcome,
we suppose that his preferences can be well described by considering just
a few summary statistics about the probability distribution of his wealth.
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Let us suppose that a random variable w takes on the values wg for
s =1,...,5 with probability ms. The mean of a probability distribution
is simply its average value:

S
M = E TsWs.
s=1

This is the formula for an average: take each outcome wg, weight it by the
probability that it occurs, and sum it up over all outcomes.!
The variance of a probability distribution is the average value of (w —

fw)?:
s
= Zws(ws — ).
s=1

The variance measures the “spread” of the distribution and is a reasonable
measure of the riskiness involved. A closely related measure is the stan-
dard deviation, denoted by o, which is the square root of the variance:
G = /2.

The mean of a probability distribution measures its average value—what
the distribution is centered around. The variance of the distribution mea-
sures the “spread” of the distribution—how spread out it is around the
mean. See Figure 13.1 for a graphical depiction of probability distributions
with different means and variances.

The mean-variance model assumes that the utility of a probability dis-
tribution that gives the investor wealth w, with a probability of ms can
be expressed as a function of the mean and variance of that distribution,
u(p,02). Or, if it is more convenient, the utility can be expressed as a
function of the mean and standard deviation, u(fiy, 0y ). Since both vari-
ance and standard deviation are measures of the riskiness of the wealth
distribution, we can think of utility as depending on either one.

This model can be thought of as a simplification of the expected utility
model described in the preceding chapter. If the choices that are being
made can be completely characterized in terms of their mean and vari-
ance, then a utility function for mean and variance will be able to rank
choices in the same way that an expected utility function will rank them.
Furthermore, even if the probability distributions cannot be completely
characterized by their means and variances, the mean-variance model may
well serve as a reasonable approximation to the expected utility model.

We will make the natural assumption that a higher expected return is
good, other things being equal, and that a higher variance is bad. This
is simply another way to state the assumption that people are typically
averse to risk.

L The Greek letter u, mu, is pronounced “mew.” The Greek letter o, sigma, is pro-
nounced “sig-ma.”
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Mean and variance. The probability distribution depicted in
panel A has a positive mean, while that depicted in panel B has
a negative mean. The distribution in panel A is more “spread
out” than the one in panel B, which means that it has a larger
variance.

Let us use the mean-variance model to analyze a simple portfolio prob-
lem. Suppose that you can invest in two different assets. One of them,
the risk-free asset, always pays a fixed rate of return, r¢. This would be
something like a Treasury bill that pays a fixed rate of interest regardless
of what happens.

The other asset is a risky asset. Think of this asset as being an invest-
ment in a large mutual fund that buys stocks. If the stock market does
well, then your investment will do well. If the stock market does poorly,
your investment will do poorly. Let ms be the return on this asset if state
s occurs, and let 75 be the probability that state s will occur. We’ll use
rm to denote the expected return of the risky asset and o, to denote the
standard deviation of its return.

Of course you don’t have to choose one or the other of these assets;
typically you’ll be able to divide your wealth between the two. If you hold
a fraction of your wealth z in the risky asset, and a fraction (1 — z) in the
risk-free asset, the expected return on your portfolio will be given by

s
Ty = Z(mms + (1 —a)rp)ms

s=1

s s
= mesws + (1 —a)ry Z’R’S.
s=1 s=1

Since > ms = 1, we have

Ty = arm + (1 —2)ry.

Figure
13.1
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Figure Risk and return. The budget line measures the cost of achiev-
13.2 ing a larger expected return in terms of the increased standard

deviation of the return. At the optimal choice the indifference
curve must be tangent to this budget line.

Thus the expected return on the portfolio is a weighted average of the two
expected returns.
The variance of your portfolio return will be given by
s
o2 = Z(a:ms + (1 —2)ry —ry)?ms.
s=1
Substituting for r,, this becomes
s

ai = Z(wms — mrm)Qws

s=1

s
= Zmz(ms - rm)zws
s=1

= 2202
Thus the standard deviation of the portfolio return is given by
Or =\ 2202, = TOop,.

It is natural to assume that r,, > ry, since a risk-averse investor would
never hold the risky asset if it had a lower expected return than the risk-
free asset. It follows that if you choose to devote a higher fraction of your
wealth to the risky asset, you will get a higher expected return, but you
will also incur higher risk. This is depicted in Figure 13.2.


creo
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If you set x = 1 you will put all of your money in the risky asset and you
will have an expected return and standard deviation of (7, 0m). If you
set x = 0 you will put all of your wealth in the sure asset and you have an
expected return and standard deviation of (ry,0). If you set  somewhere
between 0 and 1, you will end up somewhere in the middle of the line
connecting these two points. This line gives us a budget line describing the
market tradeoff between risk and return.

Since we are assuming that people’s preferences depend only on the mean
and variance of their wealth, we can draw indifference curves that illustrate
an individual’s preferences for risk and return. If people are risk averse,
then a higher expected return makes them better off and a higher standard
deviation makes them worse off. This means that standard deviation is a
“bad.” It follows that the indifference curves will have a positive slope, as
shown in Figure 13.2.

At the optimal choice of risk and return the slope of the indifference
curve has to equal the slope of the budget line in Figure 13.2. We might
call this slope the price of risk since it measures how risk and return can
be traded off in making portfolio choices. From inspection of Figure 13.2
the price of risk is given by

Tm — ’I’f

p=-—"—"1 (13.1)

Om
So our optimal portfolio choice between the sure and the risky asset could

be characterized by saying that the marginal rate of substitution between
risk and return must be equal to the price of risk:

oU /0o Ty

Tm —
RS oU /o Om (13.2)

Now suppose that there are many individuals who are choosing between
these two assets. Each one of them has to have his marginal rate of substi-
tution equal to the price of risk. Thus in equilibrium all of the individuals’
MRSs will be equal: when people are given sufficient opportunities to trade
risks, the equilibrium price of risk will be equal across individuals. Risk is
like any other good in this respect.

We can use the ideas that we have developed in earlier chapters to ex-
amine how choices change as the parameters of the problem change. All
of the framework of normal goods, inferior goods, revealed preference, and
so on can be brought to bear on this model. For example, suppose that an
individual is offered a choice of a new risky asset y that has a mean return
of ry, say, and a standard deviation of o, as illustrated in Figure 13.3.

If offered the choice between investing in z and investing in y, which will
the consumer choose? The original budget set and the new budget set are
both depicted in Figure 13.3. Note that every choice of risk and return
that was possible in the original budget set is possible with the new budget
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Preferences between risk and return. The asset with risk-
return combination y is preferred to the one with combination x.

set since the new budget set contains the old one. Thus investing in the
asset y and the risk-free asset is definitely better than investing in x and
the risk-free asset, since the consumer can choose a better final portfolio.

The fact that the consumer can choose how much of the risky asset he
wants to hold is very important for this argument. If this were an “all
or nothing” choice where the consumer was compelled to invest all of his
money in either x or y, we would get a very different outcome. In the
example depicted in Figure 13.3, the consumer would prefer investing all
of his money in x to investing all of his money in y, since z lies on a
higher indifference curve than y. But if he can mix the risky asset with the
risk-free asset, he would always prefer to mix with y rather than to mix
with x.

13.2 Measuring Risk

We have a model above that describes the price of risk ... but how do we
measure the amount of risk in an asset? The first thing that you would
probably think of is the standard deviation of an asset’s return. After all,
we are assuming that utility depends on the mean and variance of wealth,
aren’t we?

In the above example, where there is only one risky asset, that is exactly
right: the amount of risk in the risky asset is its standard deviation. But if
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there are many risky assets, the standard deviation is not an appropriate
measure for the amount of risk in an asset.

This is because a consumer’s utility depends on the mean and variance of
total wealth—mnot the mean and variance of any single asset that he might
hold. What matters is how the returns of the various assets a consumer
holds interact to create a mean and variance of his wealth. As in the rest
of economics, it is the marginal impact of a given asset on total utility
that determines its value, not the value of that asset held alone. Just as
the value of an extra cup of coffee may depend on how much cream is
available, the amount that someone would be willing to pay for an extra
share of a risky asset will depend on how it interacts with other assets in
his portfolio.

Suppose, for example, that you are considering purchasing two assets,
and you know that there are only two possible outcomes that can happen.
Asset A will be worth either $10 or —$5, and asset B will be worth either
—$5 or $10. But when asset A is worth $10, asset B will be worth —$5 and
vice versa. In other words the values of the two assets will be negatively
correlated: when one has a large value, the other will have a small value.

Suppose that the two outcomes are equally likely, so that the average
value of each asset will be $2.50. Then if you don’t care about risk at all
and you must hold one asset or the other, the most that you would be
willing to pay for either one would be $2.50—the expected value of each
asset. If you are averse to risk, you would be willing to pay even less than
$2.50.

But what if you can hold both assets? Then if you hold one share of
each asset, you will get $5 whichever outcome arises. Whenever one asset
is worth $10, the other is worth —$5. Thus, if you can hold both assets,
the amount that you would be willing to pay to purchase both assets would
be $5.

This example shows in a vivid way that the value of an asset will depend
in general on how it is correlated with other assets. Assets that move in
opposite directions—that are negatively correlated with each other—are
very valuable because they reduce overall risk. In general the value of an
asset tends to depend much more on the correlation of its return with other
assets than with its own variation. Thus the amount of risk in an asset
depends on its correlation with other assets.

It is convenient to measure the risk in an asset relative to the risk in the
stock market as a whole. We call the riskiness of a stock relative to the
risk of the market the beta of a stock, and denote it by the Greek letter
5. Thus, if 7 represents some particular stock, we write (; for its riskiness
relative to the market as a whole. Roughly speaking:

how risky asset ¢ is

Bi

~ how risky the stock market is’

If a stock has a beta of 1, then it is just as risky as the market as a whole;
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when the market moves up by 10 percent, this stock will, on the average,
move up by 10 percent. If a stock has a beta of less than 1, then when
the market moves up by 10 percent, the stock will move up by less than
10 percent. The beta of a stock can be estimated by statistical methods
to determine how sensitive the movements of one variable are relative to
another, and there are many investment advisory services that can provide
you with estimates of the beta of a stock.?

13.3 Counterparty Risk

Financial institutions loan money not just to individuals but to each other.
There is always the chance that one party to a loan may fail to repay the
loan, a risk known as counterparty risk.

To see how this works, imagine 3 banks, A, B, and C. Bank A owes B a
billion dollars, Bank B owes C a billion dollars, and Bank C owes bank A a
billion dollars. Now suppose that Bank A runs out of money and defaults
on its loan. Bank B is now out a billion dollars and may not be able to
pay C. Bank C, in turn, can’t pay A, pushing A even further in the hole.
This sort of effect is known as financial contagion or systemic risk. It
is a very simplified version of what happened to U.S. financial institutions
in the Fall of 2008.

What’s the solution? One way to deal with this sort of problem is to
have a “lender of last resort,” which is typically a central bank, such as
the U.S. Federal Reserve System. Bank A can go to the Federal Reserve
and request an emergency loan of a billion dollars. It now pays off its loan
from Bank B, which in turn pays Bank C, which in turn pays back Bank
A. Bank A now has sufficient assets to pay back the loan from the central
bank.

This is, of course, an overly simplified example. Initially, there was no net
debt among the three banks. If they had gotten together to compare assets
and liabilities, they would have certainly discovered that fact. However,
when assets and liabilities span thousands of financial institutions, it may
be difficult to determine net positions, which is why lenders of last resort
may be necessary.

13.4 Equilibrium in a Market for Risky Assets

We are now in a position to state the equilibrium condition for a market
with risky assets. Recall that in a market with only certain returns, we

2 The Greek letter 3, beta, is pronounced “bait-uh.” For those of you who know some
statistics, the beta of a stock is defined to be 8; = cov(7;, 7m)/var(7m). That is, 3;
is the covariance of the return on the stock with the market return divided by the
variance of the market return.
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saw that all assets had to earn the same rate of return. Here we have a
similar principle: all assets, after adjusting for risk, have to earn the same
rate of return.

The catch is about adjusting for risk. How do we do that? The answer
comes from the analysis of optimal choice given earlier. Recall that we
considered the choice of an optimal portfolio that contained a riskless asset
and a risky asset. The risky asset was interpreted as being a mutual fund—
a diversified portfolio including many risky assets. In this section we’ll
suppose that this portfolio consists of all risky assets.

Then we can identify the expected return on this market portfolio of
risky assets with the market expected return, r,,, and identify the standard
deviation of the market return with the market risk, o,,. The return on
the safe asset is ¢, the risk-free return.

We saw in equation (13.1) that the price of risk, p, is given by

Tm — ’l"f
Om

p:

We said above that the amount of risk in a given asset i relative to the
total risk in the market is denoted by ;. This means that to measure the
total amount of risk in asset ¢, we have to multiply by the market risk, o,,.
Thus the total risk in asset ¢ is given by B;0.,.

What is the cost of this risk? Just multiply the total amount of risk,
Biom, by the price of risk. This gives us the risk adjustment:

risk adjustment = g;0,,p

Tm — T
= 5i0-m = !
m

= Bi(rnL - Tf)~

Now we can state the equilibrium condition in markets for risky assets:
in equilibrium all assets should have the same risk-adjusted rate of return.
The logic is just like the logic used in Chapter 12: if one asset had a
higher risk-adjusted rate of return than another, everyone would want to
hold the asset with the higher risk-adjusted rate. Thus in equilibrium the
risk-adjusted rates of return must be equalized.

If there are two assets 7 and j that have expected returns r; and r;
and betas of 3; and 3;, we must have the following equation satisfied in
equilibrium:

i = Bi(rm — 1) =15 = Bij(rm —1y).

This equation says that in equilibrium the risk-adjusted returns on the two
assets must be the same—where the risk adjustment comes from multiply-
ing the total risk of the asset by the price of risk.

Another way to express this condition is to note the following. The risk-
free asset, by definition, must have 3y = 0. This is because it has zero risk,
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The market line. The market line depicts the combinations
of expected return and beta for assets held in equilibrium.

and B measures the amount of risk in an asset. Thus for any asset i we
must have
ri = Bi(rm —1p) =15 = Bf(rm —rf) =750

Rearranging, this equation says
ri =15+ Bi(rm —1y)

or that the expected return on any asset must be the risk-free return plus
the risk adjustment. This latter term reflects the extra return that people
demand in order to bear the risk that the asset embodies. This equation is
the main result of the Capital Asset Pricing Model (CAPM), which
has many uses in the study of financial markets.

13.5 How Returns Adjust

In studying asset markets under certainty, we showed how prices of assets
adjust to equalize returns. Let’s look at the same adjustment process here.

According to the model sketched out above, the expected return on any
asset should be the risk-free return plus the risk premium:

ri =1+ Bi(rm —1y).
In Figure 13.4 we have illustrated this line in a graph with the different
values of beta plotted along the horizontal axis and different expected re-
turns on the vertical axis. According to our model, all assets that are held

in equilibrium have to lie along this line. This line is called the market
line.
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What if some asset’s expected return and beta didn’t lie on the market
line? What would happen?
The expected return on the asset is the expected change in its price
divided by its current price:
r; = expected value of b1 po
Po

This is just like the definition we had before, with the addition of the word
“expected.” We have to include “expected” now since the price of the asset
tomorrow is uncertain.

Suppose that you found an asset whose expected return, adjusted for
risk, was higher than the risk-free rate:

ri — Bi(rm —1ryp) > 1y

Then this asset is a very good deal. It is giving a higher risk-adjusted
return than the risk-free rate.

When people discover that this asset exists, they will want to buy it.
They might want to keep it for themselves, or they might want to buy it
and sell it to others, but since it is offering a better tradeoff between risk
and return than existing assets, there is certainly a market for it.

But as people attempt to buy this asset they will bid up today’s price:
po will rise. This means that the expected return r; = (p1 — po)/po will
fall. How far will it fall? Just enough to lower the expected rate of return
back down to the market line.

Thus it is a good deal to buy an asset that lies above the market line.
For when people discover that it has a higher return given its risk than
assets they currently hold, they will bid up the price of that asset.

This is all dependent on the hypothesis that people agree about the
amount of risk in various assets. If they disagree about the expected returns
or the betas of different assets, the model becomes much more complicated.

EXAMPLE: Value at Risk

It is sometimes of interest to determine the risk of a certain set of assets.
For example, suppose that a bank holds a particular portfolio of stocks. It
may want to estimate the probability that the portfolio will fall by more
than a million dollars on a given day. If this probability is 5% then we
say that the portfolio has a “one-day 5% value at risk of $1 million.”
Typically value at risk is computed for 1 day or 2 week periods, using loss
probabilities of 1% or 5%.

The theoretical idea of VaR is attractive. All the challenges lie in figuring
out ways to estimate it. But, as financial analyst Philippe Jorion has put
it, “[Tlhe greatest benefit of VaR lies in the imposition of a structured
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methodology for critically thinking about risk. Institutions that go through
the process of computing their VaR are forced to confront their exposure
to financial risks and to set up a proper risk management function. Thus
the process of getting to VaR may be as important as the number itself.”

The VaR is determined entirely by the probability distribution of the
value of the portfolio, and this depends on the correlation of the assets in
the portfolio. Typically, assets are positively correlated, so they all move
up or down at once. Even worse, the distribution of asset prices tends to
have “fat tails” so that there may be a relatively high probability of an
extreme price movement. Ideally, one would estimate VaR using a long
history of price movements. In practice, this is difficult to do, particularly
for new and exotic assets.

In the Fall of 2008 many financial institutions discovered that their VaR
estimates were severely flawed since asset prices dropped much more than
was anticipated. In part this was due to the fact that statistical estimates
were based on very small samples that were gathered during a stable period
of economic activity. The estimated values at risk understated the true risk
of the assets in question.

EXAMPLE: Ranking Mutual Funds

The Capital Asset Pricing Model can be used to compare different invest-
ments with respect to their risk and their return. One popular kind of
investment is a mutual fund. These are large organizations that accept
money from individual investors and use this money to buy and sell stocks
of companies. The profits made by such investments are then paid out to
the individual investors.

The advantage of a mutual fund is that you have professionals managing
your money. The disadvantage is they charge you for managing it. These
fees are usually not terribly large, however, and most small investors are
probably well advised to use a mutual fund.

But how do you choose a mutual fund in which to invest? You want one
with a high expected return of course, but you also probably want one with
a minimum amount of risk. The question is, how much risk are you willing
to tolerate to get that high expected return?

One thing that you might do is to look at the historical performance
of various mutual funds and calculate the average yearly return and the
beta—the amount of risk—of each mutual fund you are considering. Since
we haven’t discussed the precise definition of beta, you might find it hard
to calculate. But there are books where you can look up the historical
betas of mutual funds.

If you plotted the expected returns versus the betas, you would get a
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diagram similar to that depicted in Figure 13.5.2 Note that the mutual
funds with high expected returns will generally have high risk. The high
expected returns are there to compensate people for bearing risk.

One interesting thing you can do with the mutual fund diagram is to
compare investing with professional managers to a very simple strategy
like investing part of your money in an index fund. There are several
indices of stock market activity like the Dow-Jones Industrial Average, or
the Standard and Poor’s Index, and so on. The indices are typically the
average returns on a given day of a certain group of stocks. The Standard
and Poor’s Index, for example, is based on the average performance of 500
large stocks in the United States.

EXPECTED
RETURN Expected return

and B of index

fund ©

Market line

re ¢ } Expected return
[ and B of typical
} mutual fund
|
|
|
l
1 BETA
Mutual funds. Comparing the returns on mutual fund in- Figure
vestment to the market line. 13.5

An index fund is a mutual fund that holds the stocks that make up such
an index. This means that you are guaranteed to get the average perfor-
mance of the stocks in the index, virtually by definition. Since holding the
average is not a very difficult thing to do—at least compared to trying to
beat the average—index funds typically have low management fees. Since
an index fund holds a very broad base of risky assets, it will have a beta

3 See Michael Jensen, “The Performance of Mutual Funds in the Period 1945-1964,”
Journal of Finance, 23 (May 1968), 389-416, for a more detailed discussion of how
to examine mutual fund performance using the tools we have sketched out in this
chapter. Mark Grinblatt and Sheridan Titman have examined more recent data
in “Mutual Fund Performance: An Analysis of Quarterly Portfolio Holdings,” The
Journal of Business, 62 (July 1989), 393-416.
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that is very close to 1—it will be just as risky as the market as a whole,
because the index fund holds nearly all the stocks in the market as a whole.

How does an index fund do as compared to the typical mutual fund?
Remember the comparison has to be made with respect to both risk and
return of the investment. One way to do this is to plot the expected return
and beta of a Standard and Poor’s Index fund, and draw the line connecting
it to the risk-free rate, as in Figure 13.5. You can get any combination of
risk and return on this line that you want just by deciding how much money
you want to invest in the risk-free asset and how much you want to invest
in the index fund.

Now let’s count the number of mutual funds that plot below this line.
These are mutual funds that offer risk and return combinations that are
dominated by those available by the index fund/risk-free asset combina-
tions. When this is done, it turns out that the vast majority of the risk-
return combinations offered by mutual funds are below the line. The num-
ber of funds that plot above the line is no more than could be expected by
chance alone.

But seen another way, this finding might not be too surprising. The stock
market is an incredibly competitive environment. People are always trying
to find undervalued stocks in order to purchase them. This means that on
average, stocks are usually trading for what they’re really worth. If that is
the case, then betting the averages is a pretty reasonable strategy—since
beating the averages is almost impossible.

Summary

1. We can use the budget set and indifference curve apparatus developed
earlier to examine the choice of how much money to invest in risky and
riskless assets.

2. The marginal rate of substitution between risk and return will have to
equal the slope of the budget line. This slope is known as the price of risk.

3. The amount of risk present in an asset depends to a large extent on its
correlation with other assets. An asset that moves opposite the direction
of other assets helps to reduce the overall risk of your portfolio.

4. The amount of risk in an asset relative to that of the market as a whole
is called the beta of the asset.

5. The fundamental equilibrium condition in asset markets is that risk-
adjusted returns have to be the same.

6. Counterparty risk, which is the risk that the other side of a transaction
will not pay, can also be an important risk factor.
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REVIEW QUESTIONS

1. If the risk-free rate of return is 6%, and if a risky asset is available with
a return of 9% and a standard deviation of 3%, what is the maximum rate
of return you can achieve if you are willing to accept a standard deviation
of 2%7 What percentage of your wealth would have to be invested in the
risky asset?

2. What is the price of risk in the above exercise?

3. If a stock has a 3 of 1.5, the return on the market is 10%, and the risk-
free rate of return is 5%, what expected rate of return should this stock
offer according to the Capital Asset Pricing Model? If the expected value
of the stock is $100, what price should the stock be selling for today?



CHAPTER 1 4

CONSUMER’S
SURPLUS

In the preceding chapters we have seen how to derive a consumer’s demand
function from the underlying preferences or utility function. But in prac-
tice we are usually concerned with the reverse problem—how to estimate
preferences or utility from observed demand behavior.

We have already examined this problem in two other contexts. In Chap-
ter 5 we showed how one could estimate the parameters of a utility function
from observing demand behavior. In the Cobb-Douglas example used in
that chapter, we were able to estimate a utility function that described
the observed choice behavior simply by calculating the average expendi-
ture share of each good. The resulting utility function could then be used
to evaluate changes in consumption.

In Chapter 7 we described how to use revealed preference analysis to
recover estimates of the underlying preferences that may have generated
some observed choices. These estimated indifference curves can also be
used to evaluate changes in consumption.

In this chapter we will consider some more approaches to the problem
of estimating utility from observing demand behavior. Although some of
the methods we will examine are less general than the two methods we
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examined previously, they will turn out to be useful in several applications
that we will discuss later in the book.

We will start by reviewing a special case of demand behavior for which
it is very easy to recover an estimate of utility. Later we will consider more
general cases of preferences and demand behavior.

14.1 Demand for a Discrete Good

Let us start by reviewing demand for a discrete good with quasilinear
utility, as described in Chapter 6. Suppose that the utility function takes
the form v(x) +y and that the x-good is only available in integer amounts.
Let us think of the y-good as money to be spent on other goods and set its
price to 1. Let p be the price of the x-good.

We saw in Chapter 6 that in this case consumer behavior can be described
in terms of the reservation prices, r1 = v(1) — v(0), r2 = v(2) — v(1), and
so on. The relationship between reservation prices and demand was very
simple: if n units of the discrete good are demanded, then r, > p > r,41.

To verify this, let’s look at an example. Suppose that the consumer
chooses to consume 6 units of the x-good when its price is p. Then the
utility of consuming (6, m — 6p) must be at least as large as the utility of
consuming any other bundle (z,m — px):

v(6) +m — 6p > v(x) + m — px. (14.1)
In particular this inequality must hold for x = 5, which gives us
v(6) +m — 6p > v(5) +m — bp.

Rearranging, we have v(6) — v(5) = r¢ > p.
Equation (14.1) must also hold for x = 7. This gives us

v(6) + m — 6p > v(7) + m — Tp,
which can be rearranged to yield
p>v(7) —v(6) =rr.

This argument shows that if 6 units of the x-good is demanded, then the
price of the x-good must lie between rg and r7. In general, if n units of
the x-good are demanded at price p, then r,, > p > r,, 11, as we wanted to
show. The list of reservation prices contains all the information necessary to
describe the demand behavior. The graph of the reservation prices forms a
“staircase” as shown in Figure 14.1. This staircase is precisely the demand
curve for the discrete good.
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14.2 Constructing Utility from Demand

We have just seen how to construct the demand curve given the reservation
prices or the utility function. But we can also do the same operation in
reverse. If we are given the demand curve, we can construct the utility
function—at least in the special case of quasilinear utility.

At one level, this is just a trivial operation of arithmetic. The reservation
prices are defined to be the difference in utility:

r1 =v(1) —v(0)
ro =v(2) —v(l)
rg =0v(3) —v(2)

If we want to calculate v(3), for example, we simply add up both sides of
this list of equations to find

r1+re+r3 =v(3) —v(0).

It is convenient to set the utility from consuming zero units of the good
equal to zero, so that v(0) = 0, and therefore v(n) is just the sum of the
first n reservation prices.

This construction has a nice geometrical interpretation that is illustrated
in Figure 14.1A. The utility from consuming n units of the discrete good is
just the area of the first n bars which make up the demand function. This
is true because the height of each bar is the reservation price associated
with that level of demand and the width of each bar is 1. This area is
sometimes called the gross benefit or the gross consumer’s surplus
associated with the consumption of the good.

Note that this is only the utility associated with the consumption of
good 1. The final utility of consumption depends on the how much the
consumer consumes of good 1 and good 2. If the consumer chooses n units
of the discrete good, then he will have m — pn dollars left over to purchase
other things. This leaves him with a total utility of

v(n) +m — pn.

This utility also has an interpretation as an area: we just take the area
depicted in Figure 14.1A, subtract off the expenditure on the discrete good,
and add m.

The term v(n) — pn is called consumer’s surplus or the net con-
sumer’s surplus. It measures the net benefits from consuming n units of
the discrete good: the utility v(n) minus the reduction in the expenditure
on consumption of the other good. The consumer’s surplus is depicted in
Figure 14.1B.
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Reservation prices and consumer’s surplus. The gross
benefit in panel A is the area under the demand curve. This
measures the utility from consuming the x-good. The con-
sumer’s surplus is depicted in panel B. It measures the utility
from consuming both goods when the first good has to be pur-
chased at a constant price p.

14.3 Other Interpretations of Consumer’s Surplus

There are some other ways to think about consumer’s surplus. Suppose
that the price of the discrete good is p. Then the value that the consumer
places on the first unit of consumption of that good is 71, but he only has
to pay p for it. This gives him a “surplus” of r; — p on the first unit of
consumption. He values the second unit of consumption at ro, but again
he only has to pay p for it. This gives him a surplus of r, — p on that unit.
If we add this up over all n units the consumer chooses, we get his total
consumer’s surplus:

CS=r—-p+ro—p+-+r—p=ri+-+r,—np.

Since the sum of the reservation prices just gives us the utility of consump-
tion of good 1, we can also write this as

CS =v(n) —pn.

We can interpret consumer’s surplus in yet another way. Suppose that a
consumer is consuming n units of the discrete good and paying pn dollars

Figure
14.1
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to do so. How much money would he need to induce him to give up his
entire consumption of this good? Let R be the required amount of money.
Then R must satisfy the equation

v(0) + m+ R =v(n) +m — pn.
Since v(0) = 0 by definition, this equation reduces to
R =v(n) —pn,

which is just consumer’s surplus. Hence the consumer’s surplus measures
how much a consumer would need to be paid to give up his entire con-
sumption of some good.

14.4 From Consumer’s Surplus to Consumers’ Surplus

Up until now we have been considering the case of a single consumer. If sev-
eral consumers are involved we can add up each consumer’s surplus across
all the consumers to create an aggregate measure of the consumers’ sur-
plus. Note carefully the distinction between the two concepts: consumer’s
surplus refers to the surplus of a single consumer; consumers’ surplus refers
to the sum of the surpluses across a number of consumers.

Consumers’ surplus serves as a convenient measure of the aggregate gains
from trade, just as consumer’s surplus serves as a measure of the individual
gains from trade.

14.5 Approximating a Continuous Demand

We have seen that the area underneath the demand curve for a discrete
good measures the utility of consumption of that good. We can extend this
to the case of a good available in continuous quantities by approximating
the continuous demand curve by a staircase demand curve. The area under
the continuous demand curve is then approximately equal to the area under
the staircase demand.

See Figure 14.2 for an example. In the Appendix to this chapter we show
how to use calculus to calculate the exact area under a demand curve.

14.6 Quasilinear Utility

It is worth thinking about the role that quasilinear utility plays in this
analysis. In general the price at which a consumer is willing to purchase
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PRICE PRICE
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A Approximation to gross surplus B Approximation to net surplus

Approximating a continuous demand. The consumer’s
surplus associated with a continuous demand curve can be ap-
proximated by the consumer’s surplus associated with a discrete
approximation to it.

some amount of good 1 will depend on how much money he has for con-
suming other goods. This means that in general the reservation prices for
good 1 will depend on how much good 2 is being consumed.

But in the special case of quasilinear utility the reservation prices are
independent of the amount of money the consumer has to spend on other
goods. Economists say that with quasilinear utility there is “no income
effect” since changes in income don’t affect demand. This is what allows
us to calculate utility in such a simple way. Using the area under the
demand curve to measure utility will only be ezactly correct when the
utility function is quasilinear.

But it may often be a good approximation. If the demand for a good
doesn’t change very much when income changes, then the income effects
won’t matter very much, and the change in consumer’s surplus will be a
reasonable approximation to the change in the consumer’s utility.!

14.7 Interpreting the Change in Consumer’s Surplus

We are usually not terribly interested in the absolute level of consumer’s
surplus. We are generally more interested in the change in consumer’s

L Of course, the change in consumer’s surplus is only one way to represent a change in
utility—the change in the square root of consumer’s surplus would be just as good.
But it is standard to use consumer’s surplus as a standard measure of utility.

Figure
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surplus that results from some policy change. For example, suppose the
price of a good changes from p’ to p”. How does the consumer’s surplus
change?

In Figure 14.3 we have illustrated the change in consumer’s surplus as-
sociated with a change in price. The change in consumer’s surplus is the
difference between two roughly triangular regions and will therefore have
a roughly trapezoidal shape. The trapezoid is further composed of two
subregions, the rectangle indicated by R and the roughly triangular region
indicated by T.

p
Demand curve
) Change in
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Change in consumer’s surplus. The change in consumer’s
surplus is sum of the square area R and the roughly triangular
area T', and thus has a roughly trapezoidal shape.

The rectangle measures the loss in surplus due to the fact that the con-
sumer is now paying more for all the units he continues to consume. After
the price increases the consumer continues to consume z’ units of the good,
and each unit of the good is now more expensive by p”” —p’. This means he
has to spend (p” — p’)z” more money than he did before just to consume
2" units of the good.

But this is not the entire welfare loss. Due to the increase in the price
of the x-good, the consumer has decided to consume less of it than he was
before. The triangle 7" measures the value of the lost consumption of the
x-good. The total loss to the consumer is the sum of these two effects: R
measures the loss from having to pay more for the units he continues to
consume, and 7" measures the loss from the reduced consumption.
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EXAMPLE: The Change in Consumer’s Surplus

Question: Consider the linear demand curve D(p) = 20 — 2p. When the
price changes from 2 to 3 what is the associated change in consumer’s
surplus?

Answer: When p = 2, D(2) = 16, and when p = 3, D(3) = 14. Thus we
want to compute the area of a trapezoid with a height of 1 and bases of 14
and 16. This is equivalent to a rectangle with height 1 and base 14 (having
an area of 14), plus a triangle of height 1 and base 2 (having an area of 1).
The total area will therefore be 15.

14.8 Compensating and Equivalent Variation

The theory of consumer’s surplus is very tidy in the case of quasilinear
utility. Even if utility is not quasilinear, consumer’s surplus may still be
a reasonable measure of consumer’s welfare in many applications. Usually
the errors in measuring demand curves outweigh the approximation errors
from using consumer’s surplus.

But it may be that for some applications an approximation may not
be good enough. In this section we’ll outline a way to measure “utility
changes” without using consumer’s surplus. There are really two separate
issues involved. The first has to do with how to estimate utility when we
can observe a number of consumer choices. The second has to do with how
we can measure utility in monetary units.

We've already investigated the estimation problem. We gave an example
of how to estimate a Cobb-Douglas utility function in Chapter 6. In that
example we noticed that expenditure shares were relatively constant and
that we could use the average expenditure share as estimates of the Cobb-
Douglas parameters. If the demand behavior didn’t exhibit this particular
feature, we would have to choose a more complicated utility function, but
the principle would be just the same: if we have enough observations on
demand behavior and that behavior is consistent with maximizing some-
thing, then we will generally be able to estimate the function that is being
maximized.

Once we have an estimate of the utility function that describes some
observed choice behavior we can use this function to evaluate the impact
of proposed changes in prices and consumption levels. At the most funda-
mental level of analysis, this is the best we can hope for. All that matters
are the consumer’s preferences; any utility function that describes the con-
sumer’s preferences is as good as any other.

However, in some applications it may be convenient to use certain mon-
etary measures of utility. For example, we could ask how much money we
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would have to give a consumer to compensate him for a change in his con-
sumption patterns. A measure of this type essentially measures a change
in utility, but it measures it in monetary units. What are convenient ways
to do this?

Suppose that we consider the situation depicted in Figure 14.4. Here
the consumer initially faces some prices (pj, 1) and consumes some bundle
(27, x3). The price of good 1 then increases from pj to p;, and the consumer
changes his consumption to (%1, Z2). How much does this price change hurt
the consumer?

%9 9
C
v Optimal Optimal
bundle at bundle at
S m A
® price p; [ ] price p;
m* EV{
77777 Xy X)) ===
____ 2 ({(\1/ )/(\2) N
Slope=-p, E Slope = —pj}
Slope = —p, X1 Slope = —p, X
A B

The compensating and the equivalent variations. Panel
A shows the compensating variation (CV), and panel B shows
the equivalent variation (EV).

One way to answer this question is to ask how much money we would
have to give the consumer after the price change to make him just as
well off as he was before the price change. In terms of the diagram, we
ask how far up we would have to shift the new budget line to make it tan-
gent to the indifference curve that passes through the original consumption
point (7, 23). The change in income necessary to restore the consumer to
his original indifference curve is called the compensating variation in
income, since it is the change in income that will just compensate the con-
sumer for the price change. The compensating variation measures how
much extra money the government would have to give the consumer if it
wanted to exactly compensate the consumer for the price change.

Another way to measure the impact of a price change in monetary terms
is to ask how much money would have to be taken away from the consumer
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before the price change to leave him as well off as he would be after the
price change. This is called the equivalent variation in income since it
is the income change that is equivalent to the price change in terms of
the change in utility. In Figure 14.4 we ask how far down we must shift
the original budget line to just touch the indifference curve that passes
through the new consumption bundle. The equivalent variation measures
the maximum amount of income that the consumer would be willing to pay
to avoid the price change.

In general the amount of money that the consumer would be willing
to pay to avoid a price change would be different from the amount of
money that the consumer would have to be paid to compensate him for
a price change. After all, at different sets of prices a dollar is worth a
different amount to a consumer since it will purchase different amounts of
consumption.

In geometric terms, the compensating and equivalent variations are just
two different ways to measure “how far apart” two indifference curves are.
In each case we are measuring the distance between two indifference curves
by seeing how far apart their tangent lines are. In general this measure
of distance will depend on the slope of the tangent lines—that is, on the
prices that we choose to determine the budget lines.

However, the compensating and equivalent variation are the same in one
important case—the case of quasilinear utility. In this case the indifference
curves are parallel, so the distance between any two indifference curves is
the same no matter where it is measured, as depicted in Figure 14.5. In
the case of quasilinear utility the compensating variation, the equivalent
variation, and the change in consumer’s surplus all give the same measure
of the monetary value of a price change.

EXAMPLE: Compensating and Equivalent Variations

Suppose that a consumer has a utility function u(xy,zs) = x%aé He
originally faces prices (1,1) and has income 100. Then the price of good 1
increases to 2. What are the compensating and equivalent variations?

We know that the demand functions for this Cobb-Douglas utility func-
tion are given by

m
r1 = —
2py
m
XTog = —.
2po

Using this formula, we see that the consumer’s demands change from
(x7,23) = (50,50) to (&1, 22) = (25,50).

To calculate the compensating variation we ask how much money would
be necessary at prices (2,1) to make the consumer as well off as he was
consuming the bundle (50,50)7 If the prices were (2,1) and the consumer
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Quasilinear preferences. With quasilinear preferences, the
distance between two indifference curves is independent of the
slope of the budget lines.

had income m, we can substitute into the demand functions to find that
the consumer would optimally choose the bundle (m/4,m/2). Setting the
utility of this bundle equal to the utility of the bundle (50, 50) we have

m % m % 1 1
—)" (=) =50250.
(7)" ()

m = 100vV2 ~ 141.

Solving for m gives us

Hence the consumer would need about 141 —100 = $41 of additional money
after the price change to make him as well off as he was before the price
change.

In order to calculate the equivalent variation we ask how much money
would be necessary at the prices (1,1) to make the consumer as well off
as he would be consuming the bundle (25,50). Letting m stand for this
amount of money and following the same logic as before,

(3) (3)" -t

m = 50v2 = 70.

Solving for m gives us

Thus if the consumer had an income of $70 at the original prices, he would
be just as well off as he would be facing the new prices and having an
income of $100. The equivalent variation in income is therefore about
100 — 70 = $30.


creo
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EXAMPLE: Compensating and Equivalent Variation for Quasilinear
Preferences

Suppose that the consumer has a quasilinear utility function v(zy) + 2.
We know that in this case the demand for good 1 will depend only on the
price of good 1, so we write it as x1(p1). Suppose that the price changes
from pj to p1. What are the compensating and equivalent variations?

At the price pj, the consumer chooses xj = z1(p}) and has a utility of
v(x}) +m — pixy. At the price p;, the consumer choose &y = x1(p1) and
has a utility of v(Z1) +m — p1;.

Let C' be the compensating variation. This is the amount of extra money
the consumer would need after the price change to make him as well off as
he would be before the price change. Setting these utilities equal we have

v(Z1) +m+ C —pr&y = v(z]) + m — piaj.
Solving for C' we have
C =v(z1) —v(&1) + p1d1 — piai.

Let E be the equivalent variation. This is the amount of money that
you could take away from the consumer before the price change that would
leave him with the same utility that he would have after the price change.
Thus it satisfies the equation

v(@i) +m — E — pia] =v(&1) + m — P11
Solving for E, we have
E =v(z]) —v(21) + p1d1 — pya].

Note that for the case of quasilinear utility the compensating and equiv-

alent variation are the same. Furthermore, they are both equal to the

change in (net) consumer’s surplus:

ACS = [o(a}) - piai] - [o(d1) — prdi].

14.9 Producer’s Surplus

The demand curve measures the amount that will be demanded at each
price; the supply curve measures the amount that will be supplied at
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each price. Just as the area under the demand curve measures the sur-
plus enjoyed by the demanders of a good, the area above the supply curve
measures the surplus enjoyed by the suppliers of a good.

We've referred to the area under the demand curve as consumer’s sur-
plus. By analogy, the area above the supply curve is known as producer’s
surplus. The terms consumer’s surplus and producer’s surplus are some-
what misleading, since who is doing the consuming and who is doing the
producing really doesn’t matter. It would be better to use the terms “de-
mander’s surplus” and “supplier’s surplus,” but we’ll bow to tradition and
use the standard terminology.

Suppose that we have a supply curve for a good. This simply measures
the amount of a good that will be supplied at each possible price. The
good could be supplied by an individual who owns the good in question, or
it could be supplied by a firm that produces the good. We’ll take the latter
interpretation so as to stick with the traditional terminology and depict
the producer’s supply curve in Figure 14.6. If the producer is able to sell
2* units of her product in a market at a price p*, what is the surplus she
enjoys?

It is most convenient to conduct the analysis in terms of the producer’s
inverse supply curve, ps(x). This function measures what the price would
have to be to get the producer to supply x units of the good.

P p
Change in
Producer's S producer's S
surplus surplus
I Supp|y
p* | P T | curve
} R \
!
\ p' \
| -
!
! ! !
| 1 1
x* X x' x" X
B

Producer’s surplus. The net producer’s surplus is the trian-
gular area to the left of the supply curve in panel A, and the
change in producer’s surplus is the trapezoidal area in panel B.

Think about the inverse supply function for a discrete good. In this case
the producer is willing to sell the first unit of the good at price ps(1), but



BENEFIT-COST ANALYSIS 267

she actually gets the market price p* for it. Similarly, she is willing to
sell the second unit for ps(2), but she gets p* for it. Continuing in this

way we see that the producer will be just willing to sell the last unit for
*

ps(x*) =p*.

The difference between the minimum amount she would be willing to sell
the 2* units for and the amount she actually sells the units for is the net
producer’s surplus. It is the triangular area depicted in Figure 14.6A.

Just as in the case of consumer’s surplus, we can ask how producer’s
surplus changes when the price increases from p’ to p”. In general, the
change in producer’s surplus will be the difference between two triangular
regions and will therefore generally have the roughly trapezoidal shape
depicted in Figure 14.6B. As in the case of consumer’s surplus, the roughly
trapezoidal region will be composed of a rectangular region R and a roughly
triangular region T'. The rectangle measures the gain from selling the units
previously sold anyway at p’ at the higher price p”’. The roughly triangular
region measures the gain from selling the extra units at the price p”. This
is analogous to the change in consumer’s surplus considered earlier.

Although it is common to refer to this kind of change as an increase
in producer’s surplus, in a deeper sense it really represents an increase in
consumer’s surplus that accrues to the consumers who own the firm that
generated the supply curve. Producer’s surplus is closely related to the
idea of profit, but we’ll have to wait until we study firm behavior in more
detail to spell out the relationship.

14.10 Benefit-Cost Analysis

We can use the consumer surplus apparatus we have developed to calculate
the benefits and costs of various economic policies.

For example, let us examine the impact of a price ceiling. Consider the
situation depicted in Figure 14.7. With no intervention, the price would
be py and the quantity sold would be ¢q.

The authorities believe this price is too high and impose the price ceiling
at p.. This reduces the amount that suppliers are willing to supply to g,
which, in turn, reduces their producer surplus to the shaded area in the
diagram.

Now that there is only ¢. available for consumers, the question is who
will get it?

One assumption is that the output will go to the consumers with the
highest willingness to pay. Let p., the effective price, be the price that
would induce consumers to demand ¢.. If everyone who is willing to pay
more than p, gets the good, then the producer surplus will be the shaded
area in the diagram.

Note that the lost consumer and producer surplus is given by the trape-
zoidal area in the middle of the diagram. This is the difference between
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A price ceiling. The price ceiling at p. reduces supply to
qe- It reduces consumer surplus to C'S and producer surplus to
PS. The effective price of the good, pe, is the price that would
clear the market. The diagram also shows what happens with
rationing, in which case the price of a ration coupon would be

Pe — Pe-

the consumer plus producer surplus in the competitive market and the
difference in the market with the price ceiling.

Assuming that the quantity will go to consumers with the highest will-
ingness to pay is overly optimistic in most situation. Hence, we we would
generally expect that this trapezoidal area is a lower bound on the lost
consumer plus producer surplus in the case of a price ceiling.

Rationing

The diagram we have just examined can also be used to describe the social
losses due to rationing. Instead of fixing a price ceiling of p., suppose
that the authorities issue ration coupons that allow for only g. units to be
purchased. In order to purchase one unit of the good, a consumer needs to
pay p. to the seller and produce a ration coupon.

If the ration coupons are marketable, then they would sell for a price of
Pe — pe. This would make the the total price of the purchase equal to p,,
which is the price that clears the market for the good being sold.
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14.11 Calculating Gains and Losses

If we have estimates of the market demand and supply curves for a good,
it is not difficult in principle to calculate the loss in consumers’ surplus due
to changes in government policies. For example, suppose the government
decides to change its tax treatment of some good. This will result in a
change in the prices that consumers face and therefore a change in the
amount of the good that they will choose to consume. We can calculate the
consumers’ surplus associated with different tax proposals and see which
tax reforms generate the smallest loss.

This is often useful information for judging various methods of taxation,
but it suffers from two defects. First, as we’ve indicated earlier, the con-
sumer’s surplus calculation is only valid for special forms of preferences—
namely, preferences representable by a quasilinear utility function. We
argued earlier that this kind of utility function may be a reasonable ap-
proximation for goods for which changes in income lead to small changes
in demand, but for goods whose consumption is closely related to income,
the use of consumer surplus may be inappropriate.

Second, the calculation of this loss effectively lumps together all the
consumers and producers and generates an estimate of the “cost” of a
social policy only for some mythical “representative consumer.” In many
cases it is desirable to know not only the average cost across the population,
but who bears the costs. The political success or failure of policies often
depends more on the distribution of gains and losses than on the average
gain or loss.

Consumer’s surplus may be easy to calculate, but we’ve seen that it is
not that much more difficult to calculate the true compensating or equiv-
alent variation associated with a price change. If we have estimates of the
demand functions of each household—or at least the demand functions for
a sample of representative households—we can calculate the impact of a
policy change on each household in terms of the compensating or equiva-
lent variation. Thus we will have a measure of the “benefits” or “costs”
imposed on each household by the proposed policy change.

Mervyn King, an economist at the London School of Economics, has
described a nice example of this approach to analyzing the implications
of reforming the tax treatment of housing in Britain in his paper “Wel-
fare Analysis of Tax Reforms Using Household Data,” Journal of Public
Economics, 21 (1983), 183-214.

King first examined the housing expenditures of 5,895 households and
estimated a demand function that best described their purchases of hous-
ing services. Next, he used this demand function to determine a utility
function for each household. Finally, he used the estimated utility function
to calculate how much each household would gain or lose under certain
changes in the taxation of housing in Britain. The measure that he used
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was similar to the equivalent variation described earlier in this chapter.
The basic nature of the tax reform he studied was to eliminate tax con-
cessions to owner-occupied housing and to raise rents in public housing.
The revenues generated by these changes would be handed back to the
households in the form of transfers proportional to household income.

King found that 4,888 of the 5,895 households would benefit from this
kind of reform. More importantly he could identify explicitly those house-
holds that would have significant losses from the tax reform. King found,
for example, that 94 percent of the highest income households gained from
the reform, while only 58 percent of the lowest income households gained.
This kind of information would allow special measures to be undertaken
which might help in designing the tax reform in a way that could satisfy
distributional objectives.

Summary

1. In the case of a discrete good and quasilinear utility, the utility associ-
ated with the consumption of n units of the discrete good is just the sum
of the first n reservation prices.

2. This sum is the gross benefit of consuming the good. If we subtract the
amount spent on the purchase of the good, we get the consumer’s surplus.

3. The change in consumer’s surplus associated with a price change has a
roughly trapezoidal shape. It can be interpreted as the change in utility
associated with the price change.

4. In general, we can use the compensating variation and the equivalent
variation in income to measure the monetary impact of a price change.

5. If utility is quasilinear, the compensating variation, the equivalent vari-
ation, and the change in consumer’s surplus are all equal. Even if utility
is not quasilinear, the change in consumer’s surplus may serve as a good
approximation of the impact of the price change on a consumer’s utility.

6. In the case of supply behavior we can define a producer’s surplus that
measures the net benefits to the supplier from producing a given amount
of output.

REVIEW QUESTIONS

1. A good can be produced in a competitive industry at a cost of $10 per
unit. There are 100 consumers are each willing to pay $12 each to consume



APPENDIX 271

a single unit of the good (additional units have no value to them.) What
is the equilibrium price and quantity sold? The government imposes a tax
of $1 on the good. What is the deadweight loss of this tax?

2. Suppose that the demand curve is given by D(p) = 10 — p. What is the
gross benefit from consuming 6 units of the good?

3. In the above example, if the price changes from 4 to 6, what is the change
in consumer’s surplus?

4. Suppose that a consumer is consuming 10 units of a discrete good and
the price increases from $5 per unit to $6. However, after the price change
the consumer continues to consume 10 units of the discrete good. What is
the loss in the consumer’s surplus from this price change?

APPENDIX

Let’s use some calculus to treat consumer’s surplus rigorously. Start with the
problem of maximizing quasilinear utility:

max v(z) +y
@,y
such that px +y =m.
Substituting from the budget constraint we have
maxv(x) + m — px.
The first-order condition for this problem is
/
v'(z) = p.
This means that the inverse demand function p(z) is defined by
p(z) = o' (z). (14.2)

Note the analogy with the discrete-good framework described in the text: the
price at which the consumer is just willing to consume x units is equal to the
marginal utility.
But since the inverse demand curve measures the derivative of utility, we can
simply integrate under the inverse demand function to find the utility function.
Carrying out the integration we have:

v(x) =v(z) —v(0) = /I V' () dt = /z p(t) dt.

Hence utility associated with the consumption of the x-good is just the area under
the demand curve.



Table
14.1

272 CONSUMER’S SURPLUS (Ch. 14)

Comparison of CV, CS, and EV.

p1| CV CS EV
1 10.00 | 0.00 0.00
2| 718 | 6.93 | 6.70
3 111.61(10.99 |10.40
4 114.87]13.86 |12.94
5 |17.46 |16.09 |14.87

EXAMPLE: A Few Demand Functions

Suppose that the demand function is linear, so that z(p) = a — bp. Then the
change in consumer’s surplus when the price moves from p to ¢ is given by

q 2.4 2 _ .2
/(a—bt)dt:at—b% :a(q—p)—bq 2p.
p

P

Another commonly used demand function, which we examine in more detail
in the next chapter, has the form z(p) = Ap°, where ¢ < 0 and A is some
positive constant. When the price changes from p to ¢, the associated change in
consumer’s surplus is

q e+l 5¢q e+1 e+l
Atcdt = AL } Y S
» e+11, e+ 1

for e # —1.

When € = —1, this demand function is z(p) = A/p, which is closely related
to our old friend the Cobb-Douglas demand, x(p) = am/p. The change in con-
sumer’s surplus for the Cobb-Douglas demand is

a q
/ ?dt:amlnt} =am(lng —Inp).
» P

EXAMPLE: CV, EV, and Consumer’s Surplus

In the text we calculated the compensating and equivalent variations for the
Cobb-Douglas utility function. In the preceding example we calculated the
change in consumer’s surplus for the Cobb-Douglas utility function. Here we
compare these three monetary measures of the impact on utility of a price change.

Suppose that the price of good 1 changes from 1 to 2,3... while the price of
good 2 stays fixed at 1 and income stays fixed at 100. Table 14.1 shows the equiv-
alent variation (EV), compensating variation (CV), and the change in consumer’s

surplus (CS) for the Cobb-Douglas utility function u(z1,z2) = :171%0 :1:21%.

Note that the change in consumer’s surplus always lies between the CV and
the EV and that the difference between the three numbers is relatively small. It
is possible to show that both of these facts are true in reasonably general circum-
stances. See Robert Willig, “Consumer’s Surplus without Apology,” American
Economic Review, 66 (1976), 589-597.



CHAPTER 1 5

MARKET
DEMAND

We have seen in earlier chapters how to model individual consumer choice.
Here we see how to add up individual choices to get total market demand.
Once we have derived the market demand curve, we will examine some of
its properties, such as the relationship between demand and revenue.

15.1 From Individual to Market Demand

Let us use z}(p1,p2,m;) to represent consumer i’s demand function for
good 1 and z?(pi, p2, m;) for consumer i’s demand function for good 2.
Suppose that there are n consumers. Then the market demand for good
1, also called the aggregate demand for good 1, is the sum of these
individual demands over all consumers:

n
Xl(p17p27m1) i 'amn) = szl(plap%mi)~
i=1

The analogous equation holds for good 2.
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Since each individual’s demand for each good depends on prices and
his or her money income, the aggregate demand will generally depend on
prices and the distribution of incomes. However, it is sometimes convenient
to think of the aggregate demand as the demand of some “representative
consumer” who has an income that is just the sum of all individual incomes.
The conditions under which this can be done are rather restrictive, and a
complete discussion of this issue is beyond the scope of this book.

If we do make the representative consumer assumption, the aggregate
demand function will have the form X'(pi,p2, M), where M is the sum
of the incomes of the individual consumers. Under this assumption, the
aggregate demand in the economy is just like the demand of some individual
who faces prices (p1, p2) and has income M.

If we fix all the money incomes and the price of good 2, we can illustrate
the relation between the aggregate demand for good 1 and its price, as in
Figure 15.1. Note that this curve is drawn holding all other prices and
incomes fixed. If these other prices and incomes change, the aggregate
demand curve will shift.

PRICE

Demand curve

QUANTITY

The market demand curve. The market demand curve is
the sum of the individual demand curves.

For example, if goods 1 and 2 are substitutes, then we know that in-
creasing the price of good 2 will tend to increase the demand for good 1
whatever its price. This means that increasing the price of good 2 will
tend to shift the aggregate demand curve for good 1 outward. Similarly,
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if goods 1 and 2 are complements, increasing the price of good 2 will shift
the aggregate demand curve for good 1 inward.

If good 1 is a normal good for an individual, then increasing that individ-
ual’s money income, holding everything else fixed, would tend to increase
that individual’s demand, and therefore shift the aggregate demand curve
outward. If we adopt the representative consumer model, and suppose
that good 1 is a normal good for the representative consumer, then any
economic change that increases aggregate income will increase the demand
for good 1.

15.2 The Inverse Demand Function

We can look at the aggregate demand curve as giving us quantity as a
function of price or as giving us price as a function of quantity. When we
want to emphasize this latter view, we will sometimes refer to the inverse
demand function, P(X). This function measures what the market price
for good 1 would have to be for X units of it to be demanded.

We've seen earlier that the price of a good measures the marginal rate
of substitution (MRS) between it and all other goods; that is, the price
of a good represents the marginal willingness to pay for an extra unit of
the good by anyone who is demanding that good. If all consumers are
facing the same prices for goods, then all consumers will have the same
marginal rate of substitution at their optimal choices. Thus the inverse
demand function, P(X), measures the marginal rate of substitution, or the
marginal willingness to pay, of every consumer who is purchasing the good.

The geometric interpretation of this summing operation is pretty obvious.
Note that we are summing the demand or supply curves horizontally: for
any given price, we add up the individuals’ quantities demanded, which, of
course, are measured on the horizontal axis.

EXAMPLE: Adding Up “Linear” Demand Curves

Suppose that one individual’s demand curve is D; (p) = 20 — p and another
individual’s is Dy (p) = 10 —2p. What is the market demand function? We
have to be a little careful here about what we mean by “linear” demand
functions. Since a negative amount of a good usually has no meaning, we
really mean that the individual demand functions have the form

Di(p) = max{20 - p, 0}
Dy (p) = max{10 — 2p,0}.
What economists call “linear” demand curves actually aren’t linear func-

tions! The sum of the two demand curves looks like the curve depicted in
Figure 15.2. Note the kink at p = 5.
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The sum of two “linear” demand curves. Since the de-
mand curves are only linear for positive quantities, there will
typically be a kink in the market demand curve.

15.3 Discrete Goods

If a good is available only in discrete amounts, then we have seen that the
demand for that good for a single consumer can be described in terms of
the consumer’s reservation prices. Here we examine the market demand
for this kind of good. For simplicity, we will restrict ourselves to the case
where the good will be available in units of zero or one.

In this case the demand of a consumer is completely described by his
reservation price—the price at which he is just willing to purchase one
unit. In Figure 15.3 we have depicted the demand curves for two con-
sumers, A and B, and the market demand, which is the sum of these two
demand curves. Note that the market demand curve in this case must
“slope downward,” since a decrease in the market price must increase the
number of consumers who are willing to pay at least that price.

15.4 The Extensive and the Intensive Margin

In preceding chapters we have concentrated on consumer choice in which
the consumer was consuming positive amounts of each good. When the
price changes, the consumer decides to consume more or less of one good
or the other, but still ends up consuming some of both goods. Economists
sometimes say that this is an adjustment on the intensive margin.

In the reservation-price model, the consumers are deciding whether or
not to enter the market for one of the goods. This is sometimes called an
adjustment on the extensive margin. The slope of the aggregate demand
curve will be affected by both sorts of decisions.



ELASTICITY 277

Agent A's Agent B's Demand
demand demand market
p: eeeee . ___ 0 pﬁ ....-|
Pé .....[ 7777777777 p§ L .....|
XA Xp XA + Xp
A B C

Market demand for a discrete good. The market demand Figure
curve is the sum of the demand curves of all the consumers in 15.3

the market, here represented by the two consumers A and B.

We saw earlier that the adjustment on the intensive margin was in the
“right” direction for normal goods: when the price went up, the quantity
demanded went down. The adjustment on the extensive margin also works
in the “right” direction. Thus aggregate demand curves can generally be
expected to slope downward.

15.5 Elasticity

In Chapter 6 we saw how to derive a demand function from a consumer’s
underlying preferences. It is often of interest to have a measure of how
“responsive” demand is to some change in price or income. Now the first
idea that springs to mind is to use the slope of a demand function as a
measure of responsiveness. After all, the definition of the slope of a demand
function is the change in quantity demanded divided by the change in price:

Aq
Ap’
and that certainly looks like a measure of responsiveness.

Well, it is a measure of responsiveness—but it presents some problems.
The most important one is that the slope of a demand function depends on
the units in which you measure price and quantity. If you measure demand
in gallons rather than in quarts, the slope becomes four times smaller.
Rather than specify units all the time, it is convenient to consider a unit-
free measure of responsiveness. Economists have chosen to use a measure
known as elasticity.

The price elasticity of demand, ¢, is defined to be the percent change
in quantity divided by the percent change in price.! A 10 percent increase

slope of demand function =

1 The Greek letter ¢, epsilon, is pronounced “eps-i-lon.”
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in price is the same percentage increase whether the price is measured in
American dollars or English pounds; thus measuring increases in percentage
terms keeps the definition of elasticity unit-free.

In symbols the definition of elasticity is

. — Ad/q
Ap/p

Rearranging this definition we have the more common expression:

Y
q Ap

Hence elasticity can be expressed as the ratio of price to quantity multiplied
by the slope of the demand function. In the Appendix to this chapter we
describe elasticity in terms of the derivative of the demand function. If
you know calculus, the derivative formulation is the most convenient way
to think about elasticity.

The sign of the elasticity of demand is generally negative, since demand
curves invariably have a negative slope. However, it is tedious to keep
referring to an elasticity of minus something-or-other, so it is common in
verbal discussion to refer to elasticities of 2 or 3, rather than —2 or —3. We
will try to keep the signs straight in the text by referring to the absolute
value of elasticity, but you should be aware that verbal treatments tend to
drop the minus sign.

Another problem with negative numbers arises when we compare magni-
tudes. Is an elasticity of —3 greater or less than an elasticity of —27 From
an algebraic point of view —3 is smaller than —2, but economists tend to
say that the demand with the elasticity of —3 is “more elastic” than the
one with —2. In this book we will make comparisons in terms of absolute
value so as to avoid this kind of ambiguity.

EXAMPLE: The Elasticity of a Linear Demand Curve

Consider the linear demand curve, ¢ = a — bp, depicted in Figure 15.4.
The slope of this demand curve is a constant, —b. Plugging this into the
formula for elasticity we have

_ —bp —bp
g a—bp

When p = 0, the elasticity of demand is zero. When ¢ = 0, the elasticity
of demand is (negative) infinity. At what value of price is the elasticity of
demand equal to —17
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PRICE

al2b

QUANTITY

The elasticity of a linear demand curve. Elasticity is
infinite at the vertical intercept, one halfway down the curve,
and zero at the horizontal intercept.

To find such a price, we write down the equation

—bp _
a—bp

and solve it for p. This gives
a

?b’

which, as we see in Figure 15.4, is just halfway down the demand curve.

p:

15.6 Elasticity and Demand

If a good has an elasticity of demand greater than 1 in absolute value we say
that it has an elastic demand. If the elasticity is less than 1 in absolute
value we say that it has an inelastic demand. And if it has an elasticity
of exactly —1, we say it has unit elastic demand.

An elastic demand curve is one for which the quantity demanded is very
responsive to price: if you increase the price by 1 percent, the quantity
demanded decreases by more than 1 percent. So think of elasticity as the
responsiveness of the quantity demanded to price, and it will be easy to
remember what elastic and inelastic mean.

In general the elasticity of demand for a good depends to a large extent
on how many close substitutes it has. Take an extreme case—our old friend,

Figure
154
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the red pencils and blue pencils example. Suppose that everyone regards
these goods as perfect substitutes. Then if some of each of them are bought,
they must sell for the same price. Now think what would happen to the
demand for red pencils if their price rose, and the price of blue pencils
stayed constant. Clearly it would drop to zero—the demand for red pencils
is very elastic since it has a perfect substitute.

If a good has many close substitutes, we would expect that its demand
curve would be very responsive to its price changes. On the other hand, if
there are few close substitutes for a good, it can exhibit a quite inelastic
demand.

15.7 Elasticity and Revenue

Revenue is just the price of a good times the quantity sold of that good.
If the price of a good increases, then the quantity sold decreases, so revenue
may increase or decrease. Which way it goes obviously depends on how
responsive demand is to the price change. If demand drops a lot when the
price increases, then revenue will fall. If demand drops only a little when the
price increases, then revenue will increase. This suggests that the direction
of the change in revenue has something to do with the elasticity of demand.

Indeed, there is a very useful relationship between price elasticity and
revenue change. The definition of revenue is

R =pq.

If we let the price change to p + Ap and the quantity change to ¢ + Agq, we
have a new revenue of

R' = (p+ Ap)(q+ Aqg)
= pq + qAp + pAg + ApAq.
Subtracting R from R’ we have
AR = qAp+ pAqg + ApAgq.

For small values of Ap and Ag, the last term can safely be neglected, leaving
us with an expression for the change in revenue of the form

AR = qAp + pAg.

That is, the change in revenue is roughly equal to the quantity times the
change in price plus the original price times the change in quantity. If we
want an expression for the rate of change of revenue per change in price,
we just divide this expression by Ap to get

AR _ L Ag
Ap_q pAp'



ELASTICITY AND REVENUE 281

This is treated geometrically in Figure 15.5. The revenue is just the
area of the box: price times quantity. When the price increases, we add a
rectangular area on the top of the box, which is approximately ¢Ap, but
we subtract an area on the side of the box, which is approximately pAg.
For small changes, this is exactly the expression given above. (The leftover
part, ApAgq, is the little square in the corner of the box, which will be very
small relative to the other magnitudes.)

PRICE
(@ +Aq)Ap
PEap ApA
| 4rAq
p
PAq
q+Aq q QUANTITY

How revenue changes when price changes. The change
in revenue is the sum of the box on the top minus the box on
the side.

When will the net result of these two effects be positive? That is, when
do we satisfy the following inequality:

AR Aq
=2 ?
Ap pAp + q(p) > 07
Rearranging we have
pAg
—— > —1.
qAp

The left-hand side of this expression is €(p), which is a negative number.
Multiplying through by —1 reverses the direction of the inequality to give
us:

le(p)| < 1.

Figure
15.5
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Thus revenue increases when price increases if the elasticity of demand
is less than 1 in absolute value. Similarly, revenue decreases when price
increases if the elasticity of demand is greater than 1 in absolute value.

Another way to see this is to write the revenue change as we did above:

AR = pAqg+qAp >0
and rearrange this to get

A
P20 ey < 1.

qAp

Yet a third way to see this is to take the formula for AR/Ap and rear-
range it as follows:

AR _ B¢
Apiq pAp
pﬁq}
[ qAp
=q[1+€(p)].

Since demand elasticity is naturally negative, we can also write this ex-
pression as
A
T =ali -l
In this formula it is easy to see how revenue responds to a change in price:
if the absolute value of elasticity is greater than 1, then AR/Ap must be
negative and vice versa.

The intuitive content of these mathematical facts is not hard to remem-
ber. If demand is very responsive to price—that is, it is very elastic—then
an increase in price will reduce demand so much that revenue will fall.
If demand is very unresponsive to price—it is very inelastic—then an in-
crease in price will not change demand very much, and overall revenue will
increase. The dividing line happens to be an elasticity of —1. At this point
if the price increases by 1 percent, the quantity will decrease by 1 percent,
so overall revenue doesn’t change at all.

EXAMPLE: Strikes and Profits

In 1979 the United Farm Workers called for a strike against lettuce growers
in California. The strike was highly effective: the production of lettuce was
cut almost in half. But the reduction in the supply of lettuce inevitably
caused an increase in the price of lettuce. In fact, during the strike the price
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of lettuce rose by nearly 400 percent. Since production halved and prices
quadrupled, the net result of was almost a doubling producer profits!?

One might well ask why the producers eventually settled the strike. The
answer involves short-run and long-run supply responses. Most of the let-
tuce consumed in U.S. during the winter months is grown in the Imperial
Valley. When the supply of this lettuce was drastically reduced in one
season, there wasn’t time to replace it with lettuce from elsewhere so the
market price of lettuce skyrocketed. If the strike had held for several sea-
sons, lettuce could be planted in other regions. This increase in supply from
other sources would tend reduce the price of lettuce back to its normal level,
thereby reducing the profits of the Imperial Valley growers.

15.8 Constant Elasticity Demands

What kind of demand curve gives us a constant elasticity of demand? In
a linear demand curve the elasticity of demand goes from zero to infinity,
which is not exactly what you would call constant, so that’s not the answer.

We can use the revenue calculation described above to get an example.
We know that if the elasticity is 1 at price p, then the revenue will not
change when the price changes by a small amount. So if the revenue remains
constant for all changes in price, we must have a demand curve that has
an elasticity of —1 everywhere.

But this is easy. We just want price and quantity to be related by the
formula

which means that

is the formula for a demand function with constant elasticity of —1. The
graph of the function ¢ = R/p is given in Figure 15.6. Note that price
times quantity is constant along the demand curve.

The general formula for a demand with a constant elasticity of e turns
out to be

q=Ap-,

where A is an arbitrary positive constant and €, being an elasticity, will
typically be negative. This formula will be useful in some examples later
on.

A convenient way to express a constant elasticity demand curve is to
take logarithms and write

Ing=InA+¢elnp.

2 See Colin Carter, et. al., “Agricultural Labor Strikes and Farmers’ Incomes,” Eco-
nomic Inquiry, 25, 1987,121-133.
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PRICE

Demand curve

1 2 3 4 QUANTITY

Unit elastic demand. For this demand curve price times
quantity is constant at every point. Thus the demand curve has
a constant elasticity of —1.

In this expression, the logarithm of ¢ depends in a linear way on the loga-
rithm of p.

15.9 Elasticity and Marginal Revenue

In section 15.7 we examined how revenue changes when you change the
price of a good, but it is often of interest to consider how revenue changes
when you change the quantity of a good. This is especially useful when we
are considering production decisions by firms.

We saw earlier that for small changes in price and quantity, the change

in revenue is given by
AR = pAq + qAp.

If we divide both sides of this expression by Aq, we get the expression for
marginal revenue:

AR n Ap
- Ag - P qu'
There is a useful way to rearrange this formula. Note that we can also
write this as AR A
AR {1 N qp} ,
Aq PAq

MR
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What is the second term inside the brackets? Nope, it’s not elasticity, but
you're close. It is the reciprocal of elasticity:

1 1 qAp

e PAg  pAq’
Ap

)

Thus the expression for marginal revenue becomes

%ZP(Q) [1+€(1q)]

(Here we’ve written p(q) and €(g) to remind ourselves that both price and
elasticity will typically depend on the level of output.)

When there is a danger of confusion due to the fact that elasticity is a
negative number we will sometimes write this expression as

%ZP(Q) [1—6(1(]”]-

This means that if elasticity of demand is —1, then marginal revenue
is zero—revenue doesn’t change when you increase output. If demand is
inelastic, then |e| is less than 1, which means 1/|¢| is greater than 1. Thus
1—1/|e| is negative, so that revenue will decrease when you increase output.

This is quite intuitive. If demand isn’t very responsive to price, then you
have to cut prices a lot to increase output: so revenue goes down. This
is all completely consistent with the earlier discussion about how revenue
changes as we change price, since an increase in quantity means a decrease
in price and vice versa.

EXAMPLE: Setting a Price

Suppose that you were in charge of setting a price for some product that
you were producing and that you had a good estimate of the demand curve
for that product. Let us suppose that your goal is to set a price that
maximizes profits—revenue minus costs. Then you would never want to
set it where the elasticity of demand was less than 1—you would never
want to set a price where demand was inelastic.

Why? Consider what would happen if you raised your price. Then your
revenues would increase—since demand was inelastic—and the quantity
you were selling would decrease. But if the quantity sold decreases, then
your production costs must also decrease, or at least, they can’t increase.
So your overall profit must rise, which shows that operating at an inelastic
part of the demand curve cannot yield maximal profits.
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15.10 Marginal Revenue Curves

We saw in the last section that marginal revenue is given by

AR Ap(q)
Tq = p(q) Aq q

or

i—f:p@) {le(lq”]-

We will find it useful to plot these marginal revenue curves. First, note
that when quantity is zero, marginal revenue is just equal to the price.
For the first unit of the good sold, the extra revenue you get is just the
price. But after that, the marginal revenue will be less than the price, since
Ap/Aq is negative.

Think about it. If you decide to sell one more unit of output, you will
have to decrease the price. But this reduction in price reduces the revenue
you receive on all the units of output that you were selling already. Thus
the extra revenue you receive will be less than the price that you get for
selling the extra unit.

Let’s consider the special case of the linear (inverse) demand curve:

p(q) =a—bq.
Here it is easy to see that the slope of the inverse demand curve is constant:

Ap _

= —b.
Aq

Thus the formula for marginal revenue becomes

AR Ap(q)
Ag p(g) + Ag ¢
=p(q) — bq
=a—bg—bq

=a — 2bq.

This marginal revenue curve is depicted in Figure 15.7A. The marginal
revenue curve has the same vertical intercept as the demand curve, but has
twice the slope. Marginal revenue is negative when ¢ > a/2b. The quantity
a/2b is the quantity at which the elasticity is equal to —1. At any larger
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PRICE PRICE

Marginal revenue =
p@It = 1/e[]

Demand = p(q)

Slope =-2b

A2fF——%—-

Demand

al2b a/b QUANTITY QUANTITY

MR
A B

Marginal revenue. (A) Marginal revenue for a linear demand
curve. (B) Marginal revenue for a constant elasticity demand
curve.

quantity demand will be inelastic, which implies that marginal revenue is
negative.

The constant elasticity demand curve provides another special case of
the marginal revenue curve. (See Figure 15.7B.) If the elasticity of demand
is constant at €(q) = ¢, then the marginal revenue curve will have the form

MR = p(a) [1— |1|]

Since the term in brackets is constant, the marginal revenue curve is some
constant fraction of the inverse demand curve. When |e| = 1, the marginal
revenue curve is constant at zero. When |¢| > 1, the marginal revenue curve
lies below the inverse demand curve, as depicted. When |e¢| < 1, marginal
revenue is negative.

15.11 Income Elasticity

Recall that the price elasticity of demand is defined as

. . % change in quantity demanded
price elasticity of demand = 0 & d Y .

% change in price

This gives us a unit-free measure of how the amount demanded responds
to a change in price.

Figure
15.7
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The income elasticity of demand is used to describe how the quantity
demanded responds to a change in income; its definition is

. . % change in quantit
income elasticity of demand = 0 & d J

% change in income

Recall that a normal good is one for which an increase in income leads
to an increase in demand; so for this sort of good the income elasticity
of demand is positive. An inferior good is one for which an increase in
income leads to a decrease in demand; for this sort of good, the income
elasticity of demand is negative. Economists sometimes use the term lux-
ury goods. These are goods that have an income elasticity of demand
that is greater than 1: a 1 percent increase in income leads to more than
a 1 percent increase in demand for a luxury good.

As a general rule of thumb, however, income elasticities tend to clus-
ter around 1. We can see the reason for this by examining the budget
constraint. Write the budget constraints for two different levels of income:

! / I
p1xy + paxy =m

0 0 0
P1xy + P2y =M.

Subtract the second equation from the first and let A denote differences,
as usual:
p1 Ay + p2 Aze = Am.

Now multiply and divide price i by x;/x; and divide both sides by m:

p1r1 Azy | P22 Azy  Am

m X m Xro m

Finally, divide both sides by Am/m, and use s; = p;x;/m to denote the
expenditure share of good 7. This gives us our final equation,

s Axl/xl s Al‘g/.’L‘g _
! Am/m 2 Am/m

This equation says that the weighted average of the income elasticities is
1, where the weights are the expenditure shares. Luxury goods that have
an income elasticity greater than 1 must be counterbalanced by goods that
have an income elasticity less than 1, so that “on average” income elastic-
ities are about 1.

Summary

1. The market demand curve is simply the sum of the individual demand
curves.
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2. The reservation price measures the price at which a consumer is just
indifferent between purchasing or not purchasing a good.

3. The demand function measures quantity demanded as a function of
price. The inverse demand function measures price as a function of quan-
tity. A given demand curve can be described in either way.

4. The elasticity of demand measures the responsiveness of the quantity
demanded to price. It is formally defined as the percent change in quantity
divided by the percent change in price.

5. If the absolute value of the elasticity of demand is less than 1 at some
point, we say that demand is inelastic at that point. If the absolute value
of elasticity is greater than 1 at some point, we say demand is elastic at
that point. If the absolute value of the elasticity of demand at some point
is exactly 1, we say that the demand has unitary elasticity at that point.

6. If demand is inelastic at some point, then an increase in quantity will
result in a reduction in revenue. If demand is elastic, then an increase in
quantity will result in an increase in revenue.

7. The marginal revenue is the extra revenue one gets from increasing
the quantity sold. The formula relating marginal revenue and elasticity
is MR =p[l + 1/¢] = p[1 — 1/]€]].

8. If the inverse demand curve is a linear function p(q) = a — bq, then the
marginal revenue is given by MR = a — 2bq.

9. Income elasticity measures the responsiveness of the quantity demanded
to income. It is formally defined as the percent change in quantity divided
by the percent change in income.

REVIEW QUESTIONS

1. If the market demand curve is D(p) = 100 — .5p, what is the inverse
demand curve?

2. An addict’s demand function for a drug may be very inelastic, but the
market demand function might be quite elastic. How can this be?

3. If D(p) = 12 — 2p, what price will maximize revenue?

4. Suppose that the demand curve for a good is given by D(p) = 100/p.
What price will maximize revenue?

5. True or false? In a two good model if one good is an inferior good the
other good must be a luxury good.
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APPENDIX

In terms of derivatives the price elasticity of demand is defined by

p dq
€= ——.
qdp

In the text we claimed that the formula for a constant elasticity demand curve
was ¢ = Ap°. To verify that this is correct, we can just differentiate it with
respect to price:

dgq

7:A671
dp AP

and multiply by price over quantity:

pdg _ p e—1
gdp  Ap*

= €.

Everything conveniently cancels, leaving us with € as required.
A linear demand curve has the formula ¢(p) = a—bp. The elasticity of demand
at a point p is given by

c—Pda_ _—bp
qdp a—bp’

When p is zero, the elasticity is zero. When ¢ is zero, the elasticity is infinite.

Revenue is given by R(p) = pq(p). To see how revenue changes as p changes
we differentiate revenue with respect to p to get

R'(p) = pq' (p) + q(p).

Suppose that revenue increases when p increases. Then we have
dgq
R'(p) =p— > 0.
(p)=p o a(p)

Rearranging, we have

e=——>—1.
qdp

Recalling that dg/dp is negative and multiplying through by —1, we find

le] < 1.

Hence if revenue increases when price increases, we must be at an inelastic part
of the demand curve.
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TAX
REVENUE

Maximum } ______________________
tax revenue

Laffer curve

i 1 TAX RATE

Laffer curve. A possible shape for the Laffer curve, which relates Figure
tax rates and tax revenues. 15.8

EXAMPLE: The Laffer Curve

In this section we’ll consider some simple elasticity calculations that can be used
to examine an issue of considerable policy interest, namely, how tax revenue
changes when the tax rate changes.

Suppose that we graph tax revenue versus the tax rate. If the tax rate is zero,
then tax revenues are zero; if the tax rate is 1, nobody will want to demand
or supply the good in question, so the tax revenue is also zero. Thus revenue
as a function of the tax rate must first increase and eventually decrease. (Of
course, it can go up and down several times between zero and 1, but we’ll ignore
this possibility to keep things simple.) The curve that relates tax rates and tax
revenues is known as the Laffer curve, depicted in Figure 15.8.

The interesting feature of the Laffer curve is that it suggests that when the tax
rate is high enough, an increase in the tax rate will end up reducing the revenues
collected. The reduction in the supply of the good due to the increase in the tax
rate can be so large that tax revenue actually decreases. This is called the Laffer
effect, after the economist who popularized this diagram in the early eighties. It
has been said that the virtue of the Laffer curve is that you can explain it to a
congressman in half an hour and he can talk about it for six months. Indeed,
the Laffer curve figured prominently in the debate over the effect of the 1980 tax
cuts. The catch in the above argument is the phrase “high enough.” Just how
high does the tax rate have to be for the Laffer effect to work?

To answer this question let’s consider the following simple model of the labor
market. Suppose that firms will demand zero labor if the wage is greater than
w and an arbitrarily large amount of labor if the wage is exactly w. This means
that the demand curve for labor is flat at some wage w. Suppose that the supply
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curve of labor, S(w), has a conventional upward slope. The equilibrium in the
labor market is depicted in Figure 15.9.

BEFORE
TAX S
WAGE §’
Supply of labor
if taxed
Supply of labor
if not taxed
o Demand
w | | for labor
[ [
[ [
[
[
[ [
[ [
[ [
[ [
[ [
.
L K LABOR

Labor market. Equilibrium in the labor market with a horizontal
demand curve for labor. When labor income is taxed, less will be
supplied at each wage rate.

If we put a tax on labor at the rate ¢, then if the firm pays w, the worker
only gets w = (1 — t)w. Thus the supply curve of labor tilts to the left, and the
amount of labor sold drops, as in Figure 15.9. The after-tax wage has gone down
and this has discouraged the sale of labor. So far so good.

Tax revenue, T', is therefore given by the formula

T =twS(w),

where w = (1 — t)w and S(w) is the supply of labor.
In order to see how tax revenue changes as we change the tax rate we differ-
entiate this formula with respect to t to find
ar _ —tdS (w)
dt dw

w+ S(w) | w. (15.1)

(Note the use of the chain rule and the fact that dw/dt = —w.)

The Laffer effect occurs when revenues decline when ¢ increases—that is, when
this expression is negative. Now this clearly means that the supply of labor is
going to have to be quite elastic—it has to drop a lot when the tax increases. So
let’s try to see what values of elasticity will make this expression negative.
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In order for equation (15.1) to be negative, we must have

dsS(w)

—t
dw

w+ S(w) < 0.

Transposing yields

tdS (w)
dw
and dividing both sides by tS(w) gives

w > S(w),

dS(w) w
dw S(w)

1
i

Multiplying both sides by (1 — t) and using the fact that w = (1 — ¢)w gives us

dSE 1—1t

dw S t

The left-hand side of this expression is the elasticity of labor supply. We have
shown that the Laffer effect can only occur if the elasticity of labor supply is
greater than (1 —t)/t.

Let us take an extreme case and suppose that the tax rate on labor income
is 50 percent. Then the Laffer effect can occur only when the elasticity of labor
supply is greater than 1. This means that a 1 percent reduction in the wage
would lead to more than a 1 percent reduction in the labor supply. This is a very
large response.

Econometricians have often estimated labor-supply elasticities, and about the
largest value anyone has ever found has been around 0.2. So the Laffer effect
seems pretty unlikely for the kinds of tax rates that we have in the United States.
However, in other countries, such as Sweden, tax rates go much higher, and there
is some evidence that the Laffer phenomenon may have occurred.?

EXAMPLE: Another Expression for Elasticity

Here is another expression for elasticity that is sometimes useful. It turns out
that elasticity can also be expressed as

dIn@Q
dln P’

The proof involves repeated application of the chain rule. We start by noting
that

dinQ dnQ dQ
dlnP ~ dQ dlnP
1 dQ
T QdlnP

. (15.2)

3 See Charles E. Stuart, “Swedish Tax Rates, Labor Supply, and Tax Revenues,” Jour-
nal of Political Economy, 89, 5 (October 1981), 1020-38.
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We also note that
@ ~dQ dnP

dP ~ dlnP dP
_4Q 1
T dlnP P’

which implies that

dQ__ pdQ
dlnP ~ ~ dP’

Substituting this into equation (15.2), we have

dln@ _ 1dQ
dlnP ~ QdP

P =g,

which is what we wanted to establish.
Thus elasticity measures the slope of the demand curve plotted on log-log
paper: how the log of the quantity changes as the log of the price changes.



CHAPTER 1 6

EQUILIBRIUM

In preceding chapters we have seen how to construct individual demand
curves by using information about preferences and prices. In Chapter 15
we added up these individual demand curves to construct market demand
curves. In this chapter we will describe how to use these market demand
curves to determine the equilibrium market price.

In Chapter 1 we said that there were two fundamental principles of micro-
economic analysis. These were the optimization principle and the equilib-
rium principle. Up until now we have been studying examples of the opti-
mization principle: what follows from the assumption that people choose
their consumption optimally from their budget sets. In later chapters we
will continue to use optimization analysis to study the profit-maximization
behavior of firms. Finally, we combine the behavior of consumers and firms
to study the equilibrium outcomes of their interaction in the market.

But before undertaking that study in detail it seems worthwhile at this
point to give some examples of equilibrium analysis—how the prices adjust
so as to make the demand and supply decisions of economic agents com-
patible. In order to do so, we will have to briefly consider the other side of
the market—the supply side.
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16.1 Supply

We have already seen a few examples of supply curves. In Chapter 1
we looked at a vertical supply curve for apartments. In Chapter 9 we
considered situations where consumers would choose to be net suppliers
or demanders of goods that they owned, and we analyzed labor-supply
decisions.

In all of these cases the supply curve simply measured how much the
consumer was willing to supply of a good at each possible market price.
Indeed, this is the definition of the supply curve: for each p, we determine
how much of the good will be supplied, S(p). In the next few chapters we
will discuss the supply behavior of firms. However, for many purposes, it is
not really necessary to know where the supply curve or the demand curve
comes from in terms of the optimizing behavior that generates the curves.
For many problems the fact that there is a functional relationship between
the price and the quantity that consumers want to demand or supply at
that price is enough to highlight important insights.

16.2 Market Equilibrium

Suppose that we have a number of consumers of a good. Given their
individual demand curves we can add them up to get a market demand
curve. Similarly, if we have a number of independent suppliers of this
good, we can add up their individual supply curves to get the market
supply curve.

The individual demanders and suppliers are assumed to take prices as
given—outside of their control-—and simply determine their best response
given those market prices. A market where each economic agent takes
the market price as outside of his or her control is called a competitive
market.

The usual justification for the competitive-market assumption is that
each consumer or producer is a small part of the market as a whole and
thus has a negligible effect on the market price. For example, each supplier
of wheat takes the market price to be more or less independent of his actions
when he determines how much wheat he wants to produce and supply to
the market.

Although the market price may be independent of any one agent’s actions
in a competitive market, it is the actions of all the agents together that
determine the market price. The equilibrium price of a good is that
price where the supply of the good equals the demand. Geometrically, this
is the price where the demand and the supply curves cross.

If we let D(p) be the market demand curve and S(p) the market supply
curve, the equilibrium price is the price p* that solves the equation

D(p*) = S(p").
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The solution to this equation, p*, is the price where market demand equals
market supply.

Why should this be an equilibrium price? An economic equilibrium
is a situation where all agents are choosing the best possible action for
themselves and each person’s behavior is consistent with that of the others.
At any price other than an equilibrium price, some agents’ behaviors would
be infeasible, and there would therefore be a reason for their behavior to
change. Thus a price that is not an equilibrium price cannot be expected to
persist since at least some agents would have an incentive to change their
behavior.

The demand and supply curves represent the optimal choices of the
agents involved, and the fact that they are equal at some price p* indi-
cates that the behaviors of the demanders and suppliers are compatible.
At any price other than the price where demand equals supply these two
conditions will not be met.

For example, suppose that we consider some price p’ < p* where demand
is greater than supply. Then some suppliers will realize that they can sell
their goods at more than the going price p’ to the disappointed demanders.
As more and more suppliers realize this, the market price will be pushed
up to the point where demand and supply are equal.

Similarly if p’ > p*, so that demand is less than supply, then some
suppliers will not be able to sell the amount that they expected to sell.
The only way in which they will be able to sell more output will be to offer
it at a lower price. But if all suppliers are selling the identical goods, and if
some supplier offers to sell at a lower price, the other suppliers must match
that price. Thus excess supply exerts a downward pressure on the market
price. Only when the amount that people want to buy at a given price
equals the amount that people want to sell at that price will the market be
in equilibrium.

16.3 Two Special Cases

There are two special cases of market equilibrium that are worth mentioning
since they come up fairly often. The first is the case of fixed supply. Here
the amount supplied is some given number and is independent of price;
that is, the supply curve is vertical. In this case the equilibrium quantity
is determined entirely by the supply conditions and the equilibrium price
is determined entirely by demand conditions.

The opposite case is the case where the supply curve is completely hor-
izontal. If an industry has a perfectly horizontal supply curve, it means
that the industry will supply any amount of a good at a constant price. In
this situation the equilibrium price is determined by the supply conditions,
while the equilibrium quantity is determined by the demand curve.
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The two cases are depicted in Figure 16.1. In these two special cases the
determination of price and quantity can be separated; but in the general
case the equilibrium price and the equilibrium quantity are jointly deter-
mined by the demand and supply curves.

PRICE PRICE
Supply Demand
curve curve
Supply
) curve
p
\
p* Demand \
curve }
\
\
\
\
1
q* QUANTITY q* QUANTITY
A B

Special cases of equilibrium. Case A shows a vertical supply
curve where the equilibrium price is determined solely by the
demand curve. Case B depicts a horizontal supply curve where
the equilibrium price is determined solely by the supply curve.

16.4 Inverse Demand and Supply Curves

We can look at market equilibrium in a slightly different way that is of-
ten useful. As indicated earlier, individual demand curves are normally
viewed as giving the optimal quantities demanded as a function of the
price charged. But we can also view them as inverse demand functions
that measure the price that someone is willing to pay in order to acquire
some given amount of a good. The same thing holds for supply curves.
They can be viewed as measuring the quantity supplied as a function of
the price. But we can also view them as measuring the price that must
prevail in order to generate a given amount of supply.

These same constructions can be used with market demand and market
supply curves, and the interpretations are just those given above. In this
framework an equilibrium price is determined by finding that quantity at
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which the amount the demanders are willing to pay to consume that quan-
tity is the same as the price that suppliers must receive in order to supply
that quantity.

Thus, if we let Pg(q) be the inverse supply function and Pp(gq) be the
inverse demand function, equilibrium is determined by the condition

Ps(q") = Pp(q").

EXAMPLE: Equilibrium with Linear Curves
Suppose that both the demand and the supply curves are linear:
D(p) = a—bp

S(p) = ¢+ dp.

The coefficients (a,b,c,d) are the parameters that determine the inter-
cepts and slopes of these linear curves. The equilibrium price can be found
by solving the following equation:

D(p)=a—bp=c+dp=S(p).

The answer is
a—c

+b
and supplied) is

*

p:

~—~ Q,

The equilibrium quantity demanded

D(p") =a—bp*
a—=c
b+d

ad + be
b+d

=a—0

We can also solve this problem by using the inverse demand and supply
curves. First we need to find the inverse demand curve. At what price is
some quantity ¢ demanded? Simply substitute ¢ for D(p) and solve for p.
We have

q=a—bp,
SO 0—q
In the same manner we find
q—-c
Ps(q) =
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Setting the demand price equal to the supply price and solving for the
equilibrium quantity we have

« _ ad+bc
b+d
Note that this gives the same answer as in the original problem for both
the equilibrium price and the equilibrium quantity.

16.5 Comparative Statics

After we have found an equilibrium by using the demand equals supply
condition (or the demand price equals the supply price condition), we can
see how it will change as the demand and supply curves change. For ex-
ample, it is easy to see that if the demand curve shifts to the right in a
parallel way—some fixed amount more is demanded at every price—the
equilibrium price and quantity must both rise. On the other hand, if the
supply curve shifts to the right, the equilibrium quantity rises, but the
equilibrium price must fall.

What if both curves shift to the right? Then the quantity will definitely
increase while the change in price is ambiguous—it could increase or it
could decrease.

EXAMPLE: Shifting Both Curves

Question: Consider the competitive market for apartments described in
Chapter 1. Let the equilibrium price in that market be p* and the equi-
librium quantity be ¢*. Suppose that a developer converts m of the apart-
ments to condominiums, which are bought by the people who are currently
living in the apartments. What happens to the equilibrium price?

Answer: The situation is depicted in Figure 16.2. The demand and sup-
ply curves both shift to the left by the same amount. Hence the price is
unchanged and the quantity sold simply drops by m.

Algebraically the new equilibrium price is determined by

D(p) —m = S(p) —m,

which clearly has the same solution as the original demand equals supply
condition.
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PRICE

QUANTITY

Shifting both curves. Both demand and supply curves shift
to the left by the same amount, which implies the equilibrium
price will remain unchanged.

16.6 Taxes

Describing a market before and after taxes are imposed presents a very nice
exercise in comparative statics, as well as being of considerable interest in
the conduct of economic policy. Let us see how it is done.

The fundamental thing to understand about taxes is that when a tax is
present in a market, there are two prices of interest: the price the demander
pays and the price the supplier gets. These two prices—the demand price
and the supply price—differ by the amount of the tax.

There are several different kinds of taxes that one might impose. Two
examples we will consider here are quantity taxes and value taxes (also
called ad valorem taxes).

A quantity tax is a tax levied per unit of quantity bought or sold. Gaso-
line taxes are a good example of this. The gasoline tax is roughly 12 cents
a gallon. If the demander is paying Pp = $1.50 per gallon of gasoline, the
supplier is getting Pg = $1.50 — .12 = $1.38 per gallon. In general, if ¢ is
the amount of the quantity tax per unit sold, then

Pp = Ps +t.

A value tax is a tax expressed in percentage units. State sales taxes are
the most common example of value taxes. If your state has a 5 percent

Figure
16.2
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sales tax, then when you pay $1.05 for something (including the tax), the
supplier gets $1.00. In general, if the tax rate is given by 7, then

Pp = (1+7’)P5'.

Let us consider what happens in a market when a quantity tax is im-
posed. For our first case we suppose that the supplier is required to pay
the tax, as in the case of the gasoline tax. Then the amount supplied will
depend on the supply price—the amount the supplier actually gets after
paying the tax—and the amount demanded will depend on the demand
price—the amount that the demander pays. The amount that the supplier
gets will be the amount the demander pays minus the amount of the tax.
This gives us two equations:

D(Pp) = 5(Ps)

Ps = Pp —t.

Substituting the second equation into the first, we have the equilibrium
condition:
D(Pp)=S(Pp —1t).

Alternatively we could also rearrange the second equation to get Pp =
Ps + t and then substitute to find

D(Ps +t) = S(Ps).

Either way is equally valid; which one you use will depends on convenience
in a particular case.

Now suppose that instead of the supplier paying the tax, the demander
has to pay the tax. Then we write

PD_t:P57

which says that the amount paid by the demander minus the tax equals the
price received by the supplier. Substituting this into the demand equals
supply condition we find

D(Pp) = S(Pp —t).

Note that this is the same equation as in the case where the supplier
pays the tax. As far as the equilibrium price facing the demanders and
the suppliers is concerned, it really doesn’t matter who is responsible for
paying the tax—it just matters that the tax must be paid by someone.

This really isn’t so mysterious. Think of the gasoline tax. There the tax
is included in the posted price. But if the price were instead listed as the
before-tax price and the gasoline tax were added on as a separate item to
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be paid by the demanders, then do you think that the amount of gasoline
demanded would change? After all, the final price to the consumers would
be the same whichever way the tax was charged. Insofar as the consumers
can recognize the net cost to them of goods they purchase, it really doesn’t
matter which way the tax is levied.

There is an even simpler way to show this using the inverse demand and
supply functions. The equilibrium quantity traded is that quantity ¢* such
that the demand price at ¢* minus the tax being paid is just equal to the
supply price at ¢*. In symbols:

Pp(q") —t = Ps(q").

If the tax is being imposed on the suppliers, then the condition is that
the supply price plus the amount of the taxr must equal the demand price:

Pp(q*) = Ps(q*) +t.

But these are the same equations, so the same equilibrium prices and
quantities must result.

Finally, we consider the geometry of the situation. This is most easily
seen by using the inverse demand and supply curves discussed above. We
want to find the quantity where the curve Pp(q) —t crosses the curve Pg(q).
In order to locate this point we simply shift the demand curve down by ¢ and
see where this shifted demand curve intersects the original supply curve.
Alternatively we can find the quantity where Pp(q) equals Pg(q)+t. To do
this, we simply shift the supply curve up by the amount of the tax. Either
way gives us the correct answer for the equilibrium quantity. The picture
is given in Figure 16.3.

From this diagram we can easily see the qualitative effects of the tax.
The quantity sold must decrease, the price paid by the demanders must go
up, and the price received by the suppliers must go down.

Figure 16.4 depicts another way to determine the impact of a tax. Think
about the definition of equilibrium in this market. We want to find a
quantity ¢* such that when the supplier faces the price ps and the demander
faces the price pg = ps + t, the quantity ¢* is demanded by the demander
and supplied by the supplier. Let us represent the tax ¢ by a vertical line
segment and slide it along the supply curve until it just touches the demand
curve. That point is our equilibrium quantity!

EXAMPLE: Taxation with Linear Demand and Supply

Suppose that the demand and supply curves are both linear. Then if we
impose a tax in this market, the equilibrium is determined by the equations

a—bpp = c+dps
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Figure The imposition of a tax. In order to study the impact of
16.3 a tax, we can either shift the demand curve down, as in panel

A, or shift the supply curve up, as in panel B. The equilibrium
prices paid by the demanders and received by the suppliers will
be the same either way.

and
pp = ps +t.

Substituting from the second equation into the first, we have
a—b(ps +t) = ¢+ dps.

Solving for the equilibrium supply price, p§, gives

« a—c—>bl
Ps =050

The equilibrium demand price, p},, is then given by pg + t:

. a—c—>bt
=gy
a—c+dt

d+b

Note that the price paid by the demander increases and the price received
by the supplier decreases. The amount of the price change depends on the
slope of the demand and supply curves.
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Another way to determine the impact of a tax. Slide
the line segment along the supply curve until it hits the demand
curve.

16.7 Passing Along a Tax

One often hears about how a tax on producers doesn’t hurt profits, since
firms can simply pass along a tax to consumers. As we’ve seen above, a tax
really shouldn’t be regarded as a tax on firms or on consumers. Rather,
taxes are on transactions between firms and consumers. In general, a tax
will both raise the price paid by consumers and lower the price received by
firms. How much of a tax gets passed along will therefore depend on the
characteristics of demand and supply.

This is easiest to see in the extreme cases: when we have a perfectly
horizontal supply curve or a perfectly vertical supply curve. These are also
known as the case of perfectly elastic and perfectly inelastic supply.

We’ve already encountered these two special cases earlier in this chapter.
If an industry has a horizontal supply curve, it means that the industry will
supply any amount desired of the good at some given price, and zero units
of the good at any lower price. In this case the price is entirely determined
by the supply curve and the quantity sold is determined by demand. If
an industry has a vertical supply curve, it means that the quantity of the
good is fixed. The equilibrium price of the good is determined entirely by
demand.

Let’s consider the imposition of a tax in a market with a perfectly elastic
supply curve. As we’ve seen above, imposing a tax is just like shifting the

Figure
16.4
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Special cases of taxation. (A) In the case of a perfectly
elastic supply curve the tax gets completely passed along to the
consumers. (B) In the case of a perfectly inelastic supply none
of the tax gets passed along.

supply curve up by the amount of the tax, as illustrated in Figure 16.5A.

In the case of a perfectly elastic supply curve it is easy to see that the
price to the consumers goes up by exactly the amount of the tax. The
supply price is exactly the same as it was before the tax, and the demanders
end up paying the entire tax. When you think about the meaning of the
horizontal supply curve, this is not hard to understand. The horizontal
supply curve means that the industry is willing to supply any amount of
the good at some particular price, p*, and zero amount at any lower price.
Thus, if any amount of the good is going to be sold at all in equilibrium,
the suppliers must receive p* for selling it. This effectively determines the
equilibrium supply price, and the demand price is p* + t.

The opposite case is illustrated in Figure 16.5B. If the supply curve is
vertical and we “shift the supply curve up,” we don’t change anything in
the diagram. The supply curve just slides along itself, and we still have
the same amount of the good supplied, with or without the tax. In this
case, the demanders determine the equilibrium price of the good, and they
are willing to pay a certain amount, p*, for the supply of the good that is
available, tax or no tax. Thus they end up paying p*, and the suppliers
end up receiving p* — t. The entire amount of the tax is paid by the
suppliers.

This case often strikes people as paradoxical, but it really isn’t. If the
suppliers could raise their prices after the tax is imposed and still sell their
entire fixed supply, they would have raised their prices before the tax was
imposed and made more money! If the demand curve doesn’t move, then
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the only way the price can increase is if the supply is reduced. If a policy
doesn’t change either supply or demand, it certainly can’t affect price.
Now that we understand the special cases, we can examine the in-between
case where the supply curve has an upward slope but is not perfectly ver-
tical. In this situation, the amount of the tax that gets passed along will
depend on the steepness of the supply curve relative to the demand curve.
If the supply curve is nearly horizontal, nearly all of the tax gets passed
along to the consumers, while if the supply curve is nearly vertical, almost
none of the tax gets passed along. See Figure 16.6 for some examples.

DEMAND DEMAND
PRICE PRICE

QUANTITY QUANTITY
A B
Passing along a tax. (A) If the supply curve is nearly hori- Figure
zontal, much of the tax can be passed along. (B) If it is nearly 16.6

vertical, very little of the tax can be passed along.

16.8 The Deadweight Loss of a Tax

We’ve seen that taxing a good will typically increase the price paid by the
demanders and decrease the price received by the suppliers. This certainly
represents a cost to the demanders and suppliers, but from the economist’s
viewpoint, the real cost of the tax is that the output has been reduced.

The lost output is the social cost of the tax. Let us explore the social
cost of a tax using the consumers’ and producers’ surplus tools developed
in Chapter 14. We start with the diagram given in Figure 16.7. This
depicts the equilibrium demand price and supply price after a tax, t, has
been imposed.
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Output has been decreased by this tax, and we can use the tools of
consumers’ and producers’ surplus to value the social loss. The loss in
consumers’ surplus is given by the areas A 4+ B, and the loss in producers’
surplus is given in areas C'+ D. These are the same kind of losses that we
examined in Chapter 14.
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The deadweight loss of a tax. The area B + D measures
the deadweight loss of the tax.

Since we're after an expression for the social cost of the tax, it seems
sensible to add the areas A4+ B and C'+ D to each other to get the total loss
to the consumers and to the producers of the good in question. However,
we’ve still left out one party—mnamely, the government.

The government gains revenue from the tax. And, of course, the con-
sumers who benefit from the government services provided with these tax
revenues also gain from the tax. We can’t really say how much they gain
until we know what the tax revenues will be spent on.

Let us make the assumption that the tax revenues will just be handed
back to the consumers and the producers, or equivalently that the services
provided by the government revenues will be just equal in value to the
revenues spent on them.

Then the net benefit to the government is the area A + C—the total
revenue from the tax. Since the loss of producers’ and consumers’ surpluses
are net costs, and the tax revenue to the government is a net benefit, the
total net cost of the tax is the algebraic sum of these areas: the loss in


creo
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consumers’ surplus, —(A + B), the loss in producers’ surplus, —(C + D),
and the gain in government revenue, +(A + C).

The net result is the area —(B + D). This area is known as the dead-
weight loss of the tax or the excess burden of the tax. This latter phrase
is especially descriptive.

Recall the interpretation of the loss of consumers’ surplus. It is how
much the consumers would pay to avoid the tax. In terms of this diagram
the consumers are willing to pay A + B to avoid the tax. Similarly, the
producers are willing to pay C'+ D to avoid the tax. Together they are
willing to pay A+ B+ C + D to avoid a tax that raises A + C dollars of
revenue. The excess burden of the tax is therefore B + D.

What is the source of this excess burden? Basically it is the lost value to
the consumers and producers due to the reduction in the sales of the good.
You can’t tax what isn’t there.! So the government doesn’t get any revenue
on the reduction in sales of the good. From the viewpoint of society, it is
a pure loss—a deadweight loss.

We could also derive the deadweight loss directly from its definition, by
just measuring the social value of the lost output. Suppose that we start
at the old equilibrium and start moving to the left. The first unit lost was
one where the price that someone was willing to pay for it was just equal
to the price that someone was willing to sell it for. Here there is hardly
any social loss since this unit was the marginal unit that was sold.

Now move a little farther to the left. The demand price measures how
much someone was willing to pay to receive the good, and the supply price
measures the price at which someone was willing to supply the good. The
difference is the lost value on that unit of the good. If we add this up over
the units of the good that are not produced and consumed because of the
presence of the tax, we get the deadweight loss.

EXAMPLE: The Market for Loans

The amount of borrowing or lending in an economy is influenced to a large
degree by the interest rate charged. The interest rate serves as a price in
the market for loans.

We can let D(r) be the demand for loans by borrowers and S(r) be
the supply of loans by lenders. The equilibrium interest rate, r*, is then
determined by the condition that demand equal supply:

D(r*) = S(r"). (16.1)
Suppose we consider adding taxes to this model. What will happen to

the equilibrium interest rate?

L At least the government hasn’t figured out how to do this yet. But they’re working
on it.
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In the U.S. economy individuals have to pay income tax on the interest
they earn from lending money. If everyone is in the same tax bracket, ¢,
the after-tax interest rate facing lenders will be (1 — ¢)r. Thus the supply
of loans, which depends on the after-tax interest rate, will be S((1 — ¢)r).

On the other hand, the Internal Revenue Service code allows many bor-
rowers to deduct their interest charges, so if the borrowers are in the same
tax bracket as the lenders, the after-tax interest rate they pay will be
(1 —t)r. Hence the demand for loans will be D((1 —t)r). The equation for
interest rate determination with taxes present is then

D((1—=t)r")y =S((1—t)r'). (16.2)

Now observe that if »* solves equation (16.1), then r* = (1 — ¢)r’ must
solve equation (16.2) so that

r* = (1—1t)r,

or .
’ r

D)

Thus the interest rate in the presence of the tax will be higher by 1/(1—t).
The after-taz interest rate (1 —¢)r’ will be 7*, just as it was before the tax
was imposed!

Figure 16.8 may make things clearer. Making interest income taxable
will tilt the supply curve for loans up by a factor of 1/(1 — t); but making
interest payments tax deductible will also tilt the demand curve for loans
up by 1/(1 —t). The net result is that the market interest rate rises by
precisely 1/(1 —t).

Inverse demand and supply functions provide another way to look at this
problem. Let 74(q) be the inverse demand function for borrowers. This tells
us what the after-tax interest rate would have to be to induce people to
borrow ¢. Similarly, let r;(q) be the inverse supply function for lenders.
The equilibrium amount lent will then be determined by the condition

ro(q") =ri(q"). (16.3)

Now introduce taxes into the situation. To make things more interesting,
we’ll allow borrowers and lenders to be in different tax brackets, denoted
by t;, and ¢;. If the market interest rate is r, then the after-tax rate facing
borrowers will be (1 —t)r, and the quantity they choose to borrow will be
determined by the equation

(1 —tp)r = ru(q),

or

(16.4)
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Equilibrium in the loan market. If borrowers and lenders
are in the same tax bracket, the after-tax interest rate and the
amount borrowed are unchanged.

Similarly, the after-tax rate facing lenders will be (1 —¢;)r, and the amount
they choose to lend will be determined by the equation

(1 —=t)r=mri(q)

or
,— ri(q) ]
1—-1

Combining equations (16.4) and (16.5) gives the equilibrium condition:

(16.5)

- Tb((j) _ TI(Q). (166)

From this equation it is easy to see that if borrowers and lenders are in the
same tax bracket, so that ¢, = ¢;, then ¢ = ¢*. What if they are in different
tax brackets? It is not hard to see that the tax law is subsidizing borrowers
and taxing lenders, but what is the net effect? If the borrowers face a
higher price than the lenders, then the system is a net tax on borrowing,
but if the borrowers face a lower price than the lenders, then it is a net
subsidy. Rewriting the equilibrium condition, equation (16.6), we have

1=
n 1—-t

5(q)

71(q)-

Figure

16.8
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Thus borrowers will face a higher price than lenders if

1—1
> 1,
1—1

which means that ¢; > ¢,. So if the tax bracket of lenders is greater than
the tax bracket of borrowers, the system is a net tax on borrowing, but if
t; < tp, it is a net subsidy.

EXAMPLE: Food Subsidies

In years when there were bad harvests in nineteenth-century England the
rich would provide charitable assistance to the poor by buying up the har-
vest, consuming a fixed amount of the grain, and selling the remainder to
the poor at half the price they paid for it. At first thought this seems like
it would provide significant benefits to the poor, but on second thought,
doubts begin to arise.

The only way that the poor can be made better off is if they end up
consuming more grain. But there is a fixed amount of grain available after
the harvest. So how can the poor be better off because of this policy?

As a matter of fact they are not; the poor end up paying exactly the
same price for the grain with or without the policy. To see why, we will
model the equilibrium with and without this program. Let D(p) be the
demand curve for the poor, K the amount demanded by the rich, and S
the fixed amount supplied in a year with a bad harvest. By assumption the
supply of grain and the demand by the rich are fixed. Without the charity
provided by the rich, the equilibrium price is determined by total demand
equals total supply:

D(p*)+ K =S.

With the program in place, the equilibrium price is determined by
D(p/2)+ K = S.

But now observe: if p* solves the first equation, then p = 2p* solves the
second equation. So when the rich offer to buy the grain and distribute it to
the poor, the market price is simply bid up to twice the original price—and
the poor pay the same price they did before!

When you think about it this isn’t too surprising. If the demand of the
rich is fixed and the supply of grain is fixed, then the amount that the
poor can consume is fixed. Thus the equilibrium price facing the poor is
determined entirely by their own demand curve; the equilibrium price will
be the same, regardless of how the grain is provided to the poor.
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EXAMPLE: Subsidies in Iraq

Even subsidies that are put in place “for a good reason” can be extremely
difficult to dislodge. Why? Because they create a political constituency
that comes to rely on them. This is true in every country, but Iraq repre-
sents a particularly egregious case. As of 2005, fuel and food subsidies in
Iraq consumed nearly one third of the government’s budget.?

Almost all of the Iraqi government’s budget comes from oil exports.
There is very little refining capacity in the country, so Iraq imports gasoline
at 30 to 35 cents a liter, which it then sells to the public at 1.5 cents.
A substantial amount of this gasoline is sold on the black market and
smuggled into Turkey, where gas is about one dollar a liter.

Food and fuel oil are also highly subsidized. Politicians are reluctant to
remove these subsidies due to the politically unstable environment. When
similar subsidies were removed in Yemen, there was rioting in the streets,
with dozens of people dying. A World Bank study concluded that more
than half of the GDP in Iraq was spent on subsidies. According to the
finance minister, Ali Abdulameer Allawi, “They’ve reached the point where
they’ve become insane. They distort the economy in a grotesque way, and
create the worst incentives you can think of.”

16.9 Pareto Efficiency

An economic situation is Pareto efficient if there is no way to make
any person better off without hurting anybody else. Pareto efficiency is a
desirable thing—if there is some way to make some group of people better
off, why not do it?—but efficiency is not the only goal of economic policy.
For example, efficiency has almost nothing to say about income distribution
or economic justice.

However, efficiency is an important goal, and it is worth asking how well
a competitive market does in achieving Pareto efficiency. A competitive
market, or any economic mechanism, has to determine two things. First,
how much is produced, and second, who gets it. A competitive market
determines how much is produced based on how much people are willing to
pay to purchase the good as compared to how much people must be paid
to supply the good.

Consider Figure 16.9. At any amount of output less than the competitive
amount ¢*, there is someone who is willing to supply an extra unit of the

2 James Glanz, “Despite Crushing Costs, Iraqi Cabinet Lets Big Subsidies Stand,” New
York Times, August 11, 2005.
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Pareto efficiency. The competitive market determines a
Pareto efficient amount of output because at ¢* the price that
someone is willing to pay to buy an extra unit of the good is
equal to the price that someone must be paid to sell an extra
unit of the good.

good at a price that is less than the price that someone is willing to pay
for an extra unit of the good.

If the good were produced and exchanged between these two people at
any price between the demand price and the supply price, they would both
be made better off. Thus any amount less than the equilibrium amount
cannot be Pareto efficient, since there will be at least two people who could
be made better off.

Similarly, at any output larger than ¢*, the amount someone would be
willing to pay for an extra unit of the good is less than the price that it
would take to get it supplied. Only at the market equilibrium ¢* would we
have a Pareto efficient amount of output supplied—an amount such that
the willingness to pay for an extra unit is just equal to the willingness to
be paid to supply an extra unit.

Thus the competitive market produces a Pareto efficient amount of out-
put. What about the way in which the good is allocated among the con-
sumers? In a competitive market everyone pays the same price for a good—
the marginal rate of substitution between the good and “all other goods”
is equal to the price of the good. Everyone who is willing to pay this price
is able to purchase the good, and everyone who is not willing to pay this
price cannot purchase the good.
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What would happen if there were an allocation of the good where the
marginal rates of substitution between the good and “all other goods” were
not the same? Then there must be at least two people who value a marginal
unit of the good differently. Maybe one values a marginal unit at $5 and
one values it at $4. Then if the one with the lower value sells a bit of the
good to the one with the higher value at any price between $4 and $5,
both people would be made better off. Thus any allocation with different
marginal rates of substitution cannot be Pareto efficient.

EXAMPLE: Waiting in Line

One commonly used way to allocate resources is by making people wait
in line. We can analyze this mechanism for resource allocation using the
same tools that we have developed for analyzing the market mechanism.
Let us look at a concrete example: suppose that your university is going to
distribute tickets to the championship basketball game. Each person who
waits in line can get one ticket for free.

The cost of a ticket will then simply be the cost of waiting in line. People
who want to see the basketball game very much will camp out outside the
ticket office so as to be sure to get a ticket. People who don’t care very
much about the game may drop by a few minutes before the ticket window
opens on the off chance that some tickets will be left. The willingness to pay
for a ticket should no longer be measured in dollars but rather in waiting
time, since tickets will be allocated according to willingness to wait.

Will waiting in line result in a Pareto efficient allocation of tickets? Ask
yourself whether it is possible that someone who waited for a ticket might
be willing to sell it to someone who didn’t wait in line. Often this will be
the case, simply because willingness to wait and willingness to pay differ
across the population. If someone is willing to wait in line to buy a ticket
and then sell it to someone else, allocating tickets by willingness to wait
does not exhaust all the gains to trade—some people would generally still
be willing to trade the tickets after the tickets have been allocated. Since
waiting in line does not exhaust all of the gains from trade, it does not in
general result in a Pareto efficient outcome.

If you allocate a good using a price set in dollars, then the dollars paid by
the demanders provide benefits to the suppliers of the good. If you allocate
a good using waiting time, the hours spent in line don’t benefit anybody.
The waiting time imposes a cost on the buyers of the good and provides
no benefits at all to the suppliers. Waiting in line is a form of deadweight
loss—the people who wait in line pay a “price” but no one else receives
any benefits from the price they pay.
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Summary

1. The supply curve measures how much people will be willing to supply
of some good at each price.

2. An equilibrium price is one where the quantity that people are willing
to supply equals the quantity that people are willing to demand.

3. The study of how the equilibrium price and quantity change when the
underlying demand and supply curves change is another example of com-
parative statics.

4. When a good is taxed, there will always be two prices: the price paid
by the demanders and the price received by the suppliers. The difference
between the two represents the amount of the tax.

5. How much of a tax gets passed along to consumers depends on the
relative steepness of the demand and supply curves. If the supply curve
is horizontal, all of the tax gets passed along to consumers; if the supply
curve is vertical, none of the tax gets passed along.

6. The deadweight loss of a tax is the net loss in consumers’ surplus plus
producers’ surplus that arises from imposing the tax. It measures the value
of the output that is not sold due to the presence of the tax.

7. A situation is Pareto efficient if there is no way to make some group of
people better off without making some other group worse off.

8. The Pareto efficient amount of output to supply in a single market is
that amount where the demand and supply curves cross, since this is the
only point where the amount that demanders are willing to pay for an extra
unit of output equals the price at which suppliers are willing to supply an
extra unit of output.

REVIEW QUESTIONS

1. What is the effect of a subsidy in a market with a horizontal supply
curve? With a vertical supply curve?

2. Suppose that the demand curve is vertical while the supply curve slopes
upward. If a tax is imposed in this market who ends up paying it?
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3. Suppose that all consumers view red pencils and blue pencils as perfect
substitutes. Suppose that the supply curve for red pencils is upward slop-
ing. Let the price of red pencils and blue pencils be p,. and p,. What would
happen if the government put a tax only on red pencils?

4. The United States imports about half of its petroleum needs. Suppose
that the rest of the oil producers are willing to supply as much oil as the
United States wants at a constant price of $25 a barrel. What would happen
to the price of domestic oil if a tax of $5 a barrel were placed on foreign
0il?

5. Suppose that the supply curve is vertical. What is the deadweight loss
of a tax in this market?

6. Consider the tax treatment of borrowing and lending described in the
text. How much revenue does this tax system raise if borrowers and lenders
are in the same tax bracket?

7. Does such a tax system raise a positive or negative amount of revenue
when t; < 7



CHAPTER 1 7

MEASUREMENT

Up until now we have used simple algebraic expressions to describe util-
ity functions, production functions, demand curves, supply curves, and so
on. For actual applications we have to estimate these functions using sta-
tistical techniques. The study of how to do this effectively is known as
econometrics.

When we analyze data we generally are concerned with the following
questions.

Summarize. How can we describe the data succinctly? Example: how
many cups of coffee are consumed per person per day?

Estimate. How can we estimate some unknown parameters? Example:
what is the elasticity of demand for coffee?

Test. How can we determine whether an unknown parameter satisfies some
restriction? Example: do men and women drink the same amount of coffee
per day on average?

Forecast. How can we forecast what the price of coffee will be next year?
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Predict. How can we predict what would happen to some variable of
interest if something changes? Example: if the government imposed a 10%
tax on coffee what would happen to consumption?

There are a variety of statistical techniques that can be used to answer
such questions, which we will explore in this chapter. Our primary focus
will be on estimation and prediction, but we will say a few words about
the other topics.

17.1 Summarize data

The simplest way to summarize data is with a table. For example, Table
17.1 depicts data from an online survey of 1,000 consumers who were asked,
“On average how many cups of coffee do you drink per day?” The table
shows that about 45% of those who responded indicated that they drink
zero cups of coffee per day. Closer inspection reveals that 16% averaged
one cup a day and about the same number drank two cups per day.

Coffee consumption from an online survey

0 cups 1 cup 2 cups 3 cups 44 cups
0.448 0.163 0.161 0.110 0.119

This information can be presented in a more vivid way using a barplot
(or barchart) as in Figure 17.1. In this chart it is clear that about the same
fraction of respondents indicated they consumed 1 or 2 cups a day, and
roughly the same number of respondents indicated they consumed 3 or 4+
cups per day.

We can also break down the information by category. The same survey
reported gender of the respondents, so we could examine how reported
coffee consumption varies across gender as in Table 17.2 or Figure 17.2. As
before, a barplot summarizes the information in a way that is more readily
understood. For example, it appears that a larger fraction of males than
females report drinking O cups of coffee and that woman appear to drink
more coffee than men overall.

It is often useful to compute various summary statistics based on the
data. The mean number of cups of coffee consumed per day turns out to
be 1.28. We can also compute conditional means, such as the average
number of cups of coffee consumed by those who drink coffee, or the average
number of cups of coffee consumed by males. Computing the conditional
mean just involves computing an average over those consumers who satisfy

Table
17.1
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Figure Coffee consumption in sample. The vertical distance indi-
17.1 cates the fraction of the sample that said they consumed 0 to 4

or more cups of coffee per day.

the relevant condition (drink more than 0 cups per day, are males, and so
on). In our sample, men drank 1.24 cups per day on average and women
drank 1.39 cups per day.

Table Average coffee consumption by gender
1.z Cups Female Male

0 0.176 0.219

1 0.093 0.057

2 0.079 0.070

3 0.050 0.046

4+ 0.057 0.052
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Coffee consumption by gender. The vertical height indi- Figure
cates the fraction of the sample that said they consumed the 17.2

indicated number of cups of coffee per day.

EXAMPLE: Simpson'’s paradox

Conditional means can sometimes behave in surprising ways. Suppose that
we plot coffee consumption as a function of income among men and women.
A hypothetical relationship might look like Figure 17.3. Note that con-
sumption is increasing in income for both men and women, but that overall
consumption is decreasing in income. This phenomenon is an example of
Simpson’s paradox.

Simpson’s paradox is not uncommon in real life. Table 17.3 shows the
application and admission statistics for men and women to graduate school
at the University of California, Berkeley in Fall 1973.

Applicants and admissions to UC Berkeley, Fall 1973 Table
Gender Applicants Admitted 17.3
Men 8442 44%

Women 4321 35%



creo
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0 2 4 6 8 10 12 X
Figure Simpson’s paradox. In this hypothetical example, coffee con-
17.3 sumption increases as income increases for both men and women

(the two upward-sloping solid lines), but decreases as income in-
creases overall.

It appears that men are more likely to have been admitted than were
women. Is this an example of gender bias? Table 17.4 breaks the data
down by department. In this table, it is easy to see that no department
was significantly biased in favor of men; in fact, most departments had a
small bias towards women.

Table Admission by department
17.4
Men Men Women Women
Department Applied Admitted Applied Admitted
A 825 62% 108 82%
B 560 63% 25 68%
C 325 37% 593 34%
D 417 33% 375 35%
E 191 28% 393 24%
F 272 6% 341 %

A report concluded that the explanation for this apparent paradox was
that women tended to apply to departments with low admission rates, while
men tended to apply to departments with high admission rates. Even
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though there was no evidence of bias at a department level, the overall
statistics gave an impression of bias.!

17.2 Test

In the previous section we saw that men drank 1.23 cups of coffee per day
on average and women drank 1.39 cups per day on average. But this is
just one particular sample of a thousand consumers. If we took a different
sample, we would find different numbers. How confident can we be that
the mean consumption of coffee by women exceeds the mean consumption
of coffee by men in the entire population?

One way to answer this question is to pose it in the following way. Sup-
pose that men and women actually drank the same amount of coffee per
day. How likely would it be in a particular sample of 1,000 consumers to
observe one group drinking 1.39 — 1.23 = 0.16 cups more than the other?

In our sample, it turns out that with a few additional assumptions the
probability that we would see a difference at least this large is about 9.6%.
In other words, if men and women had the same average consumption in
the population, we would see an estimated difference of this magnitude
or larger in roughly 1 out of 10 samples. Even though our sample shows
that coffee consumption is somewhat different between men and women,
we can’t be confident that this relationship holds for the population as a
whole.

17.3 Estimating demand using experimental data

Suppose you work for a company that sells coffee beans via a website. Your
coffee currently sells for $15 a pound, but you are contemplating cutting
the price to $14. You hope that you will sell more coffee at the lower price,
but how much more? Is it worth cutting your price to get more sales?

In this case it is natural to run an experiment to see how the demand
for coffee changes when the price changes. For example, you could cut the
price of the coffee for a few weeks and see how much additional coffee you
sell. If your profit goes up, it might make sense to make the sale price
permanent.

Another possibility would be to put the coffee on sale in just a few
states or cities and see what happens in those locations. If we try this
experiment, it is important to recognize that there are other factors that
affect the demand for coffee than just the price. For example, the amount

L P. J. Bickel, E. A. Hammel and J. W. O’Connell (1975). “Sex Bias in Graduate
Admissions: Data from Berkeley.” Science 187 (4175): 398-404.
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of coffee you sell in a given region during a given period could vary with
the season of the year or with the weather.

Ideally, you would choose which cities are treated using some random
method such as a coin flip. Such randomized treatment helps eliminate
sources of systematic bias.

It would also be a good idea to think about ways you could control for
these systematic effects. For example, you could compare the sales in the
cities where you cut the price to sales in those cities where you kept the
price constant. Or you could collect data on weather in the cities you
examine and use statistical techniques to control for the observed variation
in weather.

In the language of statistics, the cities where you reduce the price of coffee
is your treatment group and the cities where you leave the price of coffee
constant is your control group. Running the experiment is simply a small-
scale version of the policy you are thinking about implementing—namely,
cutting the price for everyone. If you make the experiment as much like the
proposed policy as possible, then the experiment will probably give you a
pretty good idea about what would happen if you scaled the experiment
up to the entire country.

17.4 Effect of treatment

Another thing you could do to estimate how the demand for coffee would
respond to a price cut is to send out coupons to a randomly chosen set of
people and see how many people use these coupons to buy coffee.

The trouble with this procedure is that the people who redeem the
coupons may be different from the population at large. It is likely that
people who go to the trouble of using the coupons might be more price-
sensitive on average than those who don’t bother to use the coupons.

In the case of a coupon, some fraction of the population (the coupon
users) are choosing to receive a lower price rather than simply facing a
lower price for coffee. In general, those who choose to be treated are
those who are more interested in the treatment and may be more likely
to respond to it differently than the population as whole. So the impact
of the treatment (the coupon) on those who choose to use it (the treated)
could be quite different than the impact of a price cut for everyone.

On the other hand, sometimes you might be interested in the “effect of
the treatment on the treated,” as opposed to the effect of treatment on
the population. For example, if the policy you had in mind was sending
out coupons to the entire population, then an experiment that involved
sending out coupons to a subset of the population would be an appropriate
experiment.

The key issue is whether the consumers are making a choice of whether
or not to be treated (that is, to get the lower price). Ideally, the experiment



ESTIMATING DEMAND USING OBSERVATIONAL DATA 325

will mimic the proposed policy as closely as possible.

17.5 Estimating demand using observational data

Let us now consider a different situation. Suppose now you are interested
in estimating how the nationwide demand for coffee in the United States
changes as the price changes. In this case there is no obvious way to do an
experiment. Since you don’t have experimental data, you have to use
observational data.

The statistical tool that economists use most commonly to address prob-
lems of this sort is called regression. A regression is simply a way to
express conditional expectations. For example, a regression could describe
the expected consumption of coffee by a randomly chosen consumer, con-
ditional on the consumer being female. When we estimate a regression we
are trying to describe the relationship between a variable of interest (in our
case coffee consumption) and other characteristics, such as gender, income,
age, price, and so on. There are many varieties of regression, but we will
focus on the simplest form, which is called ordinary least squares or
OLS.

So suppose we are given some data on prices and quantity sold of coffee
at different time periods. How can we use this data to estimate a demand
function?

It is important to think about the data generation process: how was
this data produced? We can apply some of the theory developed in earlier
chapters on consumer choice.

Think of a consumer as purchasing two things, coffee (1) and “all other
goods” (z3). Good 2 is sometimes referred to as a composite commodity
or quantity index, as described in Chapter 7.

Denote the price of coffee by p1, the price of “all other goods” by ps, and
the total expenditure by m. The utility maximization problem for a single
consumer is

max u(21, za)
T1,T2

such that p1x1 + paxe = m.

We can write the demand function for coffee as

Ty = D(plap2a m)
As mentioned in section 2.4, we can multiply prices and income by any

positive constant and demand stays the same. So let us multiply prices
and income by 1/ps. This gives us

T = D(pl/Pz, 1,m/p2).
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This says the demand for coffee is a function of the price of coffee relative
to the price of all other goods and income relative to the price of all other
goods. In practice, we compute these numbers by using a price index, like
the Consumer Price Index (CPI) or Personal Consumption Expenditure
price index (PCEPI). (See the discussion in Chapter 7 on index numbers
to see how these are constructed.)

Now we can add up demand across all consumers to get aggregate de-
mand. In order to avoid additional notation, we will use the same notation
as above to write x = D(p, m), where x is now the aggregate demand for
coffee, p is the price of coffee divided by the CPI, m is total consumer
expenditure divided by the CPI, and D(p,m) is the aggregate demand
function.

Functional form

We now need to pick an algebraic formula for the demand function. There
are three forms for demand functions commonly used in practice.

Linear demand. x = ¢+ bp + dm.
Log-linear demand. log (z) = log (¢) + blog (p) + dlog (m).

Semi-log demand. log (z) = ¢ + bp + dm.

The most popular form is log-linear demand, since it is easy to inter-
pret the coefficients. As we have seen in Chapter 15, section 8, b and d
measure the price and income elasticity of demand, respectively. (In these
expressions, all logarithms are natural logarithms.)

Statistical model

Of course, we would not expect our model to fit perfectly, so we need to
add an error term, denoted by e;. The error term measures the difference
between our ideal specification of demand and the actual observed demand.
It can be interpreted as the cumulative effect of all the omitted, unobserved
variables that affect demand.

So our final specification of the data-generating process is

log (z;) = log (¢) + blog (p¢) + dlog (my) + e,

where the error term is interpreted as the aggregate of all the other variables
that might be correlated with coffee consumption.
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Under certain conditions, ordinary least squares can be used to provide
good estimates of the parameters (b, c,d). The most important condition
is that the price of coffee and total expenditure are not correlated with the
error term.

It is not hard to see intuitively why this condition is necessary. The
coefficient b is supposed to measure how the demand for coffee changes
as the price changes holding everything else constant. But if p; and e;
are positively correlated in the data, then increases in p; will tend to be
associated with increases in e; in our sample. So the observed change in
x; will depend on both the change in p; and the change in e;. In this case,
we say that there is a confounding effect. We will get a poor estimate
of how a change in price affects coffee consumption if other variables are
changing systematically as the price of coffee changes.

The ideal way to ensure that the price of coffee is not correlated with the
error term is to run an experiment. In this context that would mean choos-
ing different prices of coffee and seeing how demand responds. However, as
described above, experimental data of this sort would be difficult to col-
lect for total coffee consumption. Often we are stuck with observational
data.

Given what we know about the coffee market, is it likely that changes
in the price of coffee would be correlated with factors that influence the
demand for coffee? As it happens coffee beans are grown in dozens of
countries and are sold on a world market. The supply of coffee beans
varies significantly from year to year, with the important effects things
such as weather, political events, changes in transportation costs, and so
on.

From the point of view of a particular country, the price of coffee varies
exogenously, since it depend on factors that primarily affect the supply of
coffee, not the demand for coffee.

Estimation

All that remains is to actually do the estimation. We can use a statistics
package such as R or Stata to estimate the regression described above.
The estimated price elasticity turns out to be —0.077, and the estimated
income elasticity turns out to be 0.34. This says that a 1% increase in
price results in a 0.77% drop in coffee consumption, so demand for coffee
is pretty inelastic. It turns out that this estimate is rather imprecise, but
it is the best we can do with the available data.

17.6 ldentification

In estimating the demand for coffee, we argued that the world price of
coffee was exogenous from the point of view of a specific country. In terms of
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supply and demand, we are saying that supply curve facing a single country
is more or less flat at the equilibrium price. The price could shift from
year to year, depending on weather and other factors, and the resulting
equilibria would trace out the demand curve, as shown in Figure 17.4.

PRICE
Dy

P S5

Py 57

P, S,

QUANTITY

Shift in supply. In this example, the shifts in the supply
curve of coffee trace out the demand curve.

But suppose we are interested in the world demand for coffee. In this
case it is unreasonable to assume that the price is determined exogenously;
rather it is determined by the interaction of supply and demand.

For example, we might think that the supply of coffee is more or less fixed
in a given year but varies from year to year depending on the weather. In
this case, the supply curve shifts, but the demand curve remains constant,
and the observed prices and quantities would still lie along the demand
function. So estimating demand as a function of price would still make
sense.

The problematic case is where both supply and demand are shifting,
as in Figure 17.5. In this case, it is impossible to estimate either curve.
Generally you can estimate a demand function if there is something that
shifts supply and not demand, and you can estimate a supply function if
there is something that shifts demand but not supply. But if both curves
shift in unknown ways, we can’t identify what is driving price changes and
quantity changes. This is known as the identification problem.
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Estimating demand. Here both demand and supply curves Figure
shift over time, so we can’t estimate either curve without further 17.5
information.

17.7 What can go wrong?

Let us return to the simple demand estimation problem described earlier,
but now consider a situation where the price of a product is set by the seller
rather than the price being exogenously determined on world markets. To
be specific, suppose a company called KoffeeTime makes a cold drink called
Koffeetino. Over the years they have set the price according to market
conditions. When the economic activity is slow, due to a recession, they
see the sales of Koffeetino drop, so they quickly cut the price in response.
When the economy is booming, they see the sales are high, so they raise
the price.

This means that in the historical data we will see high prices associated
with high sales and vice versa. The observed “demand curve” slopes up!

What is going on? We usually think that high prices cause consumers
to purchase less. Here the drop in consumption is causing the prices to be
cut. But what is causing the drop in consumption? The answer, in this
case, is that income has dropped due to the “bad times.” Income, in this
case, is a confounding variable since it affects both the right-hand side
and the left-hand side of the regression—both the price and the quantity.

For a fized level of income, we would expect to see higher prices leading to
less demand and lower prices leading to more demand for Koffeetino. If we
add income to the regression (as theory tells us to do), then it is possible
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that we will get a meaningful estimate of price elasticity In econometric
language, this is an example of missing variable bias: we failed to include
an important variable in the regression and so we got a biased estimate of
the effect.

But, in reality, there are always omitted variables—we can never have a
complete list of everything that affects demand. For example, it may be
that weather affects Koffeetino. In years with particularly cold tempera-
tures sales fall and in warm years sales rise. The company may respond by
raising or lowering price in response to the change in sales, leading to the
same problem we had before.

As mentioned earlier, omitted variables that are not correlated with price
are not much of a problem. But omitted variables that are correlated with
price (confounding variables) can result in biased estimates. This will often
be the case when the price is chosen, since the choice may depend on lots
of things that the econometrician may not subsequently observe.

As it turns out, there are ways to address this problem that are covered in
more advanced courses. Experiments are the gold standard, but sometimes
observational data can be used to estimate causal effects even without
explicit experiments.

17.8 Policy evaluation

A common reason to estimate the magnitude of some effect is that we are
contemplating some policy change. Ideally, we would run an experiment
on a small scale to estimate the impact of the proposed change. But, as
we have seen, it is sometimes difficult or costly to run such an experiment.

Sometimes we can find a natural experiment that is similar to the
ideal experiment we would run if we could. For example, in 2008 the
State of Oregon ran a lottery among low-income adults to determine who
would be allowed to apply for Medicare. A year after this lottery, the
treatment group—those who were allowed to apply for Medicare—were
substantially more likely to be covered by health insurance than those who
weren’t allowed to apply.?

The researchers were able to see how the treated group differed from
the control group. In the first year of the study, it turned out that the
treated group had higher health care utilization, lower out-of-pocket med-
ical expenditures and medical debt, and better self-reported physical and
mental health than the control group. One might reasonably expect that
this would carry over to larger populations who were offered the chance to
sign up for Medicare.

2 Amy Finkelstein et. al., “The Oregon Health Insurance Experiment: Evidence from
the First Year,” http://economics.mit.edu/files/6796.
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Of course, offering people the opportunity to sign up for Medicare is
different from extending it to the entire population. In the first case, people
still choose to apply and those who apply could be different from the entire
population in relevant ways.

EXAMPLE: Crime and police

It is important to distinguish correlation and causation. A classic example:
if we observe more police in precincts with high crime rates, can we conclude
that police cause crime? Of course not. A more likely explanation is that
the causality runs the other direction: more police were assigned to high
crime areas because they had high crime.

If we use statistical procedures to estimate the relationship between num-
bers of police and crime rates, we may well see a positive relationship
(more police are associated with more crime). However, that says nothing
about what would happen if we deliberately assigned more police to a given
precinct.

In order to understand the causal impact of police on crime rates, we need
to understand (1) how police were assigned to precincts in the historical
data and (2) how the assignment of additional police to a given precinct
changes crime rates.

Ideally we would use a controlled experiment to determine how the num-
ber of police affects crime rates. However, sometimes there might be a
“natural experiment” that mimics such a random assignment. For exam-
ple, the police department in Washington, DC, increases the number of
police on the street during periods when there are security alerts concern-
ing elevated risk of terrorist activity. Two economists examined the data
on crime reports for these days and found that crime was substantially
lower, particularly for auto theft.?

Summary

1. Statistics can be used to summarize, estimate, test, and predict.

2. Omitted variable bias occurs when the analyst fails to include an im-
portant variable in the regression that is correlated with other variables.
In this case the omitted variable is known as a confounding variable.

3. Observational data can only tell us about correlations, but we normally

need experiments to determine causality.

3 Jonathan Klick and Alexander Tababrok, “Using Terror Alert Levels to Estimate the
Effect of Police on Crime,” Journal of Law and Economics 48:1 (April 2005), 267-79.
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4. However, in some cases there are natural experiments that can be useful
in answering questions of interest.

5. It is important to distinguish between the effect of a policy that applies
to the entire population and the effect of a policy that applies only to those
who choose to participate.

6. In general, in evaluating a policy proposal, the experiment used should
be as close as possible to the policy being considered.

REVIEW QUESTIONS

1. When the Titanic sank in 1912, both male and female crew members
had a higher survival rate than the third-class passengers. However, overall
the third-class passengers had a higher survival rate than the crew. What
do we call this phenomenon?

2. Suppose that you want to test the hypothesis that a coin has a probability
of 1/2 of coming up heads when you flip it. You flip it 5 times and it comes
up heads every time. How likely is it that you would see a pattern of 5
heads in a row if true probability of coming up heads is 1/27

3. Suppose we estimate a demand function of the form z = e“t%_ where
p is price, = is the quantity consumed, and b is a parameter. What is this
functional form called?



CHAPTER 1 8

AUCTIONS

Auctions are one of the oldest form of markets, dating back to at least 500
BC. Today, all sorts of commodities, from used computers to fresh flowers,
are sold using auctions.

Economists became interested in auctions in the early 1970s when the
OPEC oil cartel raised the price of oil. The U.S. Department of the Inte-
rior decided to hold auctions to sell the right to drill in coastal areas that
were expected to contain vast amounts of oil. The government asked econ-
omists how to design these auctions, and private firms hired economists as
consultants to help them design a bidding strategy. This effort prompted
considerable research in auction design and strategy.

More recently, the Federal Communications Commission (FCC) decided
to auction off parts of the radio spectrum for use by cellular phones, per-
sonal digital assistants, and other communication devices. Again, econ-
omists played a major role in the design of both the auctions and the
strategies used by the bidders. These auctions were hailed as very suc-
cessful public policy, resulting in revenues to the U.S. government of over
twenty-three billion dollars to date.

Other countries have also used auctions for privatization projects. For
example, Australia sold off several government-owned electricity plants,
and New Zealand auctioned off parts of its state-owned telephone system.
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Consumer-oriented auctions have also experienced something of a re-
naissance on the Internet. There are hundreds of auctions on the Internet,
selling collectibles, computer equipment, travel services, and other items.
OnSale claims to be the largest, reporting over forty-one million dollars
worth of merchandise sold in 1997.

18.1 Classification of Auctions

The economic classification of auctions involves two considerations: first,
what is the nature of the good that is being auctioned, and second, what
are the rules of bidding? With respect to the nature of the good, econo-
mists distinguish between private-value auctions and common-value
auctions.

In a private-value auction, each participant has a potentially different
value for the good in question. A particular piece of art may be worth
$500 to one collector, $200 to another, and $50 to yet another, depending
on their taste. In a common-value auction, the good in question is worth
essentially the same amount to every bidder, although the bidders may
have different estimates of that common value. The auction for off-shore
drilling rights described above had this characteristic: a given tract either
had a certain amount of oil or not. Different oil companies may have had
different estimates about how much oil was there, based on the outcomes of
their geological surveys, but the oil had the same market value regardless
of who won the auction.

We will spend most of the time in this chapter discussing private-value
auctions, since they are the most familiar case. At the end of the chapter,
we will describe some of the features of common-value auctions.

Bidding Rules

The most prevalent form of bidding structure for an auction is the English
auction. The auctioneer starts with a reserve price, which is the lowest
price at which the seller of the good will part with it.! Bidders successively
offer higher prices; generally each bid must exceed the previous bid by some
minimal bid increment. When no participant is willing to increase the
bid further, the item is awarded to the highest bidder.

Another form of auction is known as a Dutch auction, due to its use
in the Netherlands for selling cheese and fresh flowers. In this case the
auctioneer starts with a high price and gradually lowers it by steps until
someone is willing to buy the item. In practice, the “auctioneer” is often

1 See the footnote about “reservation price” in Chapter 6, which is essentially the same
concept.
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a mechanical device like a dial with a pointer which rotates to lower and
lower values as the auction progresses. Dutch auctions can proceed very
rapidly, which is one of their chief virtues.

Yet a third form of auctions is a sealed-bid auction. In this type of
auction, each bidder writes down a bid on a slip of paper and seals it in
an envelope. The envelopes are collected and opened, and the good is
awarded to the person with the highest bid who then pays the auctioneer
the amount that he or she bid. If there is a reserve price, and all bids are
lower than the reserve price, then no one may receive the item.

Sealed-bid auctions are commonly used for construction work. The per-
son who wants the construction work done requests bids from several con-
tractors with the understanding that the job will be awarded to the con-
tractor with the lowest bid.

Finally, we consider a variant on the sealed bid-auction that is known as
the philatelist auction or Vickrey auction. The first name is due to
the fact that this auction form was originally used by stamp collectors; the
second name is in honor of William Vickrey, who received the 1996 Nobel
prize for his pioneering work in analyzing auctions. The Vickrey auction is
like the sealed-bid auction, with one critical difference: the good is awarded
to the highest bidder, but at the second-highest price. In other words, the
person who bids the most gets the good, but he or she only has to pay the
bid made by the second-highest bidder. Though at first this sounds like a
rather strange auction form, we will see below that it has some very nice
properties.

18.2 Auction Design

Let us suppose that we have a single item to auction off and that there are
n bidders with (private) values v1,...,v,. For simplicity, we assume that
the values are all positive and that the seller has a zero value. Our goal is
to choose an auction form to sell this item.

This is a special case of an economic mechanism design problem. In
the case of the auction there are two natural goals that we might have in
mind:

e Pareto efficiency. Design an auction that results in a Pareto efficient
outcome.

e Profit maximization. Design an auction that yields the highest ex-
pected profit to the seller.

Profit maximization seems pretty straightforward, but what does Pareto
efficiency mean in this context? It is not hard to see that Pareto efficiency
requires that the good be assigned to the person with the highest value.
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To see this, suppose that person 1 has the highest value and person 2 has
some lower value for the good. If person 2 receives the good, then there
is an easy way to make both 1 and 2 better off: transfer the good from
person 2 to person 1 and have person 1 pay person 2 some price p that lies
between v; and vo. This shows that assigning the good to anyone but the
person who has the highest value cannot be Pareto efficient.

If the seller knows the values v1,...,v, the auction design problem is
pretty trivial. In the case of profit maximization, the seller should just
award the item to the person with the highest value and charge him or
her that value. If the desired goal is Pareto efficiency, the person with the
highest value should still get the good, but the price paid could be any
amount between that person’s value and zero, since the distribution of the
surplus does not matter for Pareto efficiency.

The more interesting case is when the seller does not know the buyers’
values. How can one achieve efficiency or profit maximization in this case?

First consider Pareto efficiency. It is not hard to see that an English
auction achieves the desired outcome: the person with the highest value will
end up with the good. It requires only a little more thought to determine
the price that this person will pay: it will be the value of the second-highest
bidder plus, perhaps, the minimal bid increment.

Think of a specific case where the highest value is, say $100, the second-
highest value is $80, and the bid increment is, say, $5. Then the person
with the $100 valuation would be willing to bid $85, while the person with
the $80 value would not. Just as we claimed, the person with the highest
valuation gets the good, at the second highest price (plus, perhaps, the bid
increment). (We keep saying “perhaps” since if both players bid $80 there
would be a tie and the exact outcome would depend on the rule used for
tie-breaking.)

What about profit maximization? This case turns out to be more difficult
to analyze since it depends on the beliefs that the seller has about the
buyers’ valuations. To see how this works, suppose that there are just
two bidders either of whom could have a value of $10 or $100 for the
item in question. Assume these two cases are equally likely, so that there
are four equally probable arrangements for the values of bidders 1 and 2:
(10,10), (10,100), (100,10), (100,100). Finally, suppose that the minimal
bid increment is $1 and that ties are resolved by flipping a coin.

In this example, the winning bids in the four cases described above will
be (10,11,11,100) and the bidder with the highest value will always get the
good. The expected revenue to the seller is $33 = (10 + 11 + 11 + 100).

Can the seller do better than this? Yes, if he sets an appropriate reser-
vation price. In this case, the profit-maximizing reservation price is $100.
Three-quarters of the time, the seller will sell the item for this price, and
one-quarter of the time there will be no winning bid. This yields an ex-
pected revenue of $75, much higher than the expected revenue yielded by
the English auction with no reservation price.
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Note that this policy is not Pareto efficient, since one-quarter of the time
no one gets the good. This is analogous to the deadweight loss of monopoly
and arises for exactly the same reason.

The addition of the reservation price is very important if you are in-
terested in profit maximization. In 1990, the New Zealand government
auctioned off some of the spectrum for use by radio, television, and cellu-
lar telephones, using a Vickrey auction. In one case, the winning bid was
NZ$100,000, but the second-highest bid was only NZ$6! This auction may
have led to a Pareto efficient outcome, but it was certainly not revenue
maximizing!

We have seen that the English auction with a zero reservation price
guarantees Pareto efficiency. What about the Dutch auction? The answer
here is not necessarily. To see this, consider a case with two bidders who
have values of $100 and $80. If the high-value person believes (erroneously!)
that the second-highest value is $70, he or she would plan to wait until the
auctioneer reached, say, $75 before bidding. But, by then, it would be too
late—the person with the second-highest value would have already bought
the good at $80. In general, there is no guarantee that the good will be
awarded to the person with the highest valuation.

The same holds for the case of a sealed-bid auction. The optimal bid for
each of the agents depends on their beliefs about the values of the other
agents. If those beliefs are inaccurate, the good may easily end up being
awarded to someone who does not have the highest valuation.?

Finally, we consider the Vickrey auction—the variant on the sealed-bid
auction where the highest bidder gets the item, but only has to pay the
second-highest price.

First we observe that if everyone bids their true value for the good in
question, the item will end up being awarded to the person with the highest
value, who will pay a price equal to that of the person with the second-
highest value. This is essentially the same as the outcome of the English
auction (up to the bid increment, which can be arbitrarily small).

But is it optimal to state your true value in a Vickrey auction? We saw
that for the standard sealed-bid auction, this is not generally the case. But
the Vickrey auction is different: the surprising answer is that it is always
in each player’s interest to write down his or her true value.

To see why, let us look at the special case of two bidders, who have
values v; and vy and write down bids of b; and by. The expected payoff to
bidder 1 is:

PI‘Ob(bl Z b2)[U1 — bg],

2 On the other hand, if all players’ beliefs are accurate, on average, and all bidders
play optimally, the various auction forms described above turn out to yield the same
allocation and the same expected price in equilibrium. For a detailed analysis, see
P. Milgrom, “Auctions and Bidding: a Primer,” Journal of Economic Perspectives,
3(3), 1989, 3-22, and P. Klemperer, “Auction Theory: A Guide to the Literature,”
Economic Surveys, 13(3), 1999, 227-286.
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where “Prob” stands for “probability.”

The first term in this expression is the probability that bidder 1 has the
highest bid; the second term is the consumer surplus that bidder 1 enjoys
if he wins. (If b; < by, then bidder 1 gets a surplus of 0, so there is no need
to consider the term containing Prob(b; < bs).)

Suppose that vy > by. Then bidder 1 wants to make the probability of
winning as large as possible, which he can do by setting by = v;. Suppose,
on the other hand, that vy < bs. Then bidder 1 wants to make the proba-
bility of winning as small as possible, which he can do by setting b; = vy.
In either case, an optimal strategy for bidder 1 is to set his bid equal to his
true value! Honesty is the best policy ...at least in a Vickrey auction!

The interesting feature of the Vickrey auction is that it achieves essen-
tially the same outcome as an English auction, but without the iteration.
This is apparently why it was used by stamp collectors. They sold stamps
at their conventions using English auctions and via their newsletters using
sealed-bid auctions. Someone noticed that the sealed-bid auction would
mimic the outcome of the English auctions if they used the second-highest
bid rule. But it was left to Vickrey to conduct the full-fledged analysis of
the philatelist auction and show that truth-telling was the optimal strategy
and that the philatelist auction was equivalent to the English auction.

EXAMPLE: Goethe’s auction

In 1797 the German poet Johann Wolfgang von Goethe completed a poem
that he wanted to offer to a publisher. He sent one of the possible publishers
a letter that contained this passage:

I am inclined to offer Mr. Vieweg from Berlin an epic poem, Her-
mann and Dorothea, which will have approximately 2000 hexameters
... Concerning the royalty we will proceed as follows: I will hand over
to Mr. Counsel Béttiger a sealed note which contains my demand, and
I wait for what Mr. Vieweg will suggest to offer for my work. If his
offer is lower than my demand, then I take my note back, unopened,
and the negotiation is broken. If, however, his offer is higher, then I
will not ask for more than what is written in the note to be opened by
Mr. Bottiger.

In essence this is a Vickrey auction. The publisher’s dominant strategy
is to name his true value, which will allow him to acquire the book only if
Goethe’s reserve price is less than his true value.

It was a great plan, but Goethe’s lawyer, Bottiger, leaked the price in the
sealed envelope, which was 1,000 thalers.®> The publisher therefore bid the

3 This refers to currency used at the time in Germany and is the ancestor of the term
“dollars.”
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minimal amount and ended up making an estimated profit of 2,600 thalers.

Goethe was apparently suspicious that something was amiss, so the next
time he wanted to sell a work, he set up a competitive auction involving
36 publishers and ended up doing much better.*

18.3 Other Auction Forms

The Vickrey auction was thought to be only of limited interest until online
auctions became popular. The world’s largest online auction house, eBay,
claims to have almost 30 million registered users who, in 2000, traded $5
billion worth of merchandise.

Auctions run by eBay last for several days, or even weeks, and it is
inconvenient for users to monitor the auction process continually. In or-
der to avoid constant monitoring, eBay introduced an automated bidding
agent, which they call a proxy bidder. Users tell their bidding agent
the most they are willing to pay for an item and an initial bid. As the
bidding progresses, the agent automatically increases a participant’s bid
by the minimal bid increment when necessary, as long as this doesn’t raise
the participant’s bid over his or her maximum.

Essentially this is a Vickrey auction: each user reveals to their bidding
agent the maximum price he or she is willing to pay. In theory, the par-
ticipant who enters the highest bid will win the item but will only have
to pay the second-highest bid (plus a minimal bid increment to break the
tie.) According to the analysis in the text, each bidder has an incentive to
reveal his or her true value for the item being sold.

In practice, bidder behavior is a bit different than that predicted by the
Vickrey model. Often bidders wait until close to the end of the auction to
enter their bids. This behavior appears to be for two distinct reasons: a
reluctance to reveal interest too early in the game, and the hope to snatch
up a bargain in an auction with few participants. Nevertheless, the bidding
agent model seems to serve users very well. The Vickrey auction, which
was once thought to be only of theoretical interest, is now the preferred
method of bidding for the world’s largest online auction house!

There are even more exotic auction designs in use. One peculiar example
is the escalation auction. In this type of auction, the highest bidder wins
the item, but the highest and the second-highest bidders both have to pay
the amount they bid.

Suppose, for example, that you auction off 1 dollar to a number of bidders
under the escalation auction rules. Typically a few people bid 10 or 15
cents, but eventually most of the bidders drop out. When the highest bid

4 See the entire story in Benny Moldovanu and Manfred Tietzel, “Goethe’s Second-
Price Auction,” The Journal of Political Economy, Vol. 106, No. 4 (Aug.1998), pp.
854-859.
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approaches 1 dollar, the remaining bidders begin to catch on to the problem
they face. If one has bid 90 cents, and the other 85 cents, the low bidder
realizes that if he stays put, he will pay 85 cents and get nothing but, if he
escalates to 95 cents, he will walk away with a nickel.

But once he has done this, the bidder who was at 90 cents can reason the
same way. In fact, it is in her interest to bid over a dollar. If, for example,
she bids $1.05 (and wins), she will lose only 5 cents rather than 90 cents!
It’s not uncommon to see the winning bid end up at $5 or $6.

A somewhat related auction is the everyone pays auction. Think of
a crooked politician who announces that he will sell his vote under the
following conditions: all the lobbyists contribute to his campaign, but he
will vote for the appropriations favored by the highest contributor. This is
essentially an auction where everyone pays but only the high bidder gets
what she wants!

EXAMPLE: Late Bidding on eBay

According to standard auction theory eBay’s proxy bidder should induce
people to bid their true value for an item. The highest bidder wins at
(essentially) the second highest bid, just as in a Vickrey auction. But it
doesn’t work quite like that in practice. In many auctions, participants
wait until virtually the last minute to place their bids. In one study, 37
percent of the auctions had bids in the last minute and 12 percent had bids
in the last 10 seconds. Why do we see so many “late bids”?

There are at least two theories to explain this phenomenon. Patrick
Bajari and Ali Hortagsu, two auction experts, argue that for certain sorts
of auctions, people don’t want to bid early to avoid driving up the selling
price. EBay typically displays the bidder identification and actual bids
(not the maximum bids) for items being sold. If you are an expert on rare
stamps, with a well-known eBay member name, you may want to hold back
placing your bid so as not to reveal that you are interested in a particular
stamp.

This explanation makes a lot of sense for collectibles such as stamps and
coins, but late bidding also occurs in auctions for generic items, such as
computer parts. Al Roth and Axel Ockenfels suggest that late bidding is
a way to avoiding bidding wars.

Suppose that you and someone else are bidding for a Pez dispenser with
a seller’s reserve price of $2. It happens that you each value the dispenser
at $10. If you both bid early, stating your true maximum value of $10,
then even if the tie is resolved in your favor you end up paying $10—since
that is also the other bidder’s maximum value. You may “win” but you
don’t get any consumer surplus!

Alternatively, suppose that each of you waits until the auction is almost
over and then bids $10 in the last possible seconds of the auction. (At
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eBay, this is called “sniping.”) In this case, there’s a good chance that
one of the bids won’t get through, so the winner ends up paying only the
seller’s reserve price of $2.

Bidding high at the last minute introduces some randomness into the
outcome. One of the players gets a great deal and the other gets nothing.
But that’s not necessarily so bad: if they both bid early, one of the players
ends up paying his full value and the other gets nothing.

In this analysis, the late bidding is a form of “implicit collusion.” By
waiting to bid, and allowing chance to play a role, bidders can end up doing
substantially better on average than they do by bidding early.

18.4 Position Auctions

A position auction is a way to auction off positions, such as a position
in a line or a position on a web page. The defining characteristic is that
all players rank the positions in the same way, but they may value the
positions differently. Everybody would agree that it is better to be in the
front of the line than further back, but they could be willing to pay different
amounts to be first in line.

One prominent example of a position auction is the auction used by
search engine providers such as Google, Microsoft, and Yahoo to sell ads.
In this case all advertisers agree that being in the top position is best,
the second from the top position is second best, and so on. However, the
advertisers are often selling different things, so the expected profit that
they will get from a visitor to their web page will differ.

Here we describe a simplified version of these online ad auctions. De-
tails differ across search engines, but the model below captures the general
behavior.

We suppose that there are s = 1,...,.5 slots where ads can be displayed.
Let x5 denote the number of clicks that an ad can expect to receive in slot
s. We assume that slots are ordered with respect to the number of clicks
they are likely to receive, so x1 > z9 > -+ > xg.

Each of the advertisers has a value per click, which is related to the
expected profit it can get from a visitor to its web site. Let v, be the value
per click of the advertiser whose ad is shown in slot s.

Each advertiser states a bid, by, which is interpreted as the amount
it is willing to pay for slot s. The best slot (slot 1) is awarded to the
advertiser with the highest bid, the second-best slot (slot 2) is awarded to
the advertiser with the second highest bid, and so on.

The price that an advertiser pays for a bid is determined by the bid of
the advertiser below him. This is a variation on the Vickrey auction model
described earlier and is sometimes known as a generalized second price
auction or GSP.
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In the GSP, advertiser 1 pays by per click, advertiser 2 pays b3 per click,
and so on. The rationale for this arrangement is that if an advertiser paid
the price it bid, it would have an incentive to cut its bid until it just beat
the advertiser below it. By setting the payment of the advertiser in slot s
to be the bid of the advertiser in slot s+ 1, each advertiser ends up paying
the minimum bid necessary to retain its position.

Putting these pieces together, we see that the profit of the advertiser in
slot s is (vg — bgy1)xs. This is just the value of the clicks minus the cost of
the clicks that an advertiser receives.

What is the equilibrium of this auction? Extrapolating from the Vickrey
auction, one might speculate that each advertiser should bid its true value.
This is true if there is only one slot being auctioned, but is false in general.

Two Bidders

Let us look at the case of 2 slots and 2 bidders. We assume that the high
bidder gets x1 clicks and pays the bid of the second highest bidder by. The
second highest bidder gets slot 2 and pays a reserve price 7.

Suppose your value is v and you bid b. If b > by you get a payoff of
(v—by)x1 and if b < by you get a payoff of (v —r)xs. Your expected payoff
is then

Prob(b > by)(v — ba)ay + [1 — Prob(b > ba)](v — 7)xa.
We can rearrange your expected payoff to be
(v —r)xa + Prob(b > bo)[v(z1 — x2) + ras — bax] (18.1)

Note that when the term in the brackets is positive (i.e., you make a
profit), you want the probability that b > bs to be as large as possible, and
when the term is negative (you make a loss) you want the probability that
b > by to be as small as possible.

However, this can easily be arranged. Simply choose a bid according to
this formula:

bry = v(x1 — x2) + ras.

Now it is easy to check that when b > by, the bracketed term in expression
(18.1) is positive and when b < by the bracketed term in (18.1) is negative
or zero. Hence this bid will win the auction exactly when you want to win
and lose it exactly when you want to lose.

Note that this bidding rule is a dominant strategy: each bidder wants
to bid according to this formula, regardless of what the other player bids.
This means, of course, that the auction ends up putting the bidder with
the highest value in first place.
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It is also easy to interpret the bid. If there are two bidders and two
slots, the second highest bidder will always get the second slot and end up
paying rxs. The contest is about the extra clicks that the highest bidder
gets. The bidder who has the highest value will win those clicks, but that
bidder only has to pay the minimum amount necessary to beat the second
highest bidder.

We see that in this auction, you don’t want to bid your true value per
click, but you do want to bid an amount that reflects your true value of
the incremental clicks you are getting.

More Than Two Bidders

What happens if there are more than two bidders? In this case, there
will typically not be a dominant strategy equilibrium, but there will be a
equilibrium in prices. Let us look at a situation with 3 slots and 3 bidders.
The bidder in slot 3 pays a reservation price r. In equilibrium, the bidder

won’t want to move up to slot 2, so

(v3 = 71)z3 > (V3 — P2)T2
or

vg(z2 — x3) < paxo — 1T3.

This inequality says that if the bidder prefers position 3 to position 2, the
value of the extra clicks it gets in position 2 must be less than the cost of
those extra clicks.

This inequality gives us a bound on the cost of clicks in position 2:

poxa < 13+ v3(T2 — X3). (18.2)
Applying the same argument to the bidder in position 2, we have
p171 < PaTa + va(w1 — T2). (18.3)
Substituting inequality (18.2) into inequality (18.3) we have
p1r1 < 13+ v3(w2 — x3) + va (w1 — T2). (18.4)

The total revenue in the auction is pyx1 + poxs + p3x3. Adding together
inequality (18.2), inequality (18.3), and the revenue for slot 3 we have a
lower bound on the total revenue in the auction

RL < ’UQ((El — xg) + 22}3(‘%2 — fE3) + 37".’E3.

So far, we have looked at 3 bidders for 3 slots. What happens if there
are 4 bidders for the 3 slots? In this case the reserve price is replaced by
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the value of the fourth bidder. The logic is that the fourth bidder is willing
to buy any clicks that exceed its value, just as with the standard Vickrey
auction. This gives us a revenue expression of

Ry < vg(:rl — xg) + 21)3($2 — xg) + 3vgxs.

We note a few things about this expression. First, the competition in the
search engine auction is about incremental clicks: how many clicks you get
if you bid for a higher position. Second, the bigger the gap between clicks
the larger the revenue. Third, when vy > 7 the revenue will be larger. This
simply says that competition tends to increase revenue.

Quality Scores

In practice, the bids are multiplied by a quality score to get an auction
ranking score. The ad with the highest bid times quality gets first position,
the second-highest ranking ad gets the second position, and so on. Each ad
pays the minimum price per click necessary to retain its position. If we let
¢s be the quality of the ad in slot s, the ads are ordered by biq; > bags >
bsqs - - - and so on.

The price that the ad in slot 1 pays is just enough to retain its position,
SO p1g1 = baga, or p1 = baga/q1. (There may be some rounding to break
ties.)

There are several components of ad quality. However, the major com-
ponent is typically the historical clickthrough rate that an ad gets. This
means that ad rank is basically determined by

cost clicks cost

: X 3 : : :
clicks 1mmpressions mpressions

Hence the ad that gets first place will be the one that is willing to pay the
most per impression (i.e., ad view) rather than price per click.

When you think about it, this makes a lot of sense. Suppose one adver-
tiser is willing to pay $10 per click but is likely to get only 1 click in a day.
Another advertiser is willing to pay $1 per click will get 100 clicks in a day.
Which ad should be shown in the most prominent position?

Ranking ads in this way also helps the users. If two ads have the same
bid, then the one that users tend to click on more will get a higher position.
Users can “vote with their clicks” for the ads that they find the most useful.

18.5 Should you advertise on your brand?

One question that sometimes arises in online ad auctions is whether adver-
tisers should advertise on their own brand? This is particularly important
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for advertisers who have strong, well-known brands since they tend to be
shown high up in the organic search results. Why should a well-known
brand pay for ad clicks when it would get organic clicks anyway?

Let us examine this question using a little algebra. As above, we let v
be the value of a click (a visit to the website), which we will assume is the
same for an organic click and an ad click. Let x, be the number of ad
clicks, ., be the number of organic clicks when an ad is present, and x,,
be the number of organic clicks when the ad is not present. Finally, let
¢(x4) be the cost of x, ad clicks.

If the website owner chooses to advertise, it has a profit of v, + vr,q —
¢(x,). Note that advertiser gets both ad clicks and search results clicks, but
only pays for the ad clicks. If the website owner chooses not to advertise, it
gets vT,y,. Putting these two expressions together, we see that the website
owner will find it profitable to advertise when:

VTq + Vpq — (Tq) > VTon,

where we have assumed the numerator is positive. Collecting terms, we see
that the website owner will want to advertise when

c(wq)

v > .
Tg — (xon - xoa)

The important piece of this expression is Xy, —Zoq, Wwhich measures how the
ad “cannibalizes” the organic clicks. If there is no cannibalization, so that
Ton = Toa, then the expression just reduces to “value greater than average
cost.” On the other hand, if there is a large amount of cannibalization,
the value of a visitor would have to be high to overcome the reduction in
organic clicks.

18.6 Auction revenue and number of bidders

It is interesting to see how the auction revenue changes as the number of
bidders increases. Suppose that there is some distribution of values by the
buyers, and we end up with a random draw of n bidders for the auction,
who have values (v1,...,v,). To keep things simple, suppose the reserve
price is 0. If we have only one bidder, his value is v; and he gets the item for
free. If we draw another bidder from the population, he has probability 1/2
of having a larger bid than v; and the expected revenue is min(vy,vy). If
we draw a third bidder, there is a 1/3 probability that he has the maximum
bid, and so it goes.

The general principle is that the expected revenue will keep increasing
as the number of bidders increases, but it will do so at a slower rate. The
expected revenue will be the expected value of the second-largest valuation
in a sample of size n, a number known as the second order statistic. If
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we specify a particular distribution of values, we can see how this evolves
as we add more participants to the auction.

Figure 18.1 depicts an example of what the expected revenue looks like if
the values are distributed uniformly on the interval [0,1]. As you can see,
by the time there are 10 or so bidders, the expected value is pretty close
to 1, illustrating that auctions are a pretty good way to generate revenue.

REVENUE
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Auction revenue. This shows how auction revenue changes
as the number of bidders changes.
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18.7 Problems with Auctions

We've seen above that English auctions (or Vickrey auctions) have the
desirable property of achieving Pareto efficient outcomes. This makes them
attractive candidates for resource allocation mechanisms. In fact, most of
the airwave auctions used by the FCC were variants on the English auction.

But English auctions are not perfect. They are still susceptible to col-
lusion. The example of pooling in auction markets, described in Chapter
25, shows how antique dealers in Philadelphia colluded on their bidding
strategies in auctions.

There are also various ways to manipulate the outcome of auctions. In
the analysis described earlier, we assumed that a bid committed the bid-
der to pay. However, some auction designs allow bidders to drop out once
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the winning bids are revealed. Such an option allows for manipulation.
For example, in 1993 the Australian government auctioned off licenses for
satellite-television services using a standard sealed-bid auction. The win-
ning bid for one of the licenses, A$212 million, was made by a company
called Ucom. Once the government announced Ucom had won, they pro-
ceeded to default on their bid, leaving the government to award the license
to the second-highest bidder—which was also Ucom! They defaulted on
this bid as well; four months later, after several more defaults, they paid
A$117 million for the license, which was A$95 million less than their initial
winning bid! The license ended up being awarded to the highest bidder at
the second-highest price—but the poorly designed auction caused at least
a year delay in bringing pay-TV to Australia.’

EXAMPLE: Taking Bids Off the Wall

One common method for manipulating auctions is for the seller to take
fictitious bids, a practice known as “taking bids off the wall.” Such manip-
ulation has found its way to online auctions as well, even where no walls
are involved.

According to a recent news story,® a New York jeweler sold large quanti-
ties of diamonds, gold, and platinum jewelry online. Though the items were
offered on eBay with no reserve price, the seller distributed spreadsheets
to his employees which instructed them to place bids in order to increase
the final sales price. According to the lawsuit, the employees placed over
232,000 bids in a one-year period, inflating the selling prices by 20% on
average.

When confronted with the evidence, the jeweler agreed to pay a $400,000
fine to settle the civil fraud complaint.

18.8 The Winner’s Curse

We turn now to the examination of common-value auctions, where the
good that is being awarded has the same value to all bidders. However, each
of the bidders may have different estimates of that value. To emphasize
this, let us write the (estimated) value of bidder i as v + ¢; where v is the

See John McMillan, “Selling Spectrum Rights,” Journal of Economic Perspectives,
8(3), 145-152, for details of this story and how its lessons were incorporated into the
design of the U.S. spectrum auction. This article also describes the New Zealand
example mentioned earlier.

6 Barnaby J. Feder, “Jeweler to Pay $400,000 in Online Auction Fraud Settlement,”
New York Times, June 9, 2007.
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true, common value and ¢; is the “error term” associated with bidder i’s
estimate.

Let’s examine a sealed-bid auction in this framework. What bid should
bidder 7 place? To develop some intuition, let’s see what happens if each
bidder bids their estimated value. In this case, the person with the highest
value of €;, €mnas, gets the good. But as long as €,q,; > 0, this person
is paying more than v, the true value of the good. This is the so-called
Winner’s Curse. If you win the auction, it is because you have overes-
timated the value of the good being sold. In other words, you have won
only because you were too optimistic!

The optimal strategy in a common-value auction like this is to bid less
than your estimated value—and the more bidders there are, the lower you
want your own bid to be. Think about it: if you are the highest bidder
out of five bidders you may be overly optimistic, but if you are the highest
bidder out of twenty bidders you must be super optimistic. The more
bidders there are, the more humble you should be about your own estimates
of the “true value” of the good in question.

The Winner’s Curse seemed to be operating in the FCC’s May 1996
spectrum auction for personal communications services. The largest bidder
in that auction, NextWave Personal Communications Inc., bid $4.2 billion
for sixty-three licenses, winning them all. However, in January 1998 the
company filed for Chapter Eleven bankruptcy protection, after finding itself
unable to pay its bills.

18.9 Stable Marriage Problem

There are many examples of two-sided matching models where con-
sumers are matched up with each other. Men may be matched with women
by a dating service or matchmaker, students may be matched with colleges,
pledges may be matched with sororities, interns matched with hospitals,
and so on.

What are good algorithms for making such matches? Do “stable” out-
comes always exist? Here we examine a simple mechanism for making
matches that are stable in a precisely defined sense.

Let us suppose that there are n men and an equal number of women and
we need to match them up as dancing partners. Each woman can rank
the men according to her preferences and the same goes for the men. For
simplicity, let us suppose that there are no ties in these rankings and that
everyone would prefer to dance than to sit on the sidelines.

What is a good way to arrange for dancing partners? One attractive
criterion is to find a way to produce a “stable” matching. The definition
of stable, in this context, is that there is no couple that would prefer each
other to their current partner. Said another way, if a man prefers another
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woman to his current partner, that woman wouldn’t want him—she would
prefer the partner she currently had.

Does a stable matching always exist? If so, how can one be found?
The answer is that, contrary to the impression one would get from soap
operas and romance novels, there always are stable matchings and they are
relatively easy to construct.

The most famous algorithm, known as the deferred acceptance algo-
rithm, goes like this.”

Step 1. Each man proposes to his most preferred woman.

Step 2. Each woman records the list of proposals she receives on her dance
card.

Step 3. After all men have proposed to their most-preferred choice, each
woman (gently) rejects all of the suitors except for her most preferred.

Step 4. The rejected suitors propose to the next woman on their lists.

Step 5. Continue to step 2 or terminate the algorithm when every woman
has received an offer.

This algorithm always produce a stable matching. Suppose, to the con-
trary, that there is some man that prefers another woman to his present
partner. Then he would have invited her to dance before his current part-
ner. If she preferred him to her current partner, she would have rejected
her current partner earlier in the process.

It turns out that this algorithm yields the best possible stable matching
for the men in the sense that each man prefers the outcome of this matching
process to any other stable matching. Of course, if we flipped the roles of
men and women, we would find the woman-optimal stable matching.

Though the example described is slightly frivolous, processes like the
deferred acceptance algorithm are used to match students to schools in
Boston and New York, residents to hospitals nationwide, and even organ
donors to recipients.

18.10 Mechanism Design

Auctions and the two-sided matching model that we have discussed in this
chapter are examples of economic mechanisms. The idea of an economic

7 Gale, David, and Lloyd Shapley [1962], “College Admissions and the Stability of
Marriage,” American Mathematical Monthly, 69, 9-15.
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mechanism is to define a “game” or “market” that will yield some desired
outcome.

For example, one might want to design a mechanism to sell a painting.
A natural mechanism here would be an auction. But even with an auction,
there are many design choices. Should it be designed to maximize efficiency
(i.e., to ensure that the painting goes to the person who values it most
highly) or should it be designed to maximize expected revenue for the
seller, even if there is a risk that the painting may not be sold?

We've seen earlier that there are several different types of auctions, each
with advantages and disadvantages. Which one is best in a particular
circumstance?

Mechanism design is essentially the inverse of game theory. With game
theory, we are given a description of the rules of the game and want to
determine what the outcome will be. With mechanism design, we are
given a description of the outcome that we want to reach and try to design
a game that will reach it.®

Mechanism design is not limited to auctions or matching problems. It
also includes voting mechanisms and public goods mechanisms, such as
those described in Chapter 37, or externality mechanisms, such as those
described in Chapter 35.

In a general mechanism, we think of a number of agents (i.e., consumers
or firms) who each have some private information. In the case of an auction,
this private information might be their value for the item being auctioned.
In a problem involving firms, the private information might be their cost
functions.

The agents report some message about their private information to the
“center,” which we might think of as an auctioneer. The center examines
the messages and reports some outcome: who receives the item in question,
what output firms should produce, how much various parties have to pay
or be paid, and so on.

The major design decisions are 1) what sort of messages should be sent
to the center and 2) what rule the center should use to determine the
outcome. The constraints on the problem are the usual sort of resource
constraints (i.e., there is only one item to be sold) and the constraints that
the individuals will act in their own self-interest. This latter constraint is
known as the incentive compatibility constraint.

There may be other constraints as well. For example, we may want the
agents to participate voluntarily in the mechanism, which would require
that they get at least as high a payoff from participating as not participat-
ing. We will ignore this constraint for simplicity.

To get a flavor of what mechanism design looks like, let us consider
a simple problem of awarding an indivisible good to one of two different

8 The 2007 Nobel Prize in Economics was awarded to Leo Hurwicz, Roger Myerson,
and Eric Maskin for their contributions to economic mechanism design.
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agents. Let (z1,22) = (1,0) if agent 1 gets the good and (z1,z2) = (0,1)
if agent 2 gets the good. Let p be the price paid for the good.

We suppose that the message that each agent sends to the center is just
a reported value for the good. This is known as a direct revelation
mechanism. The center will then award the good to the agent with the
highest reported value and charge that agent some price p.

What are the constraints on p? Suppose agent 1 has the highest value.
Then his message to the center should be such that the payoff he gets in
response to that message is at least as large as the payoff he would get if
he sent the same message as agent 2 (who gets a zero payoff). This says

vy —p=>0.

By the same token, agent 2 must get at least as large a payoff from his
message as he would get if he sent the message sent by agent 1 (which
resulted in agent 1 getting the good). This says

OZ’Ug—p.

Putting these two conditions together, we have vy > p > v, which says
that the price charged by the center must lie between the highest and
second-highest value.

In order to determine which price the center must charge, we need to
consider its objects and its information. If the center believes that the vy
can be arbitrarily close to vs and it always wants to award the item to the
highest bidder, then it has to set a price of vs.

This is just the Vickrey auction described earlier, in which each party
submits a bid and the item is awarded to the highest bidder at the second-
highest bid. This is clearly an attractive mechanism for this particular
problem.

Summary

1. Auctions have been used for thousands of years to sell things.

2. If each bidder’s value is independent of the other bidders, the auction
is said to be a private-value auction. If the value of the item being sold is
essentially the same for everyone, the auction is said to be a common-value
auction.

3. Common auction forms are the English auction, the Dutch auction, the
sealed-bid auction, and the Vickrey auction.

4. English auctions and Vickrey auctions have the desirable property that
their outcomes are Pareto efficient.
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5. Profit-maximizing auctions typically require a strategic choice of the
reservation price.

6. Despite their advantages as market mechanisms, auctions are vulnerable
to collusion and other forms of strategic behavior.

REVIEW QUESTIONS

1. Consider an auction of antique quilts to collectors. Is this a private-value
or a common-value auction?

2. Suppose that there are only two bidders with values of $8 and $10 for
an item with a bid increment of $1. What should the reservation price be
in a profit-maximizing English auction?

3. Suppose that we have two copies of Intermediate Microeconomics to sell
to three (enthusiastic) students. How can we use a sealed-bid auction that
will guarantee that the bidders with the two highest values get the books?

4. Consider the Ucom example in the text. Was the auction design efficient?
Did it maximize profits?

5. A game theorist fills a jar with pennies and auctions it off on the first day
of class using an English auction. Is this a private-value or a common-value
auction? Do you think the winning bidder usually makes a profit?



CHAPTER 1 9

TECHNOLOGY

In this chapter we begin our study of firm behavior. The first thing to do is
to examine the constraints on a firm’s behavior. When a firm makes choices
it faces many constraints. These constraints are imposed by its customers,
by its competitors, and by nature. In this chapter we’re going to consider
the latter source of constraints: nature. Nature imposes the constraint that
there are only certain feasible ways to produce outputs from inputs: there
are only certain kinds of technological choices that are possible. Here we
will study how economists describe these technological constraints.

If you understand consumer theory, production theory will be very easy
since the same tools are used. In fact, production theory is much simpler
than consumption theory because the output of a production process is
generally observable, whereas the “output” of consumption (utility) is not
directly observable.

19.1 Inputs and Outputs

Inputs to production are called factors of production. Factors of produc-
tion are often classified into broad categories such as land, labor, capital,
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and raw materials. It is pretty apparent what labor, land, and raw mate-
rials mean, but capital may be a new concept. Capital goods are those
inputs to production that are themselves produced goods. Basically capital
goods are machines of one sort or another: tractors, buildings, computers,
or whatever.

Sometimes capital is used to describe the money used to start up or
maintain a business. We will always use the term financial capital for
this concept and use the term capital goods, or physical capital, for
produced factors of production.

We will usually want to think of inputs and outputs as being measured
in flow units: a certain amount of labor per week and a certain number of
machine hours per week will produce a certain amount of output a week.

We won’t find it necessary to use the classifications given above very
often. Most of what we want to describe about technology can be done
without reference to the kind of inputs and outputs involved—just with
the amounts of inputs and outputs.

19.2 Describing Technological Constraints

Nature imposes technological constraints on firms: only certain combi-
nations of inputs are feasible ways to produce a given amount of output,
and the firm must limit itself to technologically feasible production plans.

The easiest way to describe feasible production plans is to list them.
That is, we can list all combinations of inputs and outputs that are tech-
nologically feasible. The set of all combinations of inputs and outputs that
comprise a technologically feasible way to produce is called a production
set.

Suppose, for example, that we have only one input, measured by x, and
one output, measured by y. Then a production set might have the shape
indicated in Figure 19.1. To say that some point (z,y) is in the production
set is just to say that it is technologically possible to produce y amount
of output if you have z amount of input. The production set shows the
possible technological choices facing a firm.

As long as the inputs to the firm are costly it makes sense to limit our-
selves to examining the mazimum possible output for a given level of input.
This is the boundary of the production set depicted in Figure 19.1. The
function describing the boundary of this set is known as the production
function. It measures the maximum possible output that you can get
from a given amount of input.

Of course, the concept of a production function applies equally well if
there are several inputs. If, for example, we consider the case of two inputs,
the production function f(x1,z2) would measure the maximum amount of
output y that we could get if we had x; units of factor 1 and x5 units of
factor 2.
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A production set. Here is a possible shape for a production
set.

In the two-input case there is a convenient way to depict production
relations known as the isoquant. An isoquant is the set of all possible
combinations of inputs 1 and 2 that are just sufficient to produce a given
amount of output.

Isoquants are similar to indifference curves. As we've seen earlier, an
indifference curve depicts the different consumption bundles that are just
sufficient to produce a certain level of utility. But there is one important
difference between indifference curves and isoquants. Isoquants are labeled
with the amount of output they can produce, not with a utility level. Thus
the labeling of isoquants is fixed by the technology and doesn’t have the
kind of arbitrary nature that the utility labeling has.

19.3 Examples of Technology

Since we already know a lot about indifference curves, it is easy to under-
stand how isoquants work. Let’s consider a few examples of technologies
and their isoquants.

Fixed Proportions

Suppose that we are producing holes and that the only way to get a hole is
to use one man and one shovel. Extra shovels aren’t worth anything, and
neither are extra men. Thus the total number of holes that you can produce
will be the minimum of the number of men and the number of shovels that
you have. We write the production function as f(z1,x2) = min{zy,zs}.

Figure
19.1
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Isoquants

a

Fixed proportions. Isoquants for the case of fixed propor-
tions.

The isoquants look like those depicted in Figure 19.2. Note that these
isoquants are just like the case of perfect complements in consumer theory.

Perfect Substitutes

Suppose now that we are producing homework and the inputs are red
pencils and blue pencils. The amount of homework produced depends only
on the total number of pencils, so we write the production function as
f(x1,x2) = @1+ 2. The resulting isoquants are just like the case of perfect
substitutes in consumer theory, as depicted in Figure 19.3.

Cobb-Douglas

If the production function has the form f(z1,72) = Az¢x}, then we say
that it is a Cobb-Douglas production function. This is just like the
functional form for Cobb-Douglas preferences that we studied earlier. The
numerical magnitude of the utility function was not important, so we set
A =1 and usually set a + b = 1. But the magnitude of the production
function does matter so we have to allow these parameters to take arbitrary
values. The parameter A measures, roughly speaking, the scale of produc-
tion: how much output we would get if we used one unit of each input.
The parameters a and b measure how the amount of output responds to
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Perfect substitutes. Isoquants for the case of perfect substi-
tutes.

changes in the inputs. We’ll examine their impact in more detail later on.
In some of the examples, we will choose to set A = 1 in order to simplify
the calculations.

The Cobb-Douglas isoquants have the same nice, well-behaved shape
that the Cobb-Douglas indifference curves have; as in the case of utility
functions, the Cobb-Douglas production function is about the simplest ex-
ample of well-behaved isoquants.

19.4 Properties of Technology

As in the case of consumers, it is common to assume certain properties
about technology. First we will generally assume that technologies are
monotonic: if you increase the amount of at least one of the inputs, it
should be possible to produce at least as much output as you were pro-
ducing originally. This is sometimes referred to as the property of free
disposal: if the firm can costlessly dispose of any inputs, having extra
inputs around can’t hurt it.

Second, we will often assume that the technology is convex. This means
that if you have two ways to produce y units of output, (x1,x2) and (21, 22),
then their weighted average will produce at least y units of output.

One argument for convex technologies goes as follows. Suppose that you
have a way to produce 1 unit of output using a; units of factor 1 and as

Figure
19.3
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units of factor 2 and that you have another way to produce 1 unit of output
using by units of factor 1 and by units of factor 2. We call these two ways
to produce output production techniques.

Furthermore, let us suppose that you are free to scale the output up by
arbitrary amounts so that (100a;,100a2) and (100b;,100by) will produce
100 units of output. But now note that if you have 25a; + 75b; units of
factor 1 and 25a9 + 75b2 units of factor 2 you can still produce 100 units
of output: just produce 25 units of the output using the “a” technique and
75 units of the output using the “b” technique.

This is depicted in Figure 19.4. By choosing the level at which you
operate each of the two activities, you can produce a given amount of output
in a variety of different ways. In particular, every input combination along
the line connecting (100a;, 100az) and (10061, 100b3) will be a feasible way
to produce 100 units of output.

X2
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Convexity. If you can operate production activities indepen-
dently, then weighted averages of production plans will also be
feasible. Thus the isoquants will have a convex shape.

In this kind of technology, where you can scale the production process up
and down easily and where separate production processes don’t interfere
with each other, convexity is a very natural assumption.
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19.5 The Marginal Product

Suppose that we are operating at some point, (21, x2), and that we consider
using a little bit more of factor 1 while keeping factor 2 fixed at the level x».
How much more output will we get per additional unit of factor 17 This is
described by the partial derivative of output with respect to factor 1:

(9:1/ — i f((L‘l + Aml,xg) — f(SUl,.’L'Q)
~ = 1m
8x1 Az —0 AZEl

We call this the marginal product of factor 1. The marginal product
of factor 2 is defined in a similar way, and we denote them by M Py (x1,x2)
and M Py (1, x2), respectively.

Sometimes we will be a bit sloppy about the concept of marginal product
and describe it as the extra output we get from having “one” more unit of
factor 1. As long as “one” is small relative to the total amount of factor 1
that we are using, this will be satisfactory. But we should remember that
a marginal product is a rate: the extra amount of output per unit of extra
input.

The concept of marginal product is just like the concept of marginal
utility that we described in our discussion of consumer theory, except for
the ordinal nature of utility. Here, we are discussing physical output: the
marginal product of a factor is a specific number, which can, in principle,
be observed.

19.6 The Technical Rate of Substitution

Suppose that we are operating at some point (z1, 22) and that we consider
giving up a little bit of factor 1 and using just enough more of factor 2 to
produce the same amount of output y. How much extra of factor 2, Axs,
do we need if we are going to give up a little bit of factor 1, Axy? This
is just the slope of the isoquant; we refer to it as the technical rate of
substitution (TRS), and denote it by TRS(x1, z3).

The technical rate of substitution measures the tradeoff between two
inputs in production. It measures the rate at which the firm will have to
substitute one input for another in order to keep output constant.

To derive a formula for the TRS, we can use the same idea that we used
to determine the slope of the indifference curve. Consider a change in our
use of factors 1 and 2 that keeps output fixed. Then we have

(5y = MPl(xl,xg)éxl + MPQ($1,1’2)6.’E2 = 0,
which we can solve to get
TRS(z1,22) = 0y _ _M.
(5.’E1 MPQ(.’El,.’EQ)

Note the similarity with the definition of the marginal rate of substitution.
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19.7 Diminishing Marginal Product

Suppose that we have certain amounts of factors 1 and 2 and we consider
adding more of factor 1 while holding factor 2 fixed at a given level. What
might happen to the marginal product of factor 17

As long as we have a monotonic technology, we know that the total
output will go up as we increase the amount of factor 1. But it is natural
to expect that it will go up at a decreasing rate. Let’s consider a specific
example, the case of farming.

One man on one acre of land might produce 100 bushels of corn. If we
add another man and keep the same amount of land, we might get 200
bushels of corn, so in this case the marginal product of an extra worker
is 100. Now keep adding workers to this acre of land. Each worker may
produce more output, but eventually the extra amount of corn produced
by an extra worker will be less than 100 bushels. After 4 or 5 people are
added the additional output per worker will drop to 90, 80, 70 ... or even
fewer bushels of corn. If we get hundreds of workers crowded together on
this one acre of land, an extra worker may even cause output to go down!
As in the making of broth, extra cooks can make things worse.

Thus we would typically expect that the marginal product of a factor
will diminish as we get more and more of that factor. This is called the
law of diminishing marginal product. It isn’t really a “law”; it’s just
a common feature of most kinds of production processes.

It is important to emphasize that the law of diminishing marginal prod-
uct applies only when all other inputs are being held fixed. In the farming
example, we considered changing only the labor input, holding the land
and raw materials fixed.

19.8 Diminishing Technical Rate of Substitution

Another closely related assumption about technology is that of diminish-
ing technical rate of substitution. This says that as we increase the
amount of factor 1, and adjust factor 2 so as to stay on the same isoquant,
the technical rate of substitution declines. Roughly speaking, the assump-
tion of diminishing TRS means that the slope of an isoquant must decrease
in absolute value as we move along the isoquant in the direction of increas-
ing x1, and it must increase as we move in the direction of increasing x».
This means that the isoquants will have the same sort of convex shape that
well-behaved indifference curves have.

The assumptions of a diminishing technical rate of substitution and di-
minishing marginal product are closely related but are not exactly the
same. Diminishing marginal product is an assumption about how the mar-
ginal product changes as we increase the amount of one factor, holding the
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other factor fized. Diminishing TRS is about how the ratio of the marginal
products—the slope of the isoquant—changes as we increase the amount
of one factor and reduce the amount of the other factor so as to stay on the
same isoquant.

19.9 The Long Run and the Short Run

Let us return now to the original idea of a technology as being just a list
of the feasible production plans. We may want to distinguish between the
production plans that are immediately feasible and those that are eventually
feasible.

In the short run, there will be some factors of production that are fixed
at predetermined levels. Our farmer described above might only consider
production plans that involve a fixed amount of land, if that is all he has
access to. It may be true that if he had more land, he could produce more
corn, but in the short run he is stuck with the amount of land that he has.

On the other hand, in the long run the farmer is free to purchase more
land, or to sell some of the land he now owns. He can adjust the level of
the land input so as to maximize his profits.

The economist’s distinction between the long run and the short run is
this: in the short run there is at least one factor of production that is fixed:
a fixed amount of land, a fixed plant size, a fixed number of machines, or
whatever. In the long run, all the factors of production can be varied.

There is no specific time interval implied here. What is the long run and
what is the short run depends on what kinds of choices we are examining.
In the short run at least some factors are fixed at given levels, but in the
long run the amount used of these factors can be changed.

Let’s suppose that factor 2, say, is fixed at To in the short run. Then the
relevant production function for the short run is f(x1,T2). We can plot the
functional relation between output and z; in a diagram like Figure 19.5.

Note that we have drawn the short-run production function as getting
flatter and flatter as the amount of factor 1 increases. This is just the law
of diminishing marginal product in action again. Of course, it can easily
happen that there is an initial region of increasing marginal returns where
the marginal product of factor 1 increases as we add more of it. In the case
of the farmer adding labor, it might be that the first few workers added
increase output more and more because they would be able to divide up
jobs efficiently, and so on. But given the fixed amount of land, eventually
the marginal product of labor will decline.

19.10 Returns to Scale

Now let’s consider a different kind of experiment. Instead of increasing the
amount of one input while holding the other input fixed, let’s increase the
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amount of all inputs to the production function. In other words, let’s scale
the amount of all inputs up by some constant factor: for example, use twice
as much of both factor 1 and factor 2.

If we use twice as much of each input, how much output will we get?
The most likely outcome is that we will get twice as much output. This is
called the case of constant returns to scale. In terms of the production
function, this means that two times as much of each input gives two times as
much output. In the case of two inputs we can express this mathematically
by

2f(z1,22) = f(221,2x9).

In general, if we scale all of the inputs up by some amount ¢, constant
returns to scale implies that we should get ¢ times as much output:

tf(fﬂl, .Ig) = f(tIl, td?g).

We say that this is the likely outcome for the following reason: it should
typically be possible for the firm to replicate what it was doing before. If
the firm has twice as much of each input, it can just set up two plants side
by side and thereby get twice as much output. With three times as much
of each input, it can set up three plants, and so on.

Note that it is perfectly possible for a technology to exhibit constant re-
turns to scale and diminishing marginal product to each factor. Returns
to scale describes what happens when you increase all inputs, while di-
minishing marginal product describes what happens when you increase one
of the inputs and hold the others fixed.
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Constant returns to scale is the most “natural” case because of the repli-
cation argument, but that isn’t to say that other things might not happen.
For example, it could happen that if we scale up both inputs by some fac-
tor ¢, we get more than ¢ times as much output. This is called the case of
increasing returns to scale. Mathematically, increasing returns to scale
means that

[tz tas) > tf(x1,22).

for all ¢t > 1.

What would be an example of a technology that had increasing returns
to scale? One nice example is that of an oil pipeline. If we double the
diameter of a pipe, we use twice as much materials, but the cross section
of the pipe goes up by a factor of 4. Thus we will likely be able to pump
more than twice as much oil through it.

(Of course, we can’t push this example too far. If we keep doubling the
diameter of the pipe, it will eventually collapse of its own weight. Increasing
returns to scale usually just applies over some range of output.)

The other case to consider is that of decreasing returns to scale,
where

f(txh tl’g) < tf(xl, (EQ)

for all ¢ > 1.

This case is somewhat peculiar. If we get less than twice as much output
from having twice as much of each input, we must be doing something
wrong. After all, we could just replicate what we were doing before!

The usual way in which diminishing returns to scale arises is because we
forgot to account for some input. If we have twice as much of every input
but one, we won’t be able to exactly replicate what we were doing before, so
there is no reason that we have to get twice as much output. Diminishing
returns to scale is really a short-run phenomenon, with something being
held fixed.

Of course, a technology can exhibit different kinds of returns to scale
at different levels of production. It may well happen that for low levels
of production, the technology exhibits increasing returns to scale—as you
scale all the inputs by some small amount ¢, the output increases by more
than t. Later on, for larger levels of output, increasing scale by ¢t may just
increase output by the same factor t.

EXAMPLE: Datacenters

Datacenters are large buildings that house thousands of computers used
to perform tasks such as serving web pages. Internet companies such as
Google, Yahoo, Microsoft, Amazon, and many others have built thousands
of datacenters around the world.
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A typical datacenter consists of hundreds of racks which hold computer
motherboards that are similar to the motherboard in your desktop com-
puter. Generally these systems are designed to be easily scalable so that
the computational power of the data center can scale up or down just by
adding or removing racks of computers.

The replication argument implies that the production function for com-
puting services is effectively constant returns to scale: to double output,
you simply double all inputs.

EXAMPLE: Copy Exactly!

Intel operates dozens of “fab plants” that fabricate, assemble, sort, and test
advanced computer chips. Chip fabrication is such a delicate process that
Intel found it difficult to manage quality in a heterogeneous environment.
Even minor variations in plant design, such as cleaning procedures or the
length of cooling hoses, could have a large impact on the yield of the fab
process.

In order to manage these very subtle effects, Intel moved to its Copy
Exactly! process. According to Intel, the Copy Exactly directive is: “ev-
erything which might affect the process, or how it is run, is to be copied
down to the finest detail, unless it is either physically impossible to do so,
or there is an overwhelming competitive benefit to introducing a change.”

This means that one Intel plant is very much like another, and deliber-
ately so. As the replication argument suggests, the easiest way to scale up
production at Intel is to replicate current operating procedures as closely
as possible.

Summary

1. The technological constraints of the firm are described by the production
set, which depicts all the technologically feasible combinations of inputs
and outputs, and by the production function, which gives the maximum
amount of output associated with a given amount of the inputs.

2. Another way to describe the technological constraints facing a firm is
through the use of isoquants—curves that indicate all the combinations of
inputs capable of producing a given level of output.

3. We generally assume that isoquants are convex and monotonic, just like
well-behaved preferences.

4. The marginal product measures the extra output per extra unit of an
input, holding all other inputs fixed. We typically assume that the marginal
product of an input diminishes as we use more and more of that input.
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5. The technical rate of substitution (TRS) measures the slope of an iso-
quant. We generally assume that the TRS diminishes as we move out along
an isoquant—which is another way of saying that the isoquant has a convex
shape.

6. In the short run some inputs are fixed, while in the long run all inputs
are variable.

7. Returns to scale refers to the way that output changes as we change
the scale of production. If we scale all inputs up by some amount ¢ and
output goes up by the same factor, then we have constant returns to scale.
If output scales up by more that ¢, we have increasing returns to scale; and
if it scales up by less than ¢, we have decreasing returns to scale.

REVIEW QUESTIONS

1. Consider the production function f(z1,22) = z323. Does this exhibit
constant, increasing, or decreasing returns to scale?

11
2. Consider the production function f(z1,x2) = 4x7 2. Does this exhibit
constant, increasing, or decreasing returns to scale?

3. The Cobb-Douglas production function is given by f(x1,z2) = Axfzl.
It turns out that the type of returns to scale of this function will depend
on the magnitude of a + b. Which values of a + b will be associated with
the different kinds of returns to scale?

4. The technical rate of substitution between factors zo and x; is —4. If
you desire to produce the same amount of output but cut your use of x;
by 3 units, how many more units of x5 will you need?

5. True or false? If the law of diminishing marginal product did not hold,
the world’s food supply could be grown in a flowerpot.

6. In a production process is it possible to have decreasing marginal product
in an input and yet increasing returns to scale?



CHAPTER 2 O

PROFIT
MAXIMIZATION

In the last chapter we discussed ways to describe the technological choices
facing the firm. In this chapter we describe a model of how the firm chooses
the amount to produce and the method of production to employ. The
model we will use is the model of profit maximization: the firm chooses a
production plan so as to maximize its profits.

In this chapter we will assume that the firm faces fixed prices for its in-
puts and outputs. We said earlier that economists call a market where the
individual producers take the prices as outside their control a competitive
market. So in this chapter we want to study the profit-maximization prob-
lem of a firm that faces competitive markets for the factors of production
it uses and the output goods it produces.

20.1 Profits

Profits are defined as revenues minus cost. Suppose that the firm produces
n outputs (y1, ..., y,) and uses m inputs (z1,...,,,). Let the prices of the
output goods be (p1,...,pn) and the prices of the inputs be (w1, ..., wy).
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The profits the firm receives, 7, can be expressed as

n m
™= E piyi — E Wiy
i=1 i=1

The first term is revenue, and the second term is cost.

In the expression for cost we should be sure to include all of the factors
of production used by the firm, valued at their market price. Usually this
is pretty obvious, but in cases where the firm is owned and operated by the
same individual, it is possible to forget about some of the factors.

For example, if an individual works in his own firm, then his labor is an
input and it should be counted as part of the costs. His wage rate is simply
the market price of his labor—what he would be getting if he sold his labor
on the open market. Similarly, if a farmer owns some land and uses it in
his production, that land should be valued at its market value for purposes
of computing the economic costs.

We have seen that economic costs like these are often referred to as op-
portunity costs. The name comes from the idea that if you are using
your labor, for example, in one application, you forgo the opportunity of
employing it elsewhere. Therefore those lost wages are part of the cost of
production. Similarly with the land example: the farmer has the oppor-
tunity of renting his land to someone else, but he chooses to forgo that
rental income in favor of renting it to himself. The lost rents are part of
the opportunity cost of his production.

The economic definition of profit requires that we value all inputs and
outputs at their opportunity cost. Profits as determined by accountants do
not necessarily accurately measure economic profits, as they typically use
historical costs—what a factor was purchased for originally—rather than
economic costs—what a factor would cost if purchased now. There are
many variations on the use of the term “profit,” but we will always stick
to the economic definition.

Another confusion that sometimes arises is due to getting time scales
mixed up. We usually think of the factor inputs as being measured in
terms of flows. So many labor hours per week and so many machine hours
per week will produce so much output per week. Then the factor prices will
be measured in units appropriate for the purchase of such flows. Wages are
naturally expressed in terms of dollars per hour. The analog for machines
would be the rental rate—the rate at which you can rent a machine for
the given time period.

In many cases there isn’t a very well-developed market for the rental of
machines, since firms will typically buy their capital equipment. In this
case, we have to compute the implicit rental rate by seeing how much it
would cost to buy a machine at the beginning of the period and sell it at
the end of the period.
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20.2 The Organization of Firms

In a capitalist economy, firms are owned by individuals. Firms are only
legal entities; ultimately it is the owners of firms who are responsible for
the behavior of the firm, and it is the owners who reap the rewards or pay
the costs of that behavior.

Generally speaking, firms can be organized as proprietorships, partner-
ships, or corporations. A proprietorship is a firm that is owned by a
single individual. A partnership is owned by two or more individuals. A
corporation is usually owned by several individuals as well, but under the
law has an existence separate from that of its owners. Thus a partnership
will last only as long as both partners are alive and agree to maintain its
existence. A corporation can last longer than the lifetimes of any of its
owners. For this reason, most large firms are organized as corporations.

The owners of each of these different types of firms may have different
goals with respect to managing the operation of the firm. In a proprietor-
ship or a partnership the owners of the firm usually take a direct role in
actually managing the day-to-day operations of the firm, so they are in a
position to carry out whatever objectives they have in operating the firm.
Typically, the owners would be interested in maximizing the profits of their
firm, but, if they have nonprofit goals, they can certainly indulge in these
goals instead.

In a corporation, the owners of the corporation are often distinct from
the managers of the corporation. Thus there is a separation of ownership
and control. The owners of the corporation must define an objective for
the managers to follow in their running of the firm, and then do their
best to see that they actually pursue the goals the owners have in mind.
Again, profit maximization is a common goal. As we’ll see below, this goal,
properly interpreted, is likely to lead the managers of the firm to choose
actions that are in the interests of the owners of the firm.

20.3 Profits and Stock Market Value

Often the production process that a firm uses goes on for many periods.
Inputs put in place at time ¢ pay off with a whole flow of services at later
times. For example, a factory building erected by a firm could last for 50
or 100 years. In this case an input at one point in time helps to produce
output at other times in the future.

In this case we have to value a flow of costs and a flow of revenues over
time. As we’ve seen in Chapter 10, the appropriate way to do this is to
use the concept of present value. When people can borrow and lend in
financial markets, the interest rate can be used to define a natural price
of consumption at different times. Firms have access to the same sorts of
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financial markets, and the interest rate can be used to value investment
decisions in exactly the same way.

Consider a world of perfect certainty where a firm’s flow of future profits
is publicly known. Then the present value of those profits would be the
present value of the firm. It would be how much someone would be
willing to pay to purchase the firm.

As we indicated above, most large firms are organized as corporations,
which means that they are jointly owned by a number of individuals. The
corporation issues stock certificates to represent ownership of shares in the
corporation. At certain times the corporation issues dividends on these
shares, which represent a share of the profits of the firm. The shares of
ownership in the corporation are bought and sold in the stock market.
The price of a share represents the present value of the stream of dividends
that people expect to receive from the corporation. The total stock market
value of a firm represents the present value of the stream of profits that the
firm is expected to generate. Thus the objective of the firm—maximizing
the present value of the stream of profits the firm generates—could also
be described as the goal of maximizing stock market value. In a world of
certainty, these two goals are the same thing.

The owners of the firm will generally want the firm to choose production
plans that maximize the stock market value of the firm, since that will make
the value of the shares they hold as large as possible. We saw in Chapter
10 that whatever an individual’s tastes for consumption at different times,
he or she will always prefer an endowment with a higher present value to
one with a lower present value. By maximizing stock market value, a firm
makes its shareholders’ budget sets as large as possible, and thereby acts
in the best interests of all of its shareholders.

If there is uncertainty about a firm’s stream of profits, then instructing
managers to maximize profits has no meaning. Should they maximize ex-
pected profits? Should they maximize the expected utility of profits? What
attitude toward risky investments should the managers have? It is diffi-
cult to assign a meaning to profit maximization when there is uncertainty
present. However, in a world of uncertainty, maximizing stock market value
still has meaning. If the managers of a firm attempt to make the value of
the firm’s shares as large as possible then they make the firm’s owners—the
shareholders—as well-off as possible. Thus maximizing stock market value
gives a well-defined objective function to the firm in nearly all economic
environments.

Despite these remarks about time and uncertainty, we will generally limit
ourselves to the examination of much simpler profit-maximization prob-
lems, namely, those in which there is a single, certain output and a single
period of time. This simple story still generates significant insights and
builds the proper intuition to study more general models of firm behavior.
Most of the ideas that we will examine carry over in a natural way to these
more general models.
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20.4 The Boundaries of the Firm

One question that constantly confronts managers of firms is whether to
“make or buy.” That is, should a firm make something internally or buy it
from an external supplier? The question is broader than it sounds, as it can
refer not only to physical goods, but also services of one sort or another.
Indeed, in the broadest interpretation, “make or buy” applies to almost
every decision a firm makes.

Should a company provide its own cafeteria? Janitorial services? Pho-
tocopying services? Travel assistance? Obviously, many factors enter into
such decisions. One important consideration is size. A small mom-and-pop
video store with 12 employees is probably not going to provide a cafeteria.
But it might outsource janitorial services, depending on cost, capabilities,
and staffing.

Even a large organization, which could easily afford to operate food ser-
vices, may or may not choose to do so, depending on availability of alter-
natives. Employees of an organization located in a big city have access to
many places to eat; if the organization is located in a remote area, choices
may be fewer.

One critical issue is whether the goods or services in question are exter-
nally provided by a monopoly or by a competitive market. By and large,
managers prefer to buy goods and services on a competitive market, if they
are available. The second-best choice is dealing with an internal monop-
olist. The worse choice of all, in terms of price and quality of service, is
dealing with an external monopolist.

Think about photocopying services. The ideal situation is to have dozens
of competitive providers vying for your business; that way you will get
cheap prices and high-quality service. If your school is large, or in an urban
area, there may be many photocopying services vying for your business. On
the other hand, small rural schools may have less choice and often higher
prices.

The same is true of businesses. A highly competitive environment gives
lots of choices to users. By comparison, an internal photocopying division
may be less attractive. Even if prices are low, the service could be sluggish.
But the least attractive option is surely to have to submit to a single
external provider. An internal monopoly provider may have bad service,
but at least the money stays inside the firm.

As technology changes, what is typically inside the firm changes. Forty
years ago, firms managed many services themselves. Now they tend to
outsource as much as possible. Food service, photocopying service, and
janitorial services are often provided by external organizations that spe-
cialize in such activities. Such specialization often allows these companies
to provide higher quality and less expensive services to the organizations
that use their services.
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20.5 Fixed and Variable Factors

In a given time period, it may be very difficult to adjust some of the inputs.
Typically a firm may have contractual obligations to employ certain inputs
at certain levels. An example of this would be a lease on a building, where
the firm is legally obligated to purchase a certain amount of space over the
period under examination. We refer to a factor of production that is in
a fixed amount for the firm as a fixed factor. If a factor can be used in
different amounts, we refer to it as a variable factor.

As we saw in Chapter 19, the short run is defined as that period of time
in which there are some fixed factors—factors that can only be used in
fixed amounts. In the long run, on the other hand, the firm is free to vary
all of the factors of production: all factors are variable factors.

There is no rigid boundary between the short run and the long run. The
exact time period involved depends on the problem under examination.
The important thing is that some of the factors of production are fixed in
the short run and variable in the long run. Since all factors are variable in
the long run, a firm is always free to decide to use zero inputs and produce
zero output—that is, to go out of business. Thus the least profits a firm
can make in the long run are zero profits.

In the short run, the firm is obligated to employ some factors, even if it
decides to produce zero output. Therefore it is perfectly possible that the
firm could make negative profits in the short run.

By definition, fixed factors are factors of production that must be paid
for even if the firm decides to produce zero output: if a firm has a long-
term lease on a building, it must make its lease payments each period
whether or not it decides to produce anything that period. But there is
another category of factors that only need to be paid for if the firm decides
to produce a positive amount of output. One example is electricity used
for lighting. If the firm produces zero output, it doesn’t have to provide
any lighting; but if it produces any positive amount of output, it has to
purchase a fixed amount of electricity to use for lighting.

Factors such as these are called quasi-fixed factors. They are factors of
production that must be used in a fixed amount, independent of the output
of the firm, as long as the output is positive. The distinction between
fixed factors and quasi-fixed factors is sometimes useful in analyzing the
economic behavior of the firm.

20.6 Short-Run Profit Maximization

Let’s consider the short-run profit-maximization problem when input 2 is
fixed at some level Ty. Let f(x1,x2) be the production function for the
firm, let p be the price of output, and let w; and wsy be the prices of the
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two inputs. Then the profit-maximization problem facing the firm can be
written as

max pf(x1,T2) — wiz1 — wala.
1

The condition for the optimal choice of factor 1 is not difficult to determine.

If 27 is the profit-maximizing choice of factor 1, then the output price
times the marginal product of factor 1 should equal the price of factor 1.
In symbols,

pMPl(ZL'T7f2) = wW1.

In other words, the value of the marginal product of a factor should equal
its price.
This rule comes from the first-order condition for the maximization prob-
lem:
af(‘f{a j2)
b 811

—’LU1:0

In order to understand this rule, think about the decision to employ a
little more of factor 1. As you add a little more of it, dz1, you produce
0y = M Pydx, more output that is worth pM P;dx,. But this marginal
output costs widxr; to produce. If the value of marginal product exceeds
its cost, then profits can be increased by increasing input 1. If the value
of marginal product is less than its cost, then profits can be increased by
decreasing the level of input 1.

If the profits of the firm are as large as possible, then profits should
not increase when we increase or decrease input 1. This means that at a
profit-maximizing choice of inputs and outputs, the value of the marginal
product, pM P (x5, T>), should equal the factor price, w;.

We can derive the same condition graphically. Consider Figure 20.1. The
curved line represents the production function holding factor 2 fixed at Z».
Using y to denote the output of the firm, profits are given by

T =Py — W1T1 — WaT2.
This expression can be solved for y to express output as a function of zi:

77 w
y=—+ —To+ —a1. (20.1)
p p

This equation describes isoprofit lines. These are just all combinations
of the input goods and the output good that give a constant level of profit,
m. As 7 varies we get a family of parallel straight lines each with a slope of
w1 /p and each having a vertical intercept of 7/p+woT2/p, which measures
the profits plus the fixed costs of the firm.
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Profit maximization. The firm chooses the input and output
combination that lies on the highest isoprofit line. In this case
the profit-maximizing point is (27, y*).

The fixed costs are fixed, so the only thing that really varies as we move
from one isoprofit line to another is the level of profits. Thus higher levels of
profit will be associated with isoprofit lines with higher vertical intercepts.

The profit-maximization problem is then to find the point on the produc-
tion function that has the highest associated isoprofit line. Such a point
is illustrated in Figure 20.1. As usual it is characterized by a tangency
condition: the slope of the production function should equal the slope of
the isoprofit line. Since the slope of the production function is the marginal
product, and the slope of the isoprofit line is w; /p, this condition can also
be written as w

MP = —,
p

which is equivalent to the condition we derived above.

20.7 Comparative Statics

We can use the geometry depicted in Figure 20.1 to analyze how a firm’s
choice of inputs and outputs varies as the prices of inputs and outputs
vary. This gives us one way to analyze the comparative statics of firm
behavior.

For example: how does the optimal choice of factor 1 vary as we vary its
factor price w1? Referring to equation (20.1), which defines the isoprofit

Figure
20.1
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line, we see that increasing w; will make the isoprofit line steeper, as shown
in Figure 20.2A. When the isoprofit line is steeper, the tangency must occur
further to the left. Thus the optimal level of factor 1 must decrease. This
simply means that as the price of factor 1 increases, the demand for factor 1
must decrease: factor demand curves must slope downward.

We can also derive this result using calculus. Suppose for simplicity that
there is only one input to production so we can write the profit maximiza-
tion problem as

maxpf(x) — wz.
xr
The first- and second-order conditions for maximization are
pf'(z") =w

and
f/l(x*) S 0.

The factor demand function x(w) must satisfy these conditions for all values
of w, so we have the identity

flz(w) = w.

Differentiating both sides of this identity using the chain rule we have

F"(@(w))e (w) = 1.

Aslong as f”(z) is strictly negative, it follows that 2’/ (w) is negative: factor
demand curves must slope downward.
In calculus terms, we want to examine the partial derivative of z7 with

a.f(xika EQ) —
8.731 -

differentiating both sides with respect to wy (and using the chain rule) gives:

respect to wy. We have defined x7 implicitly by %. Implicitly

0%f(a1,T2) 077 _ 1

02xs  Ow, p’

* 2 -
Solving for gill , and keeping in mind that p > 0 and %ﬂ;{”z) < 0, yields

oz 1
ow — P <V
P

Similarly, if the output price decreases the isoprofit line must become
steeper, as shown in Figure 20.2B. By the same argument as given in the
last paragraph the profit-maximizing choice of factor 1 will decrease. If the
amount of factor 1 decreases and the level of factor 2 is fixed in the short
run by assumption, then the supply of output must decrease. This gives us
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f(xq) f(xq7)

X X4
A B

Comparative statics. Panel A shows that increasing wy will
reduce the demand for factor 1. Panel B shows that increasing
the price of output will increase the demand for factor 1 and
therefore increase the supply of output.

another comparative statics result: a reduction in the output price must
decrease the supply of output. In other words, the supply function must
slope upwards.

Finally, we can ask what will happen if the price of factor 2 changes?
Because this is a short-run analysis, changing the price of factor 2 will not
change the firm’s choice of factor 2—in the short run, the level of factor 2
is fixed at Tp. Changing the price of factor 2 has no effect on the slope of
the isoprofit line. Thus the optimal choice of factor 1 will not change, nor
will the supply of output. All that changes are the profits that the firm
makes.

20.8 Profit Maximization in the Long Run

In the long run the firm is free to choose the level of all inputs. Thus the
long-run profit-maximization problem can be posed as

max pf(x1,r2) — wix] — Waks.
T1,T2

This is basically the same as the short-run problem described above, but
now both factors are free to vary.

The condition describing the optimal choices is essentially the same as
before, but now we have to apply it to each factor. Before we saw that
the value of the marginal product of factor 1 must be equal to its price,

Figure
20.2
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whatever the level of factor 2. The same sort of condition must now hold
for each factor choice. There are two first-order conditions, one for each

factor: PV
Ty,

PEED) L,
of (x7, x5

L) g

The first-order conditions imply:
pM Py (z7,25) = wy

pM Py (x7,x5) = ws.

If the firm has made the optimal choices of factors 1 and 2, the value of
the marginal product of each factor should equal its price. At the optimal
choice, the firm’s profits cannot increase by changing the level of either
input.

The argument is the same as used for the short-run profit-maximizing
decisions. If the value of the marginal product of factor 1, for example,
exceeded the price of factor 1, then using a little more of factor 1 would
produce M P; more output, which would sell for pM P; dollars. If the value
of this output exceeds the cost of the factor used to produce it, it clearly
pays to expand the use of this factor.

These two conditions give us two equations in two unknowns, x] and z3.
If we know how the marginal products behave as a function of x1 and xo,
we will be able to solve for the optimal choice of each factor as a function
of the prices. The resulting equations are known as the factor demand
curves.

EXAMPLE: Profit Maximization with Cobb-Douglas Production

Let’s see how profit-maximizing behavior looks using the Cobb-Douglas
production function.

Suppose the Cobb-Douglas function is given by f(x1,72) = x¢4. Then
the two first-order conditions become

pax§ el —wy =0
pbafah™ —wy = 0.

Multiply the first equation by x; and the second equation by zs to get

paz§rh — wizy =0

b
pbxfxy — woxe = 0.
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Using y = x¢2% to denote the level of output of this firm we can rewrite
these expressions as
bay = w121

pby = waxs.
Solving for x; and z2 we have
a
ot =Y
w1
o ey
27

This gives us the demands for the two factors as a function of the optimal
output choice. But we still have to solve for the optimal choice of output.
Inserting the optimal factor demands into the Cobb-Douglas production
function, we have the expression

a b
pay\© (phy)©_
w1 wso '
Factoring out the y gives
a b
pa pb
(0 (5) v
w1 w2
a b
pa l1—a—b pb l1—a—b
() @)
w1 w2

This gives us the supply function of the Cobb-Douglas firm. Along with
the factor demand functions derived above it gives us a complete solution
to the profit-maximization problem.

Note that when the firm exhibits constant returns to scale—when a+b =
1—this supply function is not well defined. As long as the output and
input prices are consistent with zero profits, a firm with a Cobb-Douglas
technology is indifferent about its level of supply.

Or

20.9 Inverse Factor Demand Curves

The factor demand curves of a firm measure the relationship between
the price of a factor and the profit-maximizing choice of that factor. We saw
above how to find the profit-maximizing choices: for any prices, (p, w1, w2),
we just find those factor demands, (z7,x3), such that the value of the
marginal product of each factor equals its price.

The inverse factor demand curve measures the same relationship,
but from a different point of view. It measures what the factor prices must
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be for some given quantity of inputs to be demanded. Given the optimal
choice of factor 2, we can draw the relationship between the optimal choice
of factor 1 and its price in a diagram like that depicted in Figure 20.3. This
is simply a graph of the equation

PM P (21, 235) = wy.

i
PMP,(x,, x5) = price x marginal
product of good 1
&
Figure The inverse factor demand curve. This measures what the
20.3 price of factor 1 must be to get z; units demanded if the level

of the other factor is held fixed at z3.

This curve will be downward sloping by the assumption of diminishing
marginal product. For any level of x, this curve depicts what the factor
price must be in order to induce the firm to demand that level of 21, holding
factor 2 fixed at z3.

20.10 Profit Maximization and Returns to Scale

There is an important relationship between competitive profit maximiza-
tion and returns to scale. Suppose that a firm has chosen a long-run profit-
maximizing output y* = f(«7,x3), which it is producing using input levels
(23, 23).

Then its profits are given by

* * * *
T =py — wiT] — Waks.
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Suppose that this firm’s production function exhibits constant returns to
scale and that it is making positive profits in equilibrium. Then consider
what would happen if it doubled the level of its input usage. According to
the constant returns to scale hypothesis, it would double its output level.
What would happen to profits?

It is not hard to see that its profits would also double. But this con-
tradicts the assumption that its original choice was profit maximizing! We
derived this contradiction by assuming that the original profit level was
positive; if the original level of profits were zero there would be no prob-
lem: two times zero is still zero.

This argument shows that the only reasonable long-run level of profits
for a competitive firm that has constant returns to scale at all levels of
output is a zero level of profits. (Of course if a firm has negative profits in
the long run, it should go out of business.)

Most people find this to be a surprising statement. Firms are out to
maximize profits aren’t they? How can it be that they can only get zero
profits in the long run?

Think about what would happen to a firm that did try to expand indef-
initely. Three things might occur. First, the firm could get so large that it
could not really operate effectively. This is just saying that the firm really
doesn’t have constant returns to scale at all levels of output. Eventually,
due to coordination problems, it might enter a region of decreasing returns
to scale.

Second, the firm might get so large that it would totally dominate the
market for its product. In this case there is no reason for it to behave
competitively—to take the price of output as given. Instead, it would
make sense for such a firm to try to use its size to influence the market
price. The model of competitive profit maximization would no longer be
a sensible way for the firm to behave, since it would effectively have no
competitors. We’ll investigate more appropriate models of firm behavior
in this situation when we discuss monopoly.

Third, if one firm can make positive profits with a constant returns to
scale technology, so can any other firm with access to the same technology.
If one firm wants to expand its output, so would other firms. But if all firms
expand their outputs, this will certainly push down the price of output and
lower the profits of all the firms in the industry.

20.11 Revealed Profitability

When a profit-maximizing firm makes its choice of inputs and outputs
it reveals two things: first, that the inputs and outputs used represent a
feasible production plan, and second, that these choices are more profitable
than other feasible choices that the firm could have made. Let us examine
these points in more detail.
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Suppose that we observe two choices that the firm makes at two dif-
ferent sets of prices. At time ¢, it faces prices (pf,w!,w) and makes
choices (y*, !, xb). At time s, it faces prices (p®, w§, w3) and makes choices
(y*, x5, x5). If the production function of the firm hasn’t changed between
times s and ¢ and if the firm is a profit maximizer, then we must have

Py’ —wiz] —whah > p'y® — wia] — wyrs (20.2)
and
py* —wiz] —wszs > p°y’ — wir] — wsxh. (20.3)

That is, the profits that the firm achieved facing the ¢ period prices must be
larger than if they used the s period plan and vice versa. If either of these
inequalities were violated, the firm could not have been a profit-maximizing
firm (with an unchanging technology).

Thus if we ever observe two time periods where these inequalities are
violated we would know that the firm was not maximizing profits in at least
one of the two periods. The satisfaction of these inequalities is virtually
an axiom of profit-maximizing behavior, so it might be referred to as the
Weak Axiom of Profit Maximization (WAPM).

If the firm’s choices satisfy WAPM, we can derive a useful comparative
statics statement about the behavior of factor demands and output supplies
when prices change. Transpose the two sides of equation (20.3) to get

=Py’ wizy Hwiel > —ptyt +wiz] + wizs (20.4)
and add equation (20.4) to equation (20.2) to get
(r" = p*)y" — (Wi —wi)at — (wh — w3)ah
> (' =Py — (wi — wi)a] — (wy — w5)5. (20.5)

Now rearrange this equation to yield
(P" = p*) (Y —y°) — (wi —wi)(a] —af) — (wh — w3)(z5 — 23) > 0. (20.6)

Finally define the change in prices, Ap = (p* —p®), the change in output,
Ay = (y* — y*), and so on to find

ApAy — Awi Az — AwsAzy > 0. (20.7)

This equation is our final result. It says that the change in the price of
output times the change in output minus the change in each factor price
times the change in that factor must be nonnegative. This equation comes
solely from the definition of profit maximization. Yet it contains all of the
comparative statics results about profit-maximizing choices!
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For example, suppose that we consider a situation where the price of
output changes, but the price of each factor stays constant. If Aw; =
Aws = 0, then equation (20.7) reduces to

ApAy > 0.

Thus if the price of output goes up, so that Ap > 0, then the change in
output must be nonnegative as well, Ay > 0. This says that the profit-
maximizing supply curve of a competitive firm must have a positive (or at
least a zero) slope.
Similarly, if the price of output and of factor 2 remain constant, equation
(20.7) becomes
—Awlel Z O,

which is to say
Awlel S 0.

These inequalities can be used to obtain results about derivatives. For
example,

s _ s
Oy _ v+ Ap) ) Ay >0.
8p Ap—0 Ap Ap—0 Ap
Likewise,
Our .
ox1 —

Thus if the price of factor 1 goes up, so that Aw; > 0, then equation
(20.7) implies that the demand for factor 1 will go down (or at worst stay
the same), so that Az; < 0. This means that the factor demand curve
must be a decreasing function of the factor price: factor demand curves
have a negative slope.

The simple inequality in WAPM, and its implication in equation (20.7),
give us strong observable restrictions about how a firm will behave. It
is natural to ask whether these are all of the restrictions that the model
of profit maximization imposes on firm behavior. Said another way, if we
observe a firm’s choices, and these choices satisfy WAPM, can we construct
an estimate of the technology for which the observed choices are profit-
maximizing choices? It turns out that the answer is yes. Figure 20.4 shows
how to construct such a technology.

In order to illustrate the argument graphically, we suppose that there
is one input and one output. Suppose that we are given an observed
choice in period ¢t and in period s, which we indicate by (p',w!,yt, x})
and (p®,w$,y®,x5). In each period we can calculate the profits w5 and 7
and plot all the combinations of y and x; that yield these profits.

That is, we plot the two isoprofit lines

ot t
Tt =PpPY—wx
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Isoprofit line
for period s

Isoprofit line
for period t

/Py

T/ ps

X1

Construction of a possible technology. If the observed
choices are maximal profit choices at each set of prices, then we
can estimate the shape of the technology that generated those
choices by using the isoprofit lines.

and
S S
Mg =Py — Wix1.

The points above the isoprofit line for period ¢ have higher profits than
m; at period t prices, and the points above the isoprofit line for period s
have higher profits than 7, at period s prices. WAPM requires that the
choice in period ¢ must lie below the period s isoprofit line and that the
choice in period s must lie below the period ¢ isoprofit line.

If this condition is satisfied, it is not hard to generate a technology for
which (y?,2%) and (y®, %) are profit-maximizing choices. Just take the
shaded area beneath the two lines. These are all of the choices that yield
lower profits than the observed choices at both sets of prices.

The proof that this technology will generate the observed choices as
profit-maximizing choices is clear geometrically. At the prices (pf,w?!), the
choice (y*,z%) is on the highest isoprofit line possible, and the same goes
for the period s choice.

Thus, when the observed choices satisfy WAPM, we can “reconstruct”
an estimate of a technology that might have generated the observations.
In this sense, any observed choices consistent with WAPM could be profit-
maximizing choices. As we observe more choices that the firm makes, we get
a tighter estimate of the production function, as illustrated in Figure 20.5.

This estimate of the production function can be used to forecast firm
behavior in other environments or for other uses in economic analysis.
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Isoprofit
lines

X
Estimating the technology. As we observe more choices we
get a tighter estimate of the production function.

EXAMPLE: How Do Farmers React to Price Supports?

The U.S. government currently spends between $40 and $60 billion a year
in aid to farmers. A large fraction of this amount is used to subsidize
the production of various products including milk, wheat, corn, soybeans,
and cotton. Occasionally, attempts are made to reduce or eliminate these
subsidies. The effect of elimination of these subsidies would be to reduce
the price of the product received by the farmers.

Farmers sometimes argue that eliminating the subsidies to milk, for ex-
ample, would not reduce the total supply of milk, since dairy farmers would
choose to increase their herds and their supply of milk so as to keep their
standard of living constant.

If farmers are behaving so as to maximize profits, this is impossible. As
we’ve seen above, the logic of profit maximization requires that a decrease
in the price of an output leads to a reduction in its supply: if Ap is negative,
then Ay must be negative as well.

It is certainly possible that small family farms have goals other than sim-
ple maximization of profits, but larger “agribusiness” farms are more likely
to be profit maximizers. Thus the perverse response to the elimination of
subsidies alluded to above could only occur on a limited scale, if at all.

Figure
20.5
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20.12 Cost Minimization

If a firm is maximizing profits and if it chooses to supply some output ¥,
then it must be minimizing the cost of producing y. If this were not so, then
there would be some cheaper way of producing y units of output, which
would mean that the firm was not maximizing profits in the first place.

This simple observation turns out to be quite useful in examining firm
behavior. It turns out to be convenient to break the profit-maximization
problem into two stages: first we figure out how to minimize the costs of
producing any desired level of output y, then we figure out which level of
output is indeed a profit-maximizing level of output. We begin this task in
the next chapter.

Summary

1. Profits are the difference between revenues and costs. In this definition
it is important that all costs be measured using the appropriate market
prices.

2. Fixed factors are factors whose amount is independent of the level of
output; variable factors are factors whose amount used changes as the level
of output changes.

3. In the short run, some factors must be used in predetermined amounts.
In the long run, all factors are free to vary.

4. If the firm is maximizing profits, then the value of the marginal product
of each factor that it is free to vary must equal its factor price.

5. The logic of profit maximization implies that the supply function of a
competitive firm must be an increasing function of the price of output and
that each factor demand function must be a decreasing function of its price.

6. If a competitive firm exhibits constant returns to scale, then its long-run
maximum profits must be zero.

REVIEW QUESTIONS

1. In the short run, if the price of the fixed factor is increased, what will
happen to profits?

2. If a firm had everywhere increasing returns to scale, what would happen
to its profits if prices remained fixed and if it doubled its scale of operation?
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3. If a firm had decreasing returns to scale at all levels of output and it
divided up into two equal-size smaller firms, what would happen to its
overall profits?

4. A gardener exclaims: “For only $1 in seeds I've grown over $20 in pro-
duce!” Besides the fact that most of the produce is in the form of zucchini,
what other observations would a cynical economist make about this situa-
tion?

5. Is maximizing a firm’s profits always identical to maximizing the firm’s
stock market value?

6. If pM P, > wy, then should the firm increase or decrease the amount of
factor 1 in order to increase profits?

7. Suppose a firm is maximizing profits in the short run with variable factor
1 and fixed factor xo. If the price of x5 goes down, what happens to the
firm’s use of 17 What happens to the firm’s level of profits?

8. A profit-maximizing competitive firm that is making positive profits
in long-run equilibrium (may/may not) have a technology with constant
returns to scale.



CHAPTER 2 1

COST
MINIMIZATION

Our goal is to study the behavior of profit-maximizing firms in both com-
petitive and noncompetitive market environments. In the last chapter we
began our investigation of profit-maximizing behavior in a competitive en-
vironment by examining the profit-maximization problem directly.
However, some important insights can be gained through a more indirect
approach. Our strategy will be to break up the profit-maximization prob-
lem into two pieces. First, we will look at the problem of how to minimize
the costs of producing any given level of output, and then we will look at
how to choose the most profitable level of output. In this chapter we’ll look
at the first step—minimizing the costs of producing a given level of output.

21.1 Cost Minimization

Suppose that we have two factors of production that have prices w; and
ws, and that we want to figure out the cheapest way to produce a given
level of output, y. If we let 1 and xs measure the amounts used of the
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two factors and let f(z1,22) be the production function for the firm, we
can write this problem as

min wy 1 + woxs
Z1,T2

such that f(x1,22) = y.

The same warnings apply as in the preceding chapter concerning this sort
of analysis: make sure that you have included all costs of production in
the calculation of costs, and make sure that everything is being measured
on a compatible time scale.

The solution to this cost-minimization problem—the minimum costs nec-
essary to achieve the desired level of output—will depend on w1y, wso, and ¥,
so we write it as ¢(wy, ws,y). This function is known as the cost function
and will be of considerable interest to us. The cost function c(wy,ws,y)
measures the minimal costs of producing y units of output when factor
prices are (wy,ws).

In order to understand the solution to this problem, let us depict the costs
and the technological constraints facing the firm on the same diagram. The
isoquants give us the technological constraints—all the combinations of x;
and x5 that can produce y.

Suppose that we want to plot all the combinations of inputs that have
some given level of cost, C'. We can write this as

w11 + waxe = C,

which can be rearranged to give

It is easy to see that this is a straight line with a slope of —w; /wy and a
vertical intercept of C'//wy. As we let the number C' vary we get a whole
family of isocost lines. Every point on an isocost curve has the same cost,
C, and higher isocost lines are associated with higher costs.

Thus our cost-minimization problem can be rephrased as: find the point
on the isoquant that has the lowest possible isocost line associated with it.
Such a point is illustrated in Figure 21.1.

Note that if the optimal solution involves using some of each factor, and
if the isoquant is a nice smooth curve, then the cost-minimizing point will
be characterized by a tangency condition: the slope of the isoquant must
be equal to the slope of the isocost curve. Or, using the terminology of
Chapter 19, the technical rate of substitution must equal the factor price

ratio:
_ MBI 23)  prg(atan) = — WL (21.1)
MP2(J;T,$§) 1>4+2 w2. .
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X)

Optimal choice

Isocost lines
slope = —-w;/w,

Isoquant
f(x;, %)=y

%

Cost minimization. The choice of factors that minimize pro-
duction costs can be determined by finding the point on the
isoquant that has the lowest associated isocost curve.

(If we have a boundary solution where one of the two factors isn’t used,
this tangency condition need not be met. Similarly, if the production func-
tion has “kinks,” the tangency condition has no meaning. These exceptions
are just like the situation with the consumer, so we won’t emphasize these
cases in this chapter.)

The algebra that lies behind equation (21.1) is not difficult. Consider any
change in the pattern of production (dx1,dxs) that keeps output constant.
Such a change must satisfy

MPy(xf,x3)0x1 + M Po(x],25)0x0 = 0. (21.2)

Note that dz; and dzs must be of opposite signs; if you increase the amount
used of factor 1 you must decrease the amount used of factor 2 in order to
keep output constant.

If we are at the cost minimum, then this change cannot lower costs, so
we have

w10z + wedxo > 0. (213)

Now consider the change (—dx1, —dx2). This also produces a constant level
of output, and it too cannot lower costs. This implies that

—w1§x1 — ’lUQ(S{EQ 2 0. (214)
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Putting expressions (21.3) and (21.4) together gives us
w15x1 + ’LU25132 =0. (215)
Solving equations (21.2) and (21.5) for dzo/dxy gives

dxy w1 MPi(x7,25)

b1 wa  MPy(at,x3)

which is just the condition for cost minimization derived above by a geo-
metric argument.

Let us study the cost-minimization problem using the optimization tech-
niques introduced in Chapter 5. The problem is a constrained-minimization
problem of the form

min wyx, + woxs
T1,T2

such that f(x1,22) = y.

Recall that we had several techniques to solve this kind of problem. One
way was to substitute the constraint into the objective function. This can
still be used when we have a specific functional form for f(x1,x2), but isn’t
much use in the general case.

The second method was the method of Lagrange multipliers and that
works fine. To apply this method we set up the Lagrangian

L = wizy + waze — A(f(x1,22) — y)

and differentiate with respect to x1, 2 and A. This gives us the first-order

conditions:
of (l’ 1, $2)

wl - )\ am = 0
1
0
wo — Aif(;j;;@) =0

f(xth) _y:0~

The last condition is simply the constraint. We can rearrange the first
two equations and divide the first equation by the second equation to get

wy Of(x1,x2) /021
wo 8f(x1, xg)/axg ’

Note that this is the same condition that we derived earlier: the technical
rate of substitution must equal the factor price ratio.

Note that Figure 21.1 bears a certain resemblance to the solution to
the consumer-choice problem depicted earlier. Although the solutions look
the same, they really aren’t the same kind of problem. In the consumer
problem, the straight line was the budget constraint, and the consumer
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moved along the budget constraint to find the most-preferred position. In
the producer problem, the isoquant is the technological constraint and the
producer moves along the isoquant to find the optimal position.

The choices of inputs that yield minimal costs for the firm will in general
depend on the input prices and the level of output that the firm wants
to produce, so we write these choices as x1(wq,w2,y) and xo(wi,wa,y).
These are called the conditional factor demand functions, or derived
factor demands. They measure the relationship between the prices and
output and the optimal factor choice of the firm, conditional on the firm
producing a given level of output, y.

Note carefully the difference between the conditional factor demands and
the profit-maximizing factor demands discussed in the last chapter. The
conditional factor demands give the cost-minimizing choices for a given level
of output; the profit-maximizing factor demands give the profit-maximizing
choices for a given price of output.

Conditional factor demands are usually not directly observed; they are
a hypothetical construct. They answer the question of how much of each
factor would the firm use if it wanted to produce a given level of output
in the cheapest way. However, the conditional factor demands are useful
as a way of separating the problem of determining the optimal level of
output from the problem of determining the most cost-effective method of
production.

EXAMPLE: Minimizing Costs for Specific Technologies

Suppose that we consider a technology where the factors are perfect com-
plements, so that f(z1,22) = min{zi,z2}. Then if we want to produce y
units of output, we clearly need y units of x7 and y units of x5. Thus the
minimal costs of production will be

c(wy, w2, y) = wiy + way = (w1 + w2)y.

What about the perfect substitutes technology, f(xz1,22) = x1 + 227
Since goods 1 and 2 are perfect substitutes in production it is clear that
the firm will use whichever is cheaper. Thus the minimum cost of producing
y units of output will be w1y or wsy, whichever is less. In other words:

c(wy,w2,y) = min{wiy, wey} = min{w;, wa }y.

Finally, we consider the Cobb-Douglas technology, which is described by
the formula f(x1,79) = 2¢25. In this case we can use calculus techniques
to show that the cost function will have the form

a b 1
o atb, ath, -
C(wlaw27y) _le ’LU2 Yy ba
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where K is a constant that depends on a and b.
The cost-minimization problem is then

min wyx1 + waxs
T1,T2

such that z%z5 = y.

Here we have a specific functional form, and we can solve it using ei-
ther the substitution method or the Lagrangian method. The substitution
method would involve first solving the constraint for x5 as a function of xy:

_an1/b
Ty = (y371 a)
and then substituting this into the objective function to get the uncon-
strained minimization problem

. —an1/b
minwiz; + ws (y:z:l a) .
71

We could now differentiate with respect to 1 and set resulting derivative
equal to zero, as usual. The resulting equation can be solved to get x; as
a function of wy, ws, and y, to get the conditional factor demand for ;.
This isn’t hard to do, but the algebra is messy, so we won’t write down the
details.

We will, however, solve the Lagrangian problem. The three first-order
conditions are

wy = \ax a2
_ a_b—1
wa = Abxiz,
_ .a.b
y = zixs.

Multiply the first equation by x; and the second equation by zs to get
wizy = \azizh = ay

woxs = Abxlah = Aby,

so that “
o1 =AY (21.6)
w1
T = )\bl (217)
w2

Now we use the third equation to solve for A. Substituting the solutions
for x1 and x5 into the third first-order condition, we have

Aay\* (Mby\"
w1 w2o =¥
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We can solve this equation for A to get the rather formidable expression

1
A= (o bwlwby—e by @

which, along with equations (21.6) and (21.7), gives us our final solutions
for 1 and z5. These factor demand functions will take the form

_b_ —b b
a)@“’ T, atb, =t

l'l(wlaw%y) = (E 1 Wg yeth
a a+b %H a%:b 1
xo(wi, w2, y) = b Wy Wy Y et

The cost function can be found by writing down the costs when the firm
makes the cost-minimizing choices. That is,

C(U}l, wQ’y) = wlxl(wlaw27y) =+ U)2332(’LU1,IU2,y)-

Some tedious algebra shows that
ay =i aNair | 2% gty 1
c(wy, wa,y) = (g) +(g> Wy wy Y eth.

(Don’t worry, this formula won’t be on the final exam. It is presented
only to demonstrate how to get an explicit solution to the cost-minimization
problem by applying the method of Lagrange multipliers.)

Note that costs will increase more than, equal to, or less than linearly
with output as a + b is less than, equal to, or greater than 1. This makes
sense since the Cobb-Douglas technology exhibits decreasing, constant, or
increasing returns to scale depending on the value of a + b.

21.2 Revealed Cost Minimization

The assumption that the firm chooses factors to minimize the cost of pro-
ducing output will have implications for how the observed choices change
as factor prices change.

Suppose that we observe two sets of prices, (w!,w) and (wf,w3), and
the associated choices of the firm, (2}, z%) and (2, 25). Suppose that each
of these choices produces the same output level y. Then if each choice is a
cost-minimizing choice at its associated prices, we must have

tot ot to.s t,.s
WiT] + Wexy < Wwix] + Waly

and

5,.8 5,.8 s,.t s,.t
W] + woxy < WiT] + Waky.
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If the firm is always choosing the cost-minimizing way to produce y units
of output, then its choices at times ¢ and s must satisfy these inequali-
ties. We will refer to these inequalities as the Weak Axiom of Cost
Minimization (WACM).

Write the second equation as

and add it to the first equation to get

(wh —wi)ai + (wh —w)ah < (wi —wi)ay + (wh — w3)as,

which can be rearranged to give us
(wi —wi)(2] — @) + (wy — w3) (2} — 25) < 0.

Using the delta notation to depict the changes in the factor demands
and factor prices, we have

Awi Az + AwsAzy < 0.

This equation follows solely from the assumption of cost-minimizing be-
havior. It implies restrictions on how the firm’s behavior can change when
input prices change and output remains constant.

For example, if the price of the first factor increases and the price of the
second factor stays constant, then Aws = 0, so the inequality becomes

Awlel S 0.

If the price of factor 1 increases, then this inequality implies that the
demand for factor 1 must decrease; thus the conditional factor demand
functions must slope down.

What can we say about how the minimal costs change as we change the
parameters of the problem? It is easy to see that costs must increase if
either factor price increases: if one good becomes more expensive and the
other stays the same, the minimal costs cannot go down and in general will
increase. Similarly, if the firm chooses to produce more output and factor
prices remain constant, the firm’s costs will have to increase.

21.3 Returns to Scale and the Cost Function

In Chapter 19 we discussed the idea of returns to scale for the production
function. Recall that a technology is said to have increasing, decreasing,
or constant returns to scale as f(txy,txs) is greater, less than, or equal to
tf(z1,x2) for all £ > 1. It turns out that there is a nice relation between
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the kind of returns to scale exhibited by the production function and the
behavior of the cost function.

Suppose first that we have the natural case of constant returns to scale.
Imagine that we have solved the cost-minimization problem to produce 1
unit of output, so that we know the unit cost function, c(wq, w2, 1). Now
what is the cheapest way to produce y units of output? Simple: we just
use y times as much of every input as we were using to produce 1 unit
of output. This would mean that the minimal cost to produce y units of
output would just be ¢(wq,ws, 1)y. In the case of constant returns to scale,
the cost function is linear in output.

What if we have increasing returns to scale? In this case it turns out that
costs increase less than linearly in output. If the firm decides to produce
twice as much output, it can do so at less than twice the cost, as long as
the factor prices remain fixed. This is a natural implication of the idea of
increasing returns to scale: if the firm doubles its inputs, it will more than
double its output. Thus if it wants to produce double the output, it will
be able to do so by using less than twice as much of every input.

But using twice as much of every input will exactly double costs. So
using less than twice as much of every input will make costs go up by less
than twice as much: this is just saying that the cost function will increase
less than linearly with respect to output.

Similarly, if the technology exhibits decreasing returns to scale, the cost
function will increase more than linearly with respect to output. If output
doubles, costs will more than double.

These facts can be expressed in terms of the behavior of the average
cost function. The average cost function is simply the cost per unit to
produce y units of output:

c(wy,wa,y)

AC(y) = ;

If the technology exhibits constant returns to scale, then we saw above
that the cost function had the form c(wi,ws,y) = c(wi,wq,1)y. This
means that the average cost function will be

1
AC (w1, wa,y) = w = c(wy,wa, 1).

Y
That is, the cost per unit of output will be constant no matter what level
of output the firm wants to produce.

If the technology exhibits increasing returns to scale, then the costs will
increase less than linearly with respect to output, so the average costs will
be declining in output: as output increases, the average costs of production
will tend to fall.

Similarly, if the technology exhibits decreasing returns to scale, then
average costs will rise as output increases.
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As we saw earlier, a given technology can have regions of increasing,
constant, or decreasing returns to scale—output can increase more rapidly,
equally rapidly, or less rapidly than the scale of operation of the firm at
different levels of production. Similarly, the cost function can increase less
rapidly, equally rapidly, or more rapidly than output at different levels
of production. This implies that the average cost function may decrease,
remain constant, or increase over different levels of output. In the next
chapter we will explore these possibilities in more detail.

From now on we will be most concerned with the behavior of the cost
function with respect to the output variable. For the most part we will
regard the factor prices as being fixed at some predetermined levels and
only think of costs as depending on the output choice of the firm. Thus for
the remainder of the book we will write the cost function as a function of
output alone: ¢(y).

21.4 Long-Run and Short-Run Costs

The cost function is defined as the minimum cost of achieving a given level
of output. Often it is important to distinguish the minimum costs if the
firm is allowed to adjust all of its factors of production from the minimum
costs if the firm is only allowed to adjust some of its factors.

We have defined the short run to be a time period where some of the
factors of production must be used in a fixed amount. In the long run,
all factors are free to vary. The short-run cost function is defined as
the minimum cost to produce a given level of output, only adjusting the
variable factors of production. The long-run cost function gives the
minimum cost of producing a given level of output, adjusting all of the
factors of production.

Suppose that in the short run factor 2 is fixed at some predetermined
level Z5, but in the long run it is free to vary. Then the short-run cost
function is defined by

cs(y,@2) = H;inwlﬂh + wolo
1

such that f(x1,T2) = v.

Note that in general the minimum cost to produce y units of output in the
short run will depend on the amount and cost of the fixed factor that is
available.

In the case of two factors, this minimization problem is easy to solve: we
just find the smallest amount of x; such that f(x1,T2) = y. However, if
there are many factors of production that are variable in the short run the
cost-minimization problem will involve more elaborate calculation.

The short-run factor demand function for factor 1 is the amount of fac-
tor 1 that minimizes costs. In general it will depend on the factor prices
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and on the levels of the fixed factors as well, so we write the short-run
factor demands as
r1 =z} (w1, w2, T, y)

Xro = I2.

These equations just say, for example, that if the building size is fixed
